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Preface 


This volume is mainly the outcome of a series of mini-courses and a conference on 
Commutative rings, integer-valued polynomials and polynomial functions at Tech- 
nische Universitat Graz, Austria, December 16-18 (mini-courses) and December 
19-22 (conference), 2012. It also contains a small collection of invited articles by 
some of the leading experts in the area, carefully selected for the impact of their 
research on the major themes of the conference. 

The aim of this meeting was to present recent progress in the area of commutative 
algebra, with primary emphasis on commutative ring theory and integer-valued 
polynomials along with connections to algebraic number theory, algebraic geometry 
and homological algebra. The wide range of topics is reflected in the table of 
contents of this volume. Some of the invited speakers who gave mini-courses have 
supplied surveys of the state of the art in newly emerging subfields. 

At the conference, we had the good fortune to see that our field attracts 
excellent young mathematicians (who submitted good work, both individually and 
in collaboration with the old guard) and the not so good fortune to see that none of 
the young researchers have permanent jobs. May the first trend remain in full force 
and the second one be remedied in the near future! 

Among the people and organizations who helped to make the conference and 
this volume of proceedings possible, our special thanks go to the departmental 
secretary Hermine Panzenbéck and the doctoral student Roswitha Rissner, who, 
between the two of them, shared all the hard work of organizing, from designing 
the conference poster and implementing the website to applications for subsidies 
and the painstaking work of bookkeeping and balancing the accounts. Without their 
efforts, the conference would not have taken place and this volume would not have 
seen the light of day. 

We thank the sponsors of the conference: the province of Styria, whose subsidy 
allowed us to sponsor the travel expenses of some graduate students and conference 
participants from low-income countries, and the faculty of mathematics and physics 
of Technische Universitat Graz and the joint graduate school of natural sciences 
“NAWI Graz” of Technische Universitat Graz and Karl-Franzens Universitat Graz, 
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who together paid the travel expenses of all the invited speakers. Last, but not 
least, we thank the editorial staff of Springer, in particular Elizabeth Loew, for their 
cooperation, hard work and assistance with the present volume. 


Rome, Italy Marco Fontana 
Graz, Austria Sophie Frisch 
Storrs, Connecticut, USA Sarah Glaz 
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Weak Global Dimension of Priifer-Like Rings 


Khalid Adarbeh and Salah-Eddine Kabbaj 


Abstract In 1969, Osofsky proved that a chained ring (i.e., local arithmetical 
ring) with zero divisors has infinite weak global dimension; that is, the weak 
global dimension of an arithmetical ring is 0, 1, or oo. In 2007, Bazzoni and Glaz 
studied the homological aspects of Priifer-like rings, with a focus on Gaussian 
rings. They proved that Osofsky’s aforementioned result is valid in the context 
of coherent Gaussian rings (and, more generally, in coherent Priifer rings). They 
closed their paper with a conjecture sustaining that “the weak global dimension of 
a Gaussian ring is 0, 1, or 00.” In 2010, the authors of Bakkari et al. (J. Pure Appl. 
Algebra 214:53-60, 2010) provided an example of a Gaussian ring which is neither 
arithmetical nor coherent and has an infinite weak global dimension. In 2011, the 
authors of Abuihlail et al. (J. Pure Appl. Algebra 215:2504—2511, 2011) introduced 
and investigated the new class of fqp-rings which stands strictly between the two 
classes of arithmetical rings and Gaussian rings. Then, they proved the Bazzoni- 
Glaz conjecture for fqp-rings. This paper surveys a few recent works in the literature 
on the weak global dimension of Priifer-like rings making this topic accessible and 
appealing to a broad audience. As a prelude to this, the first section of this paper 
provides full details for Osofsky’s proof of the existence of a module with infinite 
projective dimension on a chained ring. Numerous examples—arising as trivial ring 
extensions—are provided to illustrate the concepts and results involved in this paper. 


Keywords Weak global dimension ¢ Arithmetical ring * fqp-ring * Gaussian 
ring * Priifer ring * Semihereditary ring * Quasi-projective module ¢ Trivial 
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2 K. Adarbeh and S.-E. Kabbaj 
1 Introduction 


All rings considered in this paper are commutative with identity element and all 
modules are unital. Let R be a ring and M an R-module. The weak (or flat) 
dimension (resp., projective dimension) of M, denoted w.dimr(M) (resp., 
p. dimp(M)), measures how far M is from being a flat (resp., projective) module. 
It is defined as follows: Let n be an integer > 0. We have w. dimr(M) < n (resp., 
p. dimp(M) < n) if there is a flat (resp., projective) resolution 


0O- E, > E,-1 >... > FE; ~ Ey > M > 0. 


If n is the least such integer, w.dimay(M) = n (resp., p.dimy(M) = n). If no 
such resolution exists, w.dimr(M) = oo (resp., p.dimp(M) = oo). The weak 
global dimension (resp., global dimension) of R, denoted by w. gl. dim(R) (resp., 
gl. dim(R)), is the supremum of w. dimr(M) (resp., p. dimp(M)), where M ranges 
over all (finitely generated) R-modules. For more details on all these notions, we 
refer the reader to [6, 13, 23]. 

A ring R is called coherent if every finitely generated ideal of R is finitely 
presented, equivalently, if (0 : a) and J M J are finitely generated for every a € R 
and any two finitely generated ideals J and J of R [13]. Examples of coherent 
rings are Noetherian rings, Boolean algebras, von Neumann regular rings, and 
semihereditary rings. 

Gaussian rings belong to the class of Priifer-like rings which has recently 
received much attention from commutative ring theorists. A ring R is called 
Gaussian if for every f,g € R[X], one has the content ideal equation c(fg) = 
c(f)c(g) where c(f), the content of f, is the ideal of R generated by the 
coefficients of f [25]. The ring R is said to be a chained ring (or valuation ring) if its 
lattice of ideals is totally ordered by inclusion; and R is called arithmetical if R,, is a 
chained ring for each maximal ideal m of R [11,18]. Also R is called semihereditary 
if every finitely generated ideal of R is projective [8]; and R is Priifer if every 
finitely generated regular ideal of R is projective [7, 16]. In the domain context, all 
these notions coincide with the concept of Priifer domain. Glaz, in [14], constructs 
examples which show that all these notions are distinct in the context of arbitrary 
rings. More examples, in this regard, are provided via trivial ring extensions [1, 3]. 

The following diagram of implications puts the notion of Gaussian ring in 
perspective within the family of Priifer-like rings [1, 4, 5]: 


Semihereditary ring 


Ring with weak global dimension < 1 


al 
Arithmetical ring 


Y 


fqp-Ring 


Y 
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Gaussian ring 


mM 


Priifer ring 


In 1969, Osofsky proved that a local arithmetical ring (i.e., chained ring) with 
zero divisors has infinite weak global dimension [22]. In view of [13, Corollary 
4.2.6], this result asserts that the weak global dimension of an arithmetical ring is 0, 
1, or co. 

In 2007, Bazzoni and Glaz proved that if R is a coherent Priifer ring (and, a 
fortiori, a Gaussian ring), then w. gl. dim(R) = 0, 1, or oo [5, Proposition 6.1]. And 
also they proved that if R is a Gaussian ring admitting a maximal ideal m such that 
the nilradical of the localization R,, is a nonzero nilpotent ideal, then w. gl. dim(R) 
= oo [5, Theorem 6.4]. At the end of the paper, they conjectured that “the weak 
global dimension of a Gaussian ring is 0, 1, or oo” [5]. In two preprints [9, 10], 
Donadze and Thomas claim to prove this conjecture (see the end of Sect. 3). 

In 2010, the authors of [3] proved that if (A, m) is a local ring, E is a nonzero 
4_vector space, and R:= A E is the trivial extension of A by E, then: 


¢ R is a total ring of quotients and hence a Priifer ring. 

¢ R is Gaussian if and only if A is Gaussian. 

¢ R is arithmetical if and only if A := K isa field and dimx FE = 1. 

e w.gl.dim(R) = 1. If, in addition, m admits a minimal generating set, then 
w. gl. dim(R) = oo. 


As an application, they provided an example of a Gaussian ring which is neither 
arithmetical nor coherent and has an infinite weak global dimension [3, Example 
2.7]; which widened the scope of validity of the above conjecture beyond the class 
of coherent Gaussian rings. 

In 2011, the authors of [1] investigated the correlation of fqp-rings with well- 
known Priifer conditions; namely, they proved that the class of fqp-rings stands 
between the two classes of arithmetical rings and Gaussian rings [1, Theorem 3.1]. 
They also examined the transfer of the fqp-property to trivial ring extensions in 
order to build original examples of fqp-rings. Also they generalized Osofsky’s result 
(mentioned above) and extended Bazzoni-Glaz’s result on coherent Gaussian rings 
by proving that the weak global dimension of an fqp-ring is equal to 0, 1, or o0 [1, 
Theorem 3.11]; and then they provided an example of an fqp-ring that is neither 
arithmetical nor coherent [1, Example 3.9]. 

Recently, several papers have appeared in the literature investigating the weak 
global dimension of various settings subject to Priifer conditions. This survey paper 
plans to track and study these works dealing with this topic from the very origin, 
that is, 1969 Osofsky’s proof of the existence of a module with infinite projective 
dimension on a local arithmetical ring. Precisely, we will examine all main results 
published in [1,3,5, 15,22]. 

Our goal is to make this topic accessible and appealing to a broad audience; 
including graduate students. For this purpose, we present complete proofs of all 
main results via ample details and simplified arguments along with exact references. 
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Further, numerous examples—arising as trivial ring extensions—are provided to 
illustrate the concepts and results involved in this paper. We assume familiarity with 
the basic tools used in the homological aspects of commutative ring theory, and any 
unreferenced material is standard as in [2, 6, 8, 13, 17, 19,23, 27]. 


2 Weak Global Dimension of Arithmetical Rings 


In this section, we provide a detailed proof for Osofsky’s Theorem that the weak 
global dimension of an arithmetical ring with zero divisors is infinite. In fact, this 
result enables one to state that the weak global dimension of an arithmetical ring is 
0, 1, or oo. We start by recalling some basic definitions. 


Definition 2.1. Let R be a ring and M an R-module. Then: 


(1) The weak dimension of M, denoted by w.dim(M), measures how far M is 
from being flat. It is defined as follows: Let n be a positive integer. We have 
w.dim(M) < n if there is a flat resolution 


0O> FE, > Ey-1 2+: 2 E; ~ Eg ~ M0. 


If no such resolution exists, w. dim(M) = oo; and if n is the least such integer, 
w.dim(M) = n. 

(2) The weak global dimension of R, denoted by w. gl. dim(R), is the supremum 
of w. dim(M), where M ranges over all (finitely generated) R-modules. 


Definition 2.2. Let R be a ring. Then: 


(1) R is said to be a chained ring (or valuation ring) if its lattice of ideals is totally 
ordered by inclusion. 

(2) R is called an arithmetical ring if Ry» is a chained ring for each maximal ideal 
m of R. 


Fields and Zp), where Z is the ring of integers and p is a prime number, are 
examples of chained rings. Also, Z/n*Z is an arithmetical ring for any positive 
integer n. For more examples, see [3]. For a ring R, let Z(R) denote the set of all 
zero divisors of R. 

Next we give the main theorem of this section. 


Theorem 2.3. Let R be an arithmetical ring. Then w. gl. dim(R) = 0, 1, or ov. 
To prove this theorem we make the following reductions: 


(1) We may assume that R is a chained ring since w. gl. dim(R) is the supremum 
of w. gl. dim(R») for all maximal ideal m of R [13, Theorem 1.3.14 (1)]. 

(2) We may assume that R is a chained ring with zero divisors. Then we prove that 
w. gl.dim(R) = oo since if R is a valuation domain, then w. gl. dim(R) < | by 
[13, Corollary 4.2.6]. 
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(3) Finally, we may assume that (R,m) is a chained ring with zero divisors such 
that Z(R) = m, since Z(R) is a prime ideal, Z(Rz;r)) = Z(R)Rzr), and 
w. gl. dim(Rzry) < w. gl. dim(R). 


So our task is reduced to prove the following theorem. 


Theorem 2.4 ([22, Theorem]). Let (R,m) be a chained ring with zero divisors 
such that Z(R) = m. Then w. gl. dim(R) = oo. 


To prove this theorem we first prove the following lemmas. Throughout, let 
(R, m) be a chained ring with Z(R) = m, M an R-module, J = {x € R | x? = 0}, 
and for x € M, (0: x) = {y € R | yx = O}. One can easily check that J is a 
nonzero ideal since R is a chained ring with zero divisors. 


Lemma 2.5 ((22, Lemma 1]). /* = 0, andforallx ¢ R,x €I1 > (0:x) Cl. 


Proof. To prove that J* = 0, it suffices to prove that ab = 0 for all a,b € I. So let 
a,b € I. Then either a € bR or b € aR, so thatab € a*R = Oorab€b*R=0. 
Now let x €¢ R\ J andy € (0: x). Then either x € yRory € xR. Butx e yR 
implies that x? € xyR = 0, absurd. Therefore y € xR, so that y? € xyR = 0. 
Hence y € J. Oo 


Lemma 2.6 ({22, Lemma 2]). Let 0 4 x € Z(R) such that (0 : x) = yR. Then 
w. gl. dim(R) = oo. 


Proof. We first prove that (0 : y) = xR. The inclusion (0: y) D xR is trivial since 
xy = 0. Now to prove the other inclusion let z € (0 : y). Then either z = xr for 
some r € R and in this case we are done, or x = zj for some j € R. We may 
assume j € m. Otherwise, 7 is a unit and then we return to the first case. Since 
x £0, j € (0: z), so jR EZ (0: z) which implies (0 : z) C jR, and hence y = jk 
for some k € m. But then 0 = zy = zjk = xk, sok € (0: x) = yR, and hence 
k = yr for some r € R. Hence y = kj = yrj, andas j € m we have the equality 
y = yd—rj)(1—rj)~' = 0, which contradicts the fact that x is a zero divisor. 
Hence z € xR, and therefore (0: y) = xR. 

Now let m, (resp., my) denote the multiplication by x (resp., y). Since (0: x) = 
yR and (0: y) = xR we have the following infinite flat resolution of xR with 
syzygies xR and yR: 


my my my my my 
---—> R—> R—> R—.-:--—> R—-> xR—0 


We claim that xR and yR are not flat. Indeed, recall that a projective module over a 
local ring is free [23]. So no projective module is annihilated by x or y. Since xR 
is annihilated by y and yR is annihilated by x, both xR and yR are not projective. 
Further, xR and yR are finitely presented in view of the exact sequence 0 > yR — 
R— xR — 0. It follows that xR and yR are not flat (since a finitely presented flat 
module is projective [23, Theorem 3.61]). | 
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Corollary 2.7 ({22, Corollary]). /f 7 = m, then lis cyclic and R has infinite weak 
global dimension. 


Proof. Assume that J = m. Then m* = 0. Now let 0 #4 a € m. We claim that 
m = aR. Indeed, let b € m. Since R is a chained ring, either b = ra for some 
r € R and in this case we are done, or a = rb for some rr € R. In the later case, 
either r is a unit and then b = r—'a € aR, orr € m which implies a = rb = 0, 
which contradicts the assumption a # 0. Thus m = aR, as claimed. Moreover, 
we have (0 : a) = aR. Indeed, (0 : a) > aR since a € J; if x € (0: a), then 
x € Z(R) = m= aR. Hence (0: a) = aR. It follows that R satisfies the conditions 
of Lemma 2.6 and hence the weak global dimension of R is oo. oO 


Throughout, an element x of an R-module M is said to be regular if (0: x) = 0. 


Lemma 2.8 ([22, Lemma 3]). Let F be a free module and x € F. Then x is 
contained in zR for some regular element z of F. 


Proof. Let {ya} be a basis for F and let x := > yiri € F, where r; € R. Since 


i=1 
n 


R is a chained ring, there is 7 € {1,2,...,m} such that yin C r;R. So that 
i=l 


for eachi € {1,2,...,n}, 7; = rjs; for some s; € R with s; = 1. Hence x = 
n n 


rj (> "015))). We claim that z := > yi S; is regular. Suppose not and lett € R 


i=1 i=l 
n 


such that o> yiS;) = 0. Then ts; = 0 for alli € {1,2,...,n}. In particular 


i=l 
t = ts; = 0, absurd. Therefore z is regular and x = r;z, as desired. oO 


Note, for convenience, that in the proof of Theorem 2.4 (below), we will prove 
the existence of a module / satisfying the conditions (1) and (2) of the next lemma, 
which will allow us to construct—via iteration—an infinite flat resolution of M. 


Lemma 2.9 ([22, Lemma 4]). Assume that (0 : r) is infinitely generated for all 
0Ar em. Let M bean R-submodule of a free module N such that: 


lo ) 
(1)M = M,{UM2U Ms, where M, = |) xR, My = |JyuiR, with y 
xEM i=0 


x regular 
regular in N, u;R S uj+1R, and yu; is notin Mi, and M3 = > v;R. 
(2) yuoR O XR is infinitely generated for some regular x € M. 
Let F be a free R-module with basis {yx | x regular € M}U {z |i € @}U 


{w;}, and let v : F —>+ N be the map defined by: v(yx) = x, v(zi) = yui, and 
v(w;) = vj. Then K = Ker(v) has properties (1), (2), and M is not flat. 
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Proof. First the map v exists by [19, Theorem 4.1]. (1) by (2), there exist r,s € R 

such that yuor = xs # 0. Here r € m; otherwise, yun = xsr-!| € M, 

contradiction. Since Z(R) = m, the expression for any regular element in terms 

of a basis for N has one coefficient a unit. Indeed, let (”2)ye, be a basis for N and 
i=k 

zaregular element in N with z = oe cin; where c; € R. As R is a chained ring, 


i=0 
there exists 7 € {0,...,4} such that for alli € {0,...,k}, there exists d; € R with 
c; = cjd; and d; = 1. We claim that c; is a unit. Suppose not. Then c; € Z(R). 
i=k 
So there is a nonzero d € R with dc; = 0, and hence dz = dc; Mee djn; = 0. This 
is absurd since z is regular. a 
Now, let x = = ajn; and y = > bjn;. Then bjupr = a;s for alli € I. 
I hie I its 
Let io € J such that aj, is a unit. So s = uort, where t = big; € R. Note that 
bi, # 0 since xs # 0. Clearly, zo — y,uof is regular in F (since zo, yy are part of 
the basis of F’) and is not in K [otherwise, v(zo — y,uot) = 0 yields yuo = xuof, 
which contradicts (1)] and (zo — y,uot)r € K. We claim that (zo — y,uot)r is not 
in Kk, := 'o x’R. Suppose not and assume that r(z — uoty,) = r’x’ with 


x/EK 
x’ regular 


r’ € Rand x’ regular in K. Then r’ # O since rr #4 Oandas x’ € K C F, there 
are a,b,a; € R such that x’ = az — by, + x", where x” = > a; f;. Thus 
Vx fi 
uF fi 
r = r'a,ruot = r’b, and r’x” = 0. Since x’ is regular in F and r’x” = 0,a 
or b is unit. We claim that a is always a unit. Indeed, if b is a unit, then r(1 — 
abut) = 0, so if a € m, then (1 — ab~!uot) is a unit which implies r = 0, 
absurd. So a7! x’ = zy —a7'byy + a7!x", r’ = amr, and rugt = ra~'b which 
implies zy — uoty, + (uot — a~'b)y, + a~'x"” = a7!x’ € K. By Lemma 2.8 
(uot — a~'b) y, + a~!x" = pq, fore some q regular in F and p € R. But clearly 
since r = r’a, rugt = r’b, and r’x"” = 0, then rpg = 0. Hence rp = 0. It 
follows that (zo — yxuot + gp) € K, where q is regular in F and p € (0: r). Thus 
by applying v we obtain yup — xuot + pv(q) = 0. But R is a chained ring, so p 
and uot are comparable and since uptr 4 0, p = uoth for some h € R. Hence 
yuo = (x — hv(q))uot; we show that (x — hv(q)) is regular in M which contradicts 
property (1). First clearly (x — hv(q)) € M since x, v(q¢) € M. Now suppose that 
a(x — hv(q)) = 0 for some a € m. Either uot = a’a for some a’ € R, this yields 
yug = (x — hv(q))aa’ = 0 also impossible, or a = uotm for some m € R, and 
this yields mugy = (x — hv(q))a = 0, so mup = 0 as y is regular, and hence 
a = muot = 0. We conclude that (x — hv(q)) is regular in M and hence yup € M,, 
the desired contradiction. 
Last, let yugR A xR = (Xo, X1,..-,Xn,---), Where 


(00 My 22g lee) = (2s Mines Die eA) 
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For any integeri > 0, let x; = yuor; for some r; € R. It is clear that roR S r;R S 
.-S7,R Srji4iR &.... Now, let y’ := zo — yxuot, uy = 7; for eachi € N. Then 


[o2) 
K = Ki) Ko Ks, where K, := 'S x’R, Ky := (J y'u,R with y’ regular 
i=0 
x/EK 
x’ regular 


in F andu;R GS u,,,R, and K3 := K \ (Ky tL K>). Thus K satisfy Property (1). 

(2) Since upR & u,R, uy = uym' for some m’ € m. Hence x’ := z — zm" is 
regular in K since v(x’) = v(z — zm’) = yuo — yuym' = 0 and zo, z are basis 
elements. We claim that (zo — z1m’)R 1 (zo — yxuot)roR = z(0 : m’). Indeed, 
since Z, Z1, Yx are basis elements, then (z — zm’')R OM (zo — yxuot)ro C zwR. 
Also (zo — zm')RM zwR = zw(O: m’). For, let] € (z% — qm’)RNO zR. Then 
1 = (%—zm')a = za’ for some a,a’ € R. Hence a = a’ and am’ = 0, whence 
| = az with am’ = 0. Sol € z(0: m’). The reverse inclusion is straightforward. 
Consequently, (zp — zym’) RM (zo — yxuot)roR & z(0: m’). To prove the reverse 
inclusion, let k € (0 : m’). Then either k = rok’ or ro = kk’, for some k’ € R. 
The second case is impossible since rouo # 0. Hence zk = (Zo — yxuot)rok’ € 
(Zo — Yxuot)roR. Further, zk € (% — zm’)R. Therefore our claim is true. But zo 
is regular, so z(0 : m’) & (0: m’) which is infinitely generated by hypothesis. 
Therefore y’uj RM x’R is infinitely generated, as desired. 

Finally, M is not flat. Suppose not, then by [23, Theorem 3.57], there is an R-map 
6: F —> K such that 6 ((z — yxuot)ro) = (Zo — YxUot)ro. Assume that 6(z) = 
az+by,+Z, forsomea,b € Rand 6(yx) = a’zo +b’ yy+Z> for somea’,b’ € R. 
Then roa — rouota’ = ro, rob —rouotb’ = —rouot, and ro Z1 — rouot Z2 = 0. Hence 
ro(1—a-+uota’) = Oand since ro 4 0, a ora’ is a unit. Suppose that a is a unit and 
without loss of generality we can assume that a = 1. Thus we have the equation 
Zo — Uot yx — uota’ zy + (uot — uoth’ +b) yy + Z, — uot Z2 = O(z) — uot O(Z2) € K. 
By Lemma 2.8, —uota’zp + (uot — uotb’ + b)yx + Z, — uotZ2 = pq, where q is 
regular in F and, clearly, ro p = 0 since rouota’ = 0. Thus z — uotyx + pq € K, 
which is absurd (as seen before in the second paragraph of the proof of Lemma 2.9). 


Now we are able to prove Theorem 2.4. 


Proof of Theorem 2.4. If (0 : r) is cyclic for some r € m, then R has infinite weak 
global dimension by Lemma 2.6. Next suppose that (0 : r) is not cyclic, for all 
0 #r em, which is equivalent to assume that (0 : r) is infinitely generated for all 
0 #r em, since R is a chained ring. 

LetO #4 a € I andb € m\I. Note that 5 exists since J # m by the proof 
of Corollary 2.7. Let N be a free R-module on two generators y, y’ and let M := 
(vy — y’b)R+ y(O: a). Then: 


(A) M:= (J xR = {Qt —y'b)rl[l—t € (0: a),r € R). To show this 


xEM 
x regular 


equality, let c be a regular element in M. Thenc = (r; + r2)y — riby’ for 
some r; € R,r2 € (0: a). We claim that r; is a unit. Suppose not. So either 
r, € (r2) hence ac = 0, or rz = nr, forsomen € Rand sincer; € m = Z(R), 
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there is rj; # 0 such that r1r} = 0, so rjc = O. In both cases there is a 
contradiction with the fact that c is regular. Thus, 7; is a unit. It follows that 
c= (l4+r,'n)yr — by’) € {(yt — y’b)r|1—t € (0: a),r € R}. Now let 
c = yt — yb, where (1 —t) € (0: a). Then c is regular. Indeed, if rc = 0 for 
some r € R, then rt = 0. Moreover, either r = na for somen € R, and in 
this case r(1 —t) = na(1 —t) = 0,sor = rt = Oas desired, or a = nr for 
somen € R,soa = at =nrt = O, absurd. 

(B) There exists a countable chain of ideals wR & uj.R & ... where uj € (0: 

a) \ (0: b). Since0 4a € J andb € m\I, (a) € (b). Thus (0: b) C (0: a). 
Moreover (0 : b) & (0: a); otherwise, a € (0 : a) = (0: 5), and hence 
ab = 0. Hence b € (0: a) = (0: b) C T by Lemma 2.5, absurd. Now let 
uo € (0: a) \ (0: Bb). Since (0 : a) is infinitely generated, there are uw), u2,... 
such that (up) & (uo, m1) & ... SC (0: a). SoupR & uw, R & ... and necessarily 
uj ¢ (0: db) foralli > 1 since up ¢ (0: db). 
Note that yu; € M [since u; € (0: a)]. Also yu; ¢ M,; otherwise, if yu; = 
ytr — y’br with 1—t € (0: a) andr € R, then u; = tr and br = 0. Hence 
bu; = btr = 0 and thus u; € (0: b), contradiction. Also note that y is regular 
in N (part of the basis) and y ¢ M; if y = (y—y’b)r) + roy with r; € R and 
ro € (0: a), thenr)b = Oandr,; +r. = 1. Sor; € m, ar; = a, and hence 
a = 0, absurd. 


(A) and (B) imply that (1) of Lemma 2.9 holds. 

Let us show that yuoR NM (y — y'b)R = y(O: b). Indeed, if c = yuor = 
(y — y’b)r’ where r,r’ € R, then ur = r’ andr’b = 0. Hence c € y(0: D). 
If c = ry where rb = 0, thenr = uot for somet € Ras up € (0: a) \ (0: D). 
Thus c = r(y — y’b). Now y(0: b) & (0: Bb) is infinitely generated. Therefore (2) 
of Lemma 2.9 holds. 

Since K satisfies the properties of M we can consider it as anew module M, and 
then there is a free module F; and a map vy; : F; —> F such that Kj = Ker(v;) 
satisfies the same conditions of K and K; is not flat. We can repeat this iteration 
above to get the infinite flat resolution of M: 


OF, oe Bao OP OI OMS 0. 


with none of the syzygies K, K,, K2,... is flat. Therefore R has an infinite weak 
global dimension. Oo 


3 Weak Global Dimension of Gaussian Rings 


In 2005, Glaz proved that if R is a Gaussian coherent ring, then w. gl.dim(R) = 
0, 1, or co [15]. In this section, we will see that the same conclusion holds for the 
larger class of Priifer coherent rings and fore some contexts of Gaussian rings. We 
start by recalling the definitions of Gaussian, Priifer, and coherent rings. 
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Definition 3.1. Let R be a ring. Then: 


(1) R is called a Gaussian ring if for every f, g € R[X], one has the content ideal 
equation c( fg) = c(f)c(g), where c(f), the content of f, is the ideal of R 
generated by the coefficients of /. 

(2) R is called a Priifer ring if every nonzero finitely generated regular ideal is 
invertible (or, equivalently, projective) 

(3) R is called a coherent ring if every finitely generated ideal of R is finitely 
presented, equivalently, if (0 : a) and JM J are finitely generated for every 
a € R and any two finitely generated ideals 7 and J of R. 


Recall that Arithmetical ring => Gaussian ring => Priifer ring. To see the proofs 
of the above implications and that they cannot be reversed, in general, we refer the 
reader to [5, 14, 15] and Sect. 5 of this paper. 

Noetherian rings, valuation domains, and K[x1, x2,...] where K is a field are 
examples of coherent rings. For more examples, see [13]. 

Let Q(R) denote the total ring of fractions of R and Nil(R) its nilradical. The 
following proposition is the first main result of this section. 


Proposition 3.2 ((5, Proposition 6.1]). Let R be a coherent Priifer ring. Then the 
weak global dimension of R is equal to 0, 1, or oo. 


The proof of this proposition relies on the following lemmas. Recall that a ring 
R is called regular if every finitely generated ideal of R has a finite projective 
dimension and von Neumann regular if every R-module is flat. 


Lemma 3.3 ([13, Corollary 6.2.4]). Let R be a coherent regular ring. Then Q(R) 
is a von Neumann regular ring. 


Lemma 3.4 ([15, Lemma 2.1]). Let R be a local Gaussian ring and I = 
(a1,...,n) be a finitely generated ideal of R. Then I? = (a?), for some i 
{1,2,...,m}. 


a) 


Proof. We first assume that J = (a,b). Let f(x) := ax + b, g(x) := ax —b 
and h(x) := bx + a. Since R is Gaussian, c( fg) = c(f)c(g), so that (a,b)? = 
(a’, b?), also c( fh) = c(f )c(A) which implies that (a,b)? = (ab, a? +b’). Hence 
(a?, b*) = (ab, a* + b?), whence a* = rab + s(a* + b?), for some r and s in R. 
That is, (1 — s)a? + rab + sb? = 0. Since R is a local ring, either s or | —s 
is a unit in R. If s is a unit in R, then b? + rs—!ab + (s~! — 1)a? = O. Next 
we show that ab € (a). Let k(x) := (b + wa)x — a, where a := rs~'. Then 
c(hk) = c(h)c(k) implies that (b(b + aa), a”, —a?) = (a,b)((b + aa), a). But 
clearly (b(b + wa),aa*,—a?) = ((s~! — 1)a?, aa?,—a*) = (a’). Thus (a?) = 
(a, b)((b + wa), a). In particular, ab € (a7) and so does b?. If 1 — s is unit, similar 
arguments imply that ab, and hence a? € (b?). Thus for any two elements a and b, 
ab € (b?) or (a”). It follows that 17 = (a,,...,d,)? = (a7,..., a2). An induction 
on 7 leads to the conclusion. oO 


Recall that a ring R is called reduced if it has no nonzero nilpotent elements. 


Weak Global Dimension of Priifer-Like Rings 11 


Lemma 3.5 ([15, Theorem 2.2]). Let R be a ring. Then w. gl.dim(R) < 1 if and 
only if R is a Gaussian reduced ring. 


Proof. Assume that w. gl. dim(R) < 1. By [13, Corollary 4.2.6], R, is a valuation 
domain for every prime ideal p of R. As valuation domains are Gaussian, R is 
locally Gaussian, and therefore Gaussian. Further, R is reduced. For, let x € R such 
that x is nilpotent. We claim that x = 0. Suppose not and let n > 2 be an integer 
such that x” = 0. Then there exists a prime ideal g in R such that x 4 0 in R, [2, 
Proposition 3.8]. It follows that x” = 0 in R,, a contradiction since Ry is a domain. 

Conversely, since R is Gaussian reduced, R, is a local, reduced, Gaussian ring 
for any prime ideal p of R. We claim that R, is a domain. Indeed, let a and b in Rp, 
such that ab = 0. By Lemma 3.4, (a, b)*=(b)* or (a”). Say (a, b)* = (b*). Then 
a’ = tb’ for some t € R,. Thus a? = th(ab) = 0. Since R, is reduced, a = 0, 
and R, is a domain. Therefore R, is a valuation domain for all prime ideals p of R. 
So w. gl. dim(R) < 1 by [13, Corollary 4.2.6]. Oo 


Lemma 3.6 ([5, Theorem 3.3]). Let R be a Priifer ring. Then R is Gaussian if and 
only if Q(R) is Gaussian. 


Lemma 3.7 ([5, Theorem 3.12(ii)]). Let R be a ring. Then w.gl.dim(R) < 1 if 
and only if R is a Priifer ring and w. gl. dim(Q(R)) < 1. 


Proof. If w. gl. dim(R) < 1, R is Priifer and, by localization, w. gl. dim(Q(R)) < 1. 
Conversely, assume that R is a Priifer ring such that w. gl.dim(Q(R)) < 1. By 
Lemma 3.5, Q(R) is a Gaussian reduced ring. So R is reduced and, by Lemma 3.6, 
R is Gaussian. By Lemma 3.5, w. gl. dim(R) < 1. Oo 


Proof of Proposition 3.2. Assume that w. gl.dim(R) = 1 < oo and let J be any 
finitely generated ideal of R. Then J has a finite weak dimension. Since R is a 
coherent ring, / is finitely presented. Hence the weak dimension of I equals its 
projective dimension by [13, Corollary 2.5.5]. Whence, as / is an arbitrary finitely 
generated ideal of R, R is a regular ring. So, by [13, Corollary 6.2.4], Q(R) is von 
Neumann regular. By Lemma 3.7, w. gl. dim(R) < 1. Oo 


The following is an example of a coherent Priifer ring with infinite weak global 
dimension. 


Example 3.8. Let R = R« C. Then R is coherent by [20, Theorem 2.6], Priifer by 
Theorem 4.2, and w. gl. dim(R) = oo by Lemma 4.1. 


In order to study the weak global dimension of an arbitrary Gaussian ring, we 
make the following reductions: 


(1) We may assume that R is a local Gaussian ring since w. gl. dim(R) is the supre- 
mum of w. gl. dim(R,,) for all maximal ideal m of R [13, Theorem 1.3.14 (1)]. 

(2) We may assume that R is a non-reduced local Gaussian ring since every reduced 
Gaussian ring has weak global dimension at most 1 by Lemma 3.5. 
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(3) Finally, we may assume that (R, m) is a local Gaussian ring with the maximal 
ideal m such that m = Nil(R), since the prime ideals of a local Gaussian ring 
R are linearly ordered, so that Nil(R) is a prime ideal and w. gl.dim(R) > 
Ww. gl. dim(Rniir))- 


Next we announce the second main result of this section. 


Theorem 3.9 ([5, Theorem 6.4]). Let R be a Gaussian ring with a maximal ideal 
m such that Nil(R,) is a nonzero nilpotent ideal. Then w. g|. dim(R) = oo. 


The proof of this theorem involves the following results: 


Lemma 3.10. Consider the following exact sequence of R-modules 
0 —> M' —» M —> M” — 0 


where M is flat. Then either the three modules are flat or w.dim(M") = 
w.dim(M’) + 1. 


Proof. This is a classic result. We offer here a proof for the sake of completeness. 
Suppose that M” is flat. Then by the long exact sequence theorem [23, Theorem 
8.3] we get the exact sequence 


0 = Tor.(M”, N) — Tor,(M',N) — Tor,(M,N) =0 


for any R-module N. Hence Tor, (M’, N) = 0 which implies that M’ is flat. 
Next, assume that M” is not flat. In this case, we claim that 


w.dim(M”) = w.dim(M’) + 1. 
Indeed, let w. dim(M”’) = n. Then we have the exact sequence 
0 = Tor,+2(M, N) — Tor,4+2(M", N) — Tor,+4:(M', NV) = 0 


for any R-module N. Hence Tor,+2(M”, N) = 0 for any R-module N which 
implies 


w.dim(M”) <n + 1=w.dim(M’) + 1. 
Now let w. dim(M”) = m. Then we have the exact sequence 
0 = Totn41;(M", N) — Torn(M', N) — Torn (M,N) = 0 


for any R-module N. Hence Tor,,(M’,N) = 0 for any R-module N which 
implies that 


w.dim(M”) = m > w.dim(M’) + 1. 
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Consequently, w. dim(M”) = w.dim(M") + 1. oO 


Recall that an exact sequence of R-modules 
0 — M'— M — M”" — 0 


is pure if it remains exact when tensoring it with any R-module. In this case, we say 
that M’ is a pure submodule of M [23]. 


Lemma 3.11 (([5, Lemma 6.2]). Let (R,m) be a local ring which is not a field. 
Then w. dim(R/ m) = w.dim(m) + 1. 


Proof. Consider the short exact sequence 
0>-m—>R-> R/m-> 0. 


Assume that R/ m is flat. By [13, Theorem 1.2.15 (1,2,3)], mis pure and (aR) m = 
aRMm = aR foralla € m. Henceam = aR, for alla € m, and so by Nakayama’s 
Lemma, a = 0, absurd. By Lemma 3.10, w. dim(R/ m) = w.dimr(m) + 1. Oo 


Proposition 3.12 ([5, Proposition 6.3]). Let (R,m) be a local ring with nonzero 
nilpotent maximal ideal. Then w. dim(m) = oo. 


Proof. Let n be the minimum integer such that m” = 0. We claim that for all 
1<k <n, w.dim(m’~™) = w.dim(m) + 1. Indeed, let k = 1. Then m’~! m = 0, 
so m’—! is an (R/ m)-vector space; hence 0 4 m""! ~ @R/m implies that 
w.dimr(m’—!) = w.dim(R/ m) = w.dim(m) + 1 by Lemma 3.11 . Now let h be 
the maximum integer in {1,..., — 1} such that w.dim(m’~*) = w.dim(m) + 1 
for all k < h. Assume by way of contradiction that h < n — 1. Then we have the 
exact sequence: 


03> mm’? ay m! 4+) = m' 4+) in > 0, (x) 
where m’~"+)) /m"—"' is a nonzero (R/ m)-vector space. So by Lemma 3.11, we 
have w.dim(m’—“t) / m"~") = w.dim(m) + 1. By hypothesis, w. dim(m"’~") = 
w.dim(m) + 1. Let us show that w.dim(m’~"'t))) = w.dim(m) + 1. Indeed, if 
1 := w.dim(m) + 1, then by applying the long exact sequence theorem to (+), 
we get 


m?-@+) 
0= Tori (m"", N)— Torai(m?—@T) N) — Tor+1 ( v) —0 


n—h 


for any R-module N. Hence Tor), ,(m’—“"+)), N) = 0 for any R-module N which 
implies 


w.dim(m’—“F)) < ] = w.dim(m) + 1. 
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Further, if w. dim(m’—"'+)) = I, then we have 


n—(h+1) 


0 = Tor41 (" .v) —> Tor;(m"~", N) —> Tor) (m’~“+), N) = 0 


m” —h 


for any R-module N. Hence Tor;(m’~",N) = 0 for any R-module N which 
implies that w.dim(m’~"”) < / — 1, absurd. Hence w.dim(m’~““+)) = 
w.dim(m) + 1, the desired contradiction. Therefore the claim is true and, in 
particular, fork = n — 1, we have w.dim(m) = w.dim(m) + 1, which yields 
w.dim(m) = oo. Oo 


Proof of Theorem 3.9. Suppose that R is Gaussian and m is a maximal ideal in 
R such that Nil(R,,) is a nonzero nilpotent ideal. Then R,, is also Gaussian and 
Nil(R,») is a prime ideal in R. Moreover Nil(Rm) = pRm # 0 for some prime ideal 
p in R. Now, the maximal ideal pR, of Rp is nonzero since 0 # PRm © pRyp. 
Also by assumption, there is a positive integer m such that (pRm)” = 0, whence 
p" = 0. So (pR,)" = 0 and hence pR, is nilpotent. Therefore R, is a local 
ring with nonzero nilpotent maximal ideal. By Proposition 3.12, w. gl.dim(R,) = 
oo. Since w. gl.dim(R) => w.gl.dim(Rs) for any localization Rs of R, we get 
w. gl. dim(R) = oo. Oo 


In the previous section, we saw that the weak global dimension of an arithmetical 
ring is 0, 1, or oo. In this section, we saw that the same result holds if R is Priifer 
coherent or R is a Gaussian ring with a maximal ideal m such that Nil(Rm) is a 
nonzero nilpotent ideal. 

The question of whether this result is true for an arbitrary Gaussian ring was the 
object of Bazzoni-Glaz conjecture which sustained that the weak global dimension 
of a Gaussian ring is 0, 1, or oo. In a first preprint [9], Donadze and Thomas claim 
to prove this conjecture in all cases except when the ring R is a non-reduced local 
Gaussian ring with nilradical N satisfying N? = 0. Then in a second preprint [10], 
they claim to prove the conjecture for all cases. 


4 Gaussian Rings via Trivial Ring Extensions 


In this section, we will use trivial ring extensions to construct new examples of non- 
arithmetical Gaussian rings , non-Gaussian Priifer rings, and illustrative examples 
for Theorems 2.4 and 3.9. Let A be a ring and M an R-module. The trivial ring 
extension of A by M (also called the idealization of M over A) is the ring R := 
A M whose underlying group is A x M with multiplication given by 


(a, x)(a', x’) = (aa',ax' +.a’x). 


Weak Global Dimension of Priifer-Like Rings 15 


Recall that if J is an ideal of A and M’ is a submodule of M such that 1M C M’, 
then J := I « M’ is an ideal of R; ideals of R need not be of this form [20, Example 
2.5]. However, the form of the prime (resp., maximal) ideals of R is px M, where p 
is a prime (resp., maximal) ideal of A [17, Theorem 25.1(3)]. Suitable background 
on trivial extensions is [13, 17,20]. 

The following lemma is useful for the construction of rings with infinite weak 
global dimension. 


Lemma 4.1 ([(3, Lemma 2.3]). Let K be a field, E anonzero K-vector space, and 
R:= K « E. Then w. gl. dim(R) = oo. 


Proof. First note that RY) = AM x E”), So let us identify RY with AW x EY 

as R-modules. Now let { fi}icx be a basis of E and J := 0% E. Consider the 

R-map u : R!) —>+ J defined by u((a;,e;)ier) = (0, x a; f;). Then we have the 
ie] 

following short exact sequence of R-modules 


O=—$ Ker) + ROS 7 = 0 


But Ker(u) = 0 x« E”). Indeed, clearly 0 x E“ C Ker(u). Now suppose 
u((a;,e;)) = (0,0). Then >° a; ff = 0; hence a; = 0 for each i as {fi}ie7 is a 
iel 


basis for EF and we have the equality. Therefore the above exact sequence becomes 
Cine ro} RO Ry as (*) 


We claim that J is not flat. Suppose not. Then 0 x E) () JR = (0K E)J by 
[23, Theorem 3.55]. But (Ox E“))J = 0. We use the above identification to obtain 
0=0K EX Q IRM = (NOY IM = I = 0% E”, absurd (since E # 0). 

Now, by Lemma 3.10, w.dim(J) = w.dim(J“) + 1 = w.dim(J/) + 1. It 
follows that w. gl. dim(R) = w. dim(J) = oo. Oo 


Next, we announce the main result of this section. 


Theorem 4.2 ([3, Theorem 3.1]). Let (A,m) be a local ring, E a nonzero A. 
vector space, and R := A« E the trivial ring extension of A by E. Then: 


(1) R is a total ring of quotients and hence a Priifer ring. 

(2) R is Gaussian if and only if A is Gaussian. 

(3) R is arithmetical if and only if A := K is a field and dimx(E) = 1. 

(4) w. gl. dim(R) 2 1. [fm admits a minimal generating set, then w. gl. dim(R) is 
infinite. 


Proof. 


(1) Let (a,e) € R. Then either a € min which case we get (a, e)(0, e) = (0, ae) = 
(0,0) ora ¢ m which implies a is a unit and hence (a, e)(a~!, —a~7e) = (1,0), 
the unity of R. Therefore R is a total ring of quotients and hence a Priifer ring. 
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R 


(2) Suppose that R is Gaussian. Then, since A = po; 


stable under factor rings, A is Gaussian. 
Conversely, assume that A is Gaussian and let F := ) (a;,e;)X' be a 
polynomial in R[X]. If a; ¢ m for some i, then (a;, e;) is invertible since we 
have (a;,e;)(a;',—a~7e;) = (1,0). We claim that F is Gaussian. Indeed, for 
any G € R[X], we have c(F)c(G) = Rc(G) = c(G) C c(FG). The reverse 
inclusion always holds. If a; € m for each i, let G := D@,,e,)X! € R[X]. 
We may assume, without loss of generality, that a’. € m for each j (otherwise, 
we return to the first case) and let f := }°a;X' and g := Sva’,X/ in A[X]. 
Then c(FG) = c( fg) x c(fg)E. But since EF is an 4 -vector space, mE = 0 
yields c(FG) = c( fg) x0 =c(f)c(g) 0 = c(F)c(G), since A is Gaussian. 
Therefore R is Gaussian, as desired. 
Suppose that R is arithmetical. First we claim that A is a field. On the contrary, 
assume that A is not a field. Then m ¥ 0, so there isa # 0 € m. Lete # 
0 € E. Since R is a local arithmetical ring (i.e., chained ring), either (a,0) = 
(a’,e')(0,e) = (0,a’e) for some (a’,e’) € R which contradicts a # 0 or 
(0,e) = (a”,e”)(a,0) = (a’a,0) for some (a”,e”) € R which contradicts 
e # 0. Hence A is a field. Next, we show that dimx(£) = 1. Let e,e’ be two 
nonzero vectors in E. We claim that they are linearly dependent. Indeed, since 
R is a local arithmetical ring, either (0, ¢) = (a, e”)(0, e’) = (0, ae’) for some 
(a,e”) € R, hence e = ae’ or similarly if (0,e’) € (0,e)R. Consequently, 
dimx(F) = 1. 
Conversely, let J be a nonzero ideal in K x K and let (a, b) be anonzero element 
of J. So (0,a~!)(a,b) = (0,1) € J. Hence Ox K C J. But Ox K is maximal 
since 0 is the maximal ideal in K. So the ideals of K «x K are (0,0)K x K, 
Ox K = R(0,1), and K x K. Therefore K x K is a principal ring and hence 
arithmetical. 
First w.gl.dim(R) 2 1. Let J := 0 E and { fi}ier be a basis of the 4. 
vector space E. Consider the map u : RY) —> J defined by u((a;,e;)ie7) = 
(0, >> a; f;). Here we are using the same identification that has been used in 
iel 
Lemma 4.1. Then clearly Ker(u) = (mx E)“). Hence we have the short exact 
sequence of R-modules 


and the Gaussian property is 


(3 


wm 


(4 


wm 


0 —> (mE) —> RO“, J 0. (1) 
We claim that J is not flat. Otherwise, by [23, Theorem 3.55], we have 
J = (mK E)) 9 IR = J(mKE”) = 0. 


Hence, by [23, Theorem 2.44], w. gl. dim(R) 2 1. 


Next, assume that m admits a minimal generating set. Then mxF admits a 
minimal generating set (since E is a vector space). Now let (b;, g;)iez be a minimal 
generating set of mx. Consider the R-map v : R“ —+ mxE defined by 
v((aj, ei )iex) = > (a;, &:) (bi, gi). Then we have the exact sequence 

i€L 
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0 — Ker(v) > RY —> mx E 0 (2) 


We claim that Ker(v) C (mx £E)“). On the contrary, suppose that there is x = 
((ai,€:)ie) € Ker(v) and x ¢ (mxKE)™. Then > (a;,¢;)(bi, g;) = 0 and as 
i€L 


x ¢ (mxKE)”), there is (a;,e;) with a; ¢ m. So that (a;,e;) is a unit, which 
contradicts the minimality of (b;, g;);ez. It follows that 


Ker(v) = Vx EY = (Vx 0) DOx EM) = (VK nN Ps 


where V := {(aj)iex € m | Se ajbi = O}. Indeed, if x € Ker(v), then x = 
i€L 
(a;,b;)iex where a; € m, Db; € E, with Yo ajbi = 0, hence Ker(v) C V x E™. 


The other inclusion is trivial. Now, by ieee 3.10 applied to (1), we get 
w.dim(J) = w.dim((m« E)’) + 1 = w.dim(m x Z) + 1. 
On the other hand, from (2) we obtain 
w.dim(J) < w.dim(V x 0@ J“) = w.dim(Ker(v)) < w. dim(m x E). 
It follows that 
w.dim(J) < w.dim(J) — 1. 


Consequently, w. gl. dim(R) = w.dim(J) = oo. Oo 
Next, we give examples of non-arithmetical Gaussian rings. 
Example 4.3. 


(1) Let p be a prime number. Then (Zip), pZ,p)) is a non-trivial valuation domain. 
Hence Zp) « is a non-arithmetical Gaussian total ring of quotients by 
Theorem 4.2. 

(2) Since dimg(C) = 2 2 1, R* C is a non-arithmetical Gaussian total ring of 
quotient. In general, if K is a field and E is a K-vector space with dimg (EF) 2 
1, then R := K « E is a non-arithmetical Gaussian total ring of quotients by 
Theorem 4.2. 


ZL 
pZ 


Next, we provide examples of non-Gaussian total rings of quotients and hence 
non-Gaussian Priifer rings. 


Example 4.4. Let (A, m) be a non-valuation local domain. By Theorem 4.2, R := 
AK 4 is a non-Gaussian total ring of quotients, hence a non-Gaussian Priifer ring. 


The following is an illustrative example for Theorem 2.4. 
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Example 4.5. Let R:= R«R. Then R is a local ring with maximal ideal 0 x R and 
Z(R) = 0« R. Further, R is arithmetical by Theorem 4.2. By Osofsky’s Theorem 
(Theorem 2.4) or by Lemma 4.1, w. gl. dim(R) = oo. 


Now we give an example of a non-coherent local Gaussian ring with nilpotent 
maximal ideal and infinite weak global dimension (i.e., an illustrative example for 
Theorem 3.9). 


Example 4.6. Let K be a field and X an indeterminate over K and let R := K x 
K[X]. Then: 


(1) R is anon-arithmetical Gaussian ring since K is Gaussian and dimx (K[X]) = 
oo by Theorem 4.2. 

(2) R is not a coherent ring since dimg (K[X]) = oo by [20, Theorem 2.6]. 

(3) R is local with maximal ideal m = 0 x K[X] by [17, Theorem 25.1(3)]. Also 
m is nilpotent since m” = 0. Therefore, by Theorem 3.9, w. gl. dim(R) = 00. 


5 Weak Global Dimension of fqp-Rings 


Recently, Abuhlail, Jarrar, and Kabbaj studied commutative rings in which every 
finitely generated ideal is quasi-projective (fqp-rings). They investigated the cor- 
relation of fqp-rings with well-known Priifer conditions; namely, they proved 
that fqp-rings stand strictly between the two classes of arithmetical rings and 
Gaussian rings [1, Theorem 3.2]. Also they generalized Osofsky’s Theorem on the 
weak global dimension of arithmetical rings (and partially resolved Bazzoni-Glaz’s 
related conjecture on Gaussian rings) by proving that the weak global dimension of 
an fqp-ring is 0, 1, or oo [1, Theorem 3.11]. In this section, we will give the proofs 
of the above mentioned results. Here too, the needed examples in this section will be 
constructed by using trivial ring extensions. We start by recalling some definitions. 


Definition 5.1. 


(1) Let M be an R-module. An R-module M’ is M-projective if the map W : 
Homp(M’, M) —> Homa(M", M) is surjective for every submodule N of M. 
(2) M’ is quasi-projective if it is M’-projective. 


Definition 5.2. A commutative ring R is said to be an fqp-ring if every finitely 
generated ideal of R is quasi-projective. 


The following theorem establishes the relation between the class of fqp-rings and 
the two classes of arithmetical and Gaussian rings. 


Theorem 5.3 ({1, Theorem 3.2]). Fora ring R, we have 
R arithmetical > R fqp-ring = R Gaussian 


where the implications are irreversible in general. 
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The proof of this theorem needs the following results. 


Lemma 5.4 ([1, Lemma 2.2]). Let R be a ring and let M be a finitely generated 


R-module. Then M is quasi-projective if and only if M is projective over nia 


Lemma 5.5 ([12, Corollary 1.2]). Let Mij<i<, be a family of R-modules. 
Then @j_, Mi is quasi-projective if and only if Mj; is Mj-projective V i,j € 
41,25 sees B 

Lemma 5.6 ([1, Lemma 3.6]). Let R be an fqp-ring. Then S“'R is an fgp-ring, 
for any multiplicative closed subsets of R. 


Proof. Let J be a finitely generated ideal of S~!R. Then J = S~'TJ for some 
finitely generated ideal J of R. Since R is an fqp-ring, J is quasi-projective and 
hence, by Lemma 5.4, J is projective over Pees Dd: By [23, Theorem 3.76], J := 


S~'T is projective over STETTE But S~! Ann(J) = Ann(S~ es = Ann(J) by 
[2, Proposition 3.14]. Therefore J := S~'T is projective over men: Again by 
Lemma 5.4, J is quasi-projective. It follows that S~! R is an fqp-ring. Oo 


Lemma 5.7 ([1, Lemma 3.8]). Let R be a local ring and a, b two nonzero 
elements of R such that (a) and (b) are incomparable. If (a, b) is quasi-projective, 
then (a) N (b) = 0, a* = b* = ab = O, and Ann(a) = Ann(b). 


Proof. Let I := (a, b) be quasi-projective. Then by [26, Lemma 2], there exist 
Kis fo € Endg(/) such that fi(7) € (a), fA) € (b), and f, + fo = 17. Now let 
x € (a)N(b). Then x = rja = r2b for somer,, r2 € R. Butx = fi (x)+ fo(x) = 
fi(ria) + fo(rab) = ni fila) + r2fo(b) = ria’a + r2b'b = a’x + b'x where 
a’, b' € R. We claim that a’ is a unit. Suppose not. Since R is local, 1 — a’ isa 
unit. Buta = fi(a)+ fo(a) = a'a+ fo(a). Hence (1—a’)a = fo(a) © (b) which 
implies that a € (b). This is absurd since (a) and (b) are incomparable. Similarly, 
b’ is a unit. It follows that (a’ — (1 — b’)) is a unit. But x = a’x + b’x yields 
(a’ — (1 —b’))x = 0. Therefore x = 0 and (a) N (b) = 0. 

Next, we prove that a” = h* = ab = O. Obviously, (a) N (b) = 0 aes 
that ab = 0. So it remains to prove that a7 = b? = 0. Since (a) N a= 


I = (a) @ (b). By Lemma 5.5, oe is ae -projective. Let yg : (a) —> et be ~ 


canonical map and g : (b) — PaO be defined by g(rb) = ra. If rib = rob, 
then (r; — r2)b = 0. Hence r; — rz € Ann(b) which implies that (r; — r2)a = 0. 
So g(r1b) = g(r2b). Consequently, g is well defined. Clearly g is an R-map. Now, 
since (b) is (a)-projective, there exists an R-map f : (b) —> (a) withgo f = g. 
For b, we have f(b) € (a); hence f(b) = ra for some r € R. Also (yo f)(b) = 
g(b). Hence f(b) — a € a Ann(b). Whence ra — a = at for some t € Ann(b) 
which implies that (¢ + 1)a = ra. By multiplying the last equality by a we obtain, 
(t + 1)a* = ra’. But ab = 0 implies 0 = f(ab) = af(b) = ra*. Hence (t + 
1)a? = 0. Since t € Ann(b) and R is local, (¢ + 1) is a unit. It follows that a” = 0. 
Likewise b* = 0. 
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Last, letx € Ann(b). Then f(xb) = xra = 0. The above equality (t+1)a = ra 
implies (¢ + 1 —r)a = 0. Butt + 1 is a unit and R is local. So r is a unit (b F 0). 
Hence xa = 0. Whence x € Ann(a) and Ann(b) C Ann(a). Similarly we can 
show that Ann(a) C Ann(b). Therefore Ann(a) = Ann(bd). Oo 


Proof of Theorem 5.3. R arithmetical > R fqp-ring. 

Let R be an arithmetical ring, J a nonzero finitely generated ideal of R, and p 
a prime ideal of R. Then J, := IR, is finitely generated. But R is arithmetical, 
hence, R, is a chained ring and J, is a principal ideal of R,. By [21], J, is quasi- 
projective. By [29, 19.2] and [28], it suffices to prove that (Homr(/, /)), = 
Homa, (/p, /p). But Homr, (Jp, Ip) = Home(/, I) by the adjoint isomorphisms 
theorem [23, Theorem 2.11] (since Homy-ip(S~!N,S~!'M) = Hom(N, S~'!M) 
where S1N =~ N@pS!R and SM = Homg-ig(S!R, S'M)). So let us 
prove that 


(Homr(/, /))p = Homer(/, Jp). 
Let 
go: (Homr(/, 1)), —> Homa(/, Ip) 


be the function defined by £ € (Homa(I, 1))p, $(£) : I —> Ip with 
o(£)(x) = = for each x € J. Clearly ¢ is a well-defined R-map. Now suppose 
that ¢(£) = 0. J is finitely generated, so let J = (x1, X2,..., Xn), where n is an 
integer. Then for every? € {1, 2, ..., n}, o(£)(x:) = fa = 0, whence there 
exists t; € R\ p such that ¢; f(x;) = 0. Let t := tyl...ty. Clearly, t € R\ p 
and tf(x) = 0, for all x € 7. Hence £ = 0. Consequently, @ is injective. Next, 
let g € Home(/, [,). Since J, is principal i in R,, Ip = aR, for some a € J. But 
g(a) € I,. Hence a= = “forsomec € Rands € R ‘ p. Let x € J. Then 
7 € Ip = aR». Hence | = “ for some r € R andu € R \ p. So there exists 
t € R\ p such that tux = tra. Now, let f : J —> I be the multiplication by c. 


(i.e., forx € I, f(x) = cx). Then f € Home(/, J) and we have 


(4 Jo-4 Ee LY mee cs (eer ey 
u tu tu 


s sl su 


Therefore @ is surjective and hence an isomorphism, as desired. 

R fqp-ring => R Gaussian 

Recall that, if (R, m) is a local ring with maximal ideal m, then R is a Gaussian 
ring if and only if for any two elements a, b in R, (a,b)? = (a?) or (b?) and if 
(a,b)? = (a?) and ab = 0, then b* = 0 [5, Theorem 2.2 (d)]. 

Let R be an fqp-ring and let P be any prime ideal of R. Then by Lemma 5.6 
R, is a local fqp-ring. Let a, b € Rp. We investigate two cases. The first case 
is (a, b) = (a) or (b), say (b). So (a, b)? = (b7). Now assume that ab = 
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Since a € (b), a = cb for some c € R. Therefore a2 = cab = 0. The second 
case is J := (a, b) with J # (a) and I # (b). Necessarily,a #4 O andb # 0. 
By Lemma 5.7, a2 = b? = ab = O. Both cases satisfy the conditions that were 
mentioned at the beginning of this proof (The conditions of [5, Theorem 2.2 (d)]). 
Hence RF, is Gaussian. But p being an arbitrary prime ideal of R and the Gaussian 
notion being a local property, then R is Gaussian. 

To prove that the implications are irreversible in general, we will use the 
following theorem to build examples for this purpose. Oo 


Theorem 5.8 ([{1, Theorem 4.4]). Let (A, m) be a local ring and E a nonzero 4. 
vector space. Let R:= A E be the trivial ring extension of A by E. Then R is an 
fap-ring if and only if m? = 0. 


The proof of this theorem depends on the following lemmas. 


Lemma 5.9 ([24, Theorem 2]). Let R be a local fqp-ring which is not a chained 
ring. Then (Nil(R))* = 0. 


Lemma 5.10 ([1, Lemma 4.5]). Let R be a local fqp-ring which is not a chained 
ring. Then Z(R) = Nil(R). 


Proof. We always have Nil(R) C Z(R). Now, let s € Z(R). Then there exists 
t £0 € R such that st = 0. Since R is not chained, there exist nonzero elements 
x, y € R such that (x) and (y) are incomparable. By Lemma 5.7, x7 = xy = 
y? = 0. Either (x) and (s) are incomparable and hence, by Lemma 5.7, s* = 0, 
whence s € Nil(R), or (x) and (s) are comparable. In this case, either s = rx 
for some r € R which implies that s? = r?x? = 0 and hence s € Nil(R). Or 
x = sx’ for some x’ € R. Same arguments applied to (s) and (y) yield either 
s € Nil(R) or y = sy’ for some y’ € R. Since (x) and (y) are incomparable, (x’) 
and (y’) are incomparable. Hence, by Lemma 5.7, (x’)N(y’) = 0. If (x’) and (¢) are 
incomparable, then by Lemma 5.7 Ann(x’) = Ann(t), so that s € Ann(x’) which 
implies that x = sx’ = 0, absurd. If (t) € (x’), then (t)N (y’) € (x')N (y’) = 0. 
So (t) and (y’) are incomparable, whence similar arguments as above yield y = 0, 
absurd. Last, if (x’) © (t), then x’ = r’t for some r’ € R. Hence x = sx’ = 
str’ = 0, absurd. Therefore all the possible cases lead to s € Nil(R). Consequently, 
Z(R) = Nil(R). o 


Lemma 5.11 ({1, Lemma 4.6]). Let (R, m) be a local ring such that m* = 0. 
Then R is an fqp-ring. 


Proof. Let I be a nonzero proper finitely generated ideal of R. Then J C m 
and mZ = 0. Hence m C Ann(/), whence m = Ann(/) (J # 0). So that 


Amt) = in which implies that J is a free Amy Module, hence projective over 


mace By Lemma 5.4, J is quasi-projective. Consequently, R is an fqp-ring. oO 


Proof of Theorem 5.8. Assume that R is an fqp-ring. We may suppose that A is not 
a field. Then R is not a chained ring since ((a, 0) and ((0, e)) are incomparable 
wherea #4 0 € mande = (1, 0, 0, ...) € E. Also R is local with maximal mx E. 
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By Lemma 5.10, Z(R) = Nil(R). But mx E = Z(R). Let (a,e) € mKE. Since 
E isan 4-vector space, (a, e)(0,e) = (0, ae) = (0,0). Hence mx FE C Z(R). The 
other inclusion holds since Z(R) is an ideal. Hence mx E = Nil(R). By Lemma 5.9, 
(Nil(R))* = 0 = (mx E)?. Consequently, m? = 0. 

Conversely, m? = 0 implies (mx E)* = 0 and hence by Lemma 5.11, R is an 
fqp-ring. Oo 


Now we can use Theorem 5.8 to construct examples which prove that the 
implications in Theorem 5.3 cannot be reversed in general. The following is an 
example of an fqp-ring which is not an arithmetical ring 


Example 5.12. R:= RE) YR is an fqp-ring by Theorem 5.8, since R is local with a 


() 
nilpotent maximal ideal re «R. Also, since tee is nota field, R is not arithmetical 


by Theorem 4.2. 
The following is an example of a Gaussian ring which is not an fqp-ring. 


Example 5.13. R := R[X]cxy) « R is Gaussian by Theorem 4.2. Also, by 
Theorem 5.8, R is not an fqp-ring. 


Now the natural question is what are the values of the weak global dimension of 
an arbitrary fqp-ring? The answer is given by the following theorem. 


Theorem 5.14 ([{1, Theorem 3.11]). Let R be an fqp-ring. Then w. gl. dim(R) = 
0, 1, orco. 


Proof. Since w.gl.dim(R) = sup{w.gl.dim(R,) | p prime ideal of R}, one 
can assume that R is a local fqp-ring. If R is reduced, then w.gl.dim(R) < 1 
by Lemma 3.5. If R is not reduced, then Nil(R) # 0. By Lemma 5.9, either 
(Nil(R))* = 0, in this case w. gl.dim(R) = oo by Theorem 3.9 (since an fqp- 
ring is Gaussian) or R is a chained ring with zero divisors (Nil(R) 4 0), in this case 
w. gl. dim(R) = oo by Theorem 2.3. Consequently, w. gl. dim(R) = 0, 1, or oo. 

Oo 


It is clear that Theorem 5.14 generalizes Osofsky’s Theorem on the weak global 
dimension of arithmetical rings (Theorem 2.3) and partially resolves Bazzoni-Glaz 
conjecture on Gaussian rings. 
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Quasi-complete Semilocal Rings and Modules 


Daniel D. Anderson 


Abstract Let R be a (commutative Noetherian) semilocal ring with Jacobon 
radical J. Chevalley has shown that if R is complete, then R satisfies the following 
condition: given any descending chain of ideals {A,}°2, with (\°2, An = 0, for 
each positive integer k there exists an sz, with Ay, C J kA finitely generated 
R-module M is said to be (weakly) quasi-complete if for any descending chain 
{Anh of R-submodules of M (with (aan = 0) and k > 1, there exists 
an sx with Ay, C (Naz 4n) + J*M. An easy modification of Chevalley’s proof 
shows that a finitely generated R-module over a complete semilocal ring is quasi- 
complete. However, the converse is false as any DVR is quasi-complete. In this 
paper we survey known results about (weakly) quasi-complete rings and modules 
and prove some new results. 


Keywords Quasi-complete rings * Quasi-complete modules ¢ Noether lattices 


Subject Classifications: 13E05, 13H10, 13A15, 06F10. 


1 Introduction 


Throughout this paper all rings are commutative with identity and all modules are 
unitary. Local rings and semilocal rings carry the Noetherian hypothesis. 
The following result is proved by Chevalley [6, Lemma 7]. 
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Theorem 1. Let R be a complete semilocal ring, and let (b,) be a sequence of 
ideals in R such that by4, C by (1 <n < 0) and files by = {0}. If pi,..-, De 
are the maximal prime ideals of R, we have by C (pi +++ pe)”, 


exponent which increases indefinitely with n. 


where m(n) is an 


An equivalent formation may be found in Nagata [17, Theorem 30.1]. 


Theorem 2. Let R be a semilocal ring with Jacobson radical J. If a, (n = 
1,2,3,...) are ideals of R such that ay+1 © Gy for any n and such that Qeeue = 
0, then given any natural number n, there exists a natural number m(n) such that 
Qm(n) Sc J”. 


A proof of the theorem in the local case may also be found in Northcott 
[18, Theorem 1, page 86]. All three authors use the theorem to show that if R is 
a semilocal ring with Jacobson radical J and R’ is a semilocal extension ring of R 
with Jacobson radical J’, then R is a subspace of R’ if and only if J = J'’N R 
[6, Proposition 4], [17, Corollary 30.2], [18, Theorem 2, page 88]. By this we mean 
that the J-adic topology on R is the subspace topology induced by the J’-adic 
topology on R’. We make the following fundamental definition. 


Definition 1. Let R be a semilocal ring with Jacobson radical J and let M be 
a finitely generated R-module. Then M is (weakly) J-quasi-complete if for any 
descending chain { A, sah , of submodules of M (with (Vo An = 0) andk > 1, 
there exists an sz with Ay, C ((\P2,An) + JKM 


n=1 


When the context is clear we will often just say (weakly) quasi-complete. 
Now an easy modification of any of the three previously mentioned proofs shows 
that a finitely generated module over a complete semilocal ring is weakly quasi- 
complete and hence is actually quasi-complete as seen by passing to the R-module 
M/(\p~_, An. We state this as a theorem and for completeness give its proof. 


Theorem 3. Let M be a finitely generated module over a complete semilocal ring. 
Then M is quasi-complete (and hence is weakly quasi-complete). 


Proof. Let R be a complete semilocal ring with Jacobson radical J. Let {A,}°2 , be 
a descending chain of submodules of M and put A = (\°2., Ay. Then M=M/A 
is again a finitely generated module over the complete semilocal ring R. * A, = 
A, /A; so {A, \ i is a descending chain of submodules of M with Fie A, = 0. 
If we show that M is weakly quasi-complete, then for each k > 1, there is an 
Sx, With As, Cc JM and hence Ay GC A+ J*‘M. Thus it suffices to show that 
each finitely generated R-module is weakly quasi-complete. So let {A,}02, be a 
descending chain of Submodules of M with (\P2,An = 0. Letk > 1. Put A’ = 
A,+J*M.So {Ai }—, is a descending chain of submodules of M which stabilizes 
since M/J*M is Artinian; say Ay = AN 4= . We may assume that the 
sequence {s,}—, is strictly increasing. Put Cy, = Ags so {Cx }P2, is a descending 
chain of R-submodules with (ane? = 0. Also, Ce + JEM = Cy4, + J‘ M. We 
show that C; C J‘ M for each k > 1. Let x € Cy. Nowx € Cy C Cua, + JEM, 


n=1 
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SOX = yeey + ax where yp4) € Ce4 and ax € JkM. Now Vee © Crear S 
Certo + JEM. Continuing we get sequences yx41, Ve+2,... and ag, Ak41,... 
where yx4j € Cyt; anday4; € JtIM with x = yan tag targite:+aktn—1 
for all n. Since limy-—+o0 dk4+n = 0, the sequence 4, = ag + Age +++ + Aktn-1 


converges, say to a. Hence limy— oo Vern = X — a. Since t, € JkKM,ae JEM 
Since ye+p, Ve+p+i,--- are all in Cy4,, we have x —a € Cx+, for every p > 0. 
Hence x —-a = 0,sox =aeJ*M. oO 


Now it turns out that the notion of completeness cannot be given solely in ideal- 
theoretic terms. For example, Zp) (p a prime) and its completion the p-adic integers 
Ly p) have isomorphic lattices of ideals, yet Zi p) is complete, while Z,p) is not. 
(Throughout the paper we will use M to denote the completion of M.) In fact, Zip) 
is quasi-complete but not complete. Actually, any DVR, or more generally any one- 
dimensional analytically irreducible local domain is quasi-complete (Corollary 2), 
but need not be complete. 

As noted in the previous paragraph the notion of completeness cannot be given in 
lattice-theoretic terms. Dilworth [7] introduced the Noether lattice as the abstraction 
of the lattice of ideals of a Noetherian ring. E.W. Johnson and J.A. Johnson have 
developed a theory of completions for lattice modules over semilocal Noether 
lattices (see the references). Basically, a lattice module is defined to be complete if it 
satisfies Definition | stated in lattice-theoretic terms. This is a reasonable definition 
as the map Lr(M) > Ls a(M) given by N > R®N = RN from the lattice of 
R-submodule of M (R is a semilocal ring and M a finitely generated R-module) 
to the lattice of R-submodules of M is a multiplicative lattice module isomorphism 
if and only if M is quasi-complete. This is explained in greater detail later in the 
paper (see especially the two paragraphs after the proof of Corollary 2). 

In Sect.2 we consider the case of quasi-complete local rings. Theorem 5 gives 
15 additional characterizations of quasi-complete local rings. Many of these are 
extended to quasi-complete modules over semilocal rings in Sect.3. Theorem 6 
states that a quasi-complete semilocal ring is a finite direct product of quasi- 
complete local rings and thus effectively reduces the semilocal case to the local 
case. 


2 Quasi-complete Local Rings 


In this section we consider the local case of quasi-completeness. As we shall see in 
the next section, the general case readily reduces to local case (Theorem 6). For the 
reader’s convenience we repeat the definition of (weak) quasi-completeness in the 
case of a local ring. 

Let (R, M) be a local ring with maximal ideal M (here local includes the 
Noetherian hypothesis). We say R is (weakly) quasi- pia [8] if for each 
descending sequence {A,,}°2 , of ideals of R (with (°°, A, = 0) and each k > 1, 
there exists an s, > 1 with As, C (fhe 1 An) + Mé* (Ay, _C M*). It is easily 
seen that R is quasi-complete if and only if R/A is weakly quasi-complete for 
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each proper ideal A of R. Thus a homomorphic image of a quasi-complete local 
ring is quasi-complete. It is well known that a complete local ring is weakly quasi- 
complete (see, for instance [17, Theorem 30.1]) and hence quasi-complete since a 
homomorphic image of a complete local ring is again complete. A module-theoretic 
generalization was given in Theorem 3. We next give alternative characterizations 
of (weak) quasi-completeness. As usual, R denotes the M-adic completion of R. 


Theorem 4. For a local ring (R, M), the following conditions are equivalent. 


1. R is (weakly) quasi-complete. 

2. For each descending sequence {Qn}°, of M-primary ideals of R (with 
(V1 On = 0) and eachk > |, there exists an sy > 1 with Os, © (21 On) + 
M* (Qs, S M*). 

3. For ideals AG B of R (with A= 0), RNA CROB. 

4. For any decreasing sequence {A,}C°_, of ideals of R (with (\7~, An = 0) and 
any finitely generated R-module N, (\P-_, AnN = ((\P2, An) N. 

5. Condition (4) with N cyclic. 

6. For any decreasing sequence {An} 
have (\P-. »RA, = a RNS An). 


of ideals of R (with (\-~_,An = 0), we 


n=1 


n=1 


Proof. (1)=>(2) Clear. (2)=>(3) Suppose that A C B are ideals of RwithRNA= 
ROB. Put QO! = B+ M’: so QF is M-primary and (\°2. ,Q' = B. Let 
QO, = RN Q!; so {Oy}, is a descending sequence of M- Sprimiiry ideals of R 
witli | 4 Ox = ea (R nO.) =F) 0) =]=RNB = RNA. Hence 
for each k > 1, there exists an s, > 1 with Os, C (RNA) + M*. We can assume 
that s; > k. Thus 2, = = RQ, C R(RNA+M*) = R(RN A)+ME C A4M", 
So B= (2, 01, SMa A+ M*) = A;hence A = B. (3)>>(1) Let {4,32 
bea decreasing sequence of ideals of R. Then {RA} ~, 1s a decreasing sequence 
of ideals of R. Note that RN (Ne 1 RAn) = = A(R A RA,) = (eaten = 
RO (RM, An); 80 NL, RAn = = RQ | An). Now for k > 1, there exists an 
sx with RAy, © (py RAn)+M* = RL, An) +RME = RV, An + M*). 
Thus Ay, = RO RAs, © RO(R(2, An + M*)) = (224 An) + M* (D> (4) 
Let A = (2, An. First suppose that R is weakly quasi-complete and A = 0. For 
k > 1, there is an s, > 1 with As, C M*. Hence As,N C M*N.So ‘ae ,AnN 
(er 4aN & (pes MN = 0. Hence (7, A.N = (pa 4n )N. Next 
suppose that R is quasi-complete and A is not necessarily 0. Now R/A is weakly 
ee and N/AN is a finitely generated R/A-module. So by the case 
= 0, (\pa, (An/A)(N/AN)) = ((Y2, An/A) (N/AN). But this translates 
to (\ro, (2AtA") = AN ayo, | ea = = AN, which is what we needed 
to prove. (4)=(5) Clear. (5)=(1) Let N = R/J where J is an ideal of R. 
Let {A,}02, be a decreasing sequence of ideals of R with A = ()P2, An. So 
(ia An (R/J) = (he 1 An) (R/J) OF ei (An + J) = (Qa An ) + J. 


Suppose that J = M* where k > 1. Since R/M* is Artinian, there exists an 
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sk > 1 with Ay + M* = Ap + MF for £ > sy. So Ay, © As, + ME = 
(ro, (An + M*) = (2, An) + MK*. So R is quasi-complete (weakly quasi- 
complete if we only assume that A = 0). (3)=>(6) This is given in the first three 
sentences of the proof of (3)=(1). (6)=(1) This follows from the last two sentences 
of the proof of (3)=>(1). oO 


Corollary 1. Let (R,M) be a local ring and g:L(R) > L(R) be given by 
y(A) = RA where L(R) [ resp., L(R)] is the lattice of ideals of R (resp., R). 
Then the following conditions are equivalent: 


1. R is quasi-complete. 

2. 9 is surjective. 

3. g is a (multiplicative) lattice isomorphism. 

4. Every (principal) ideal B of R has the form B = RA for some (necessarily 
principal) ideal A of R. 

5. Foreachx € R, x =ur for some u € U(R), the group of units of R, andr € R. 

6. L(R) and L(R) are isomorphic as multiplicative lattices. 


Proof, (1)=>(2) Let B be an ideal of R. Then R(RNB) C B and RN 
(R (RN B)) = RNB. So by Theorem 4, R (RN B) = B. So ¢ is surjective. 
(2)>(3) As RAN R = A for each ideal A of R, gy is always injective. Thus 
by (2) @ is a bijection. Clearly g and g~! are order preserving; so ¢ is a lattice 
eae even a multiplicative lattice isomorphism since gy (AB) = RAB = 
RARB a = PU): (3)=(1) Suppose that A ¢ B for ideals A and B of 
R. Then RN A = g (A) gg! (B) =_RN B. By Theorem 4, R is quasi- 
complete. (3)= (4) Clear. Note ‘that if Rx = RB for some ideal B of R, then writing 
B = SDRby gives Rx = ZURby. Since Rx is principal and hence completely 
join-irreducible, Rx = Rb for some b,, € R. (4)=>(2) This is clear since 
if each principal ideal of R is an extension of an ideal of R, then so is every 
ideal of R. (5)=>(4) Let x € R, so Xx = ur where u € U(R). andr € R. 
Then Rx = Rur = Rr = R (Rr). (36) Let x € R, so Rx = Rr for 
some r € R. Hence x = ur for some u € U(R). (3)=>(6) Clear. (6)>(1) 
Let w:L(R) > L(R) be a multiplicative lattice isomorphism. First note that 
w(M) = M and so w(M") = M". Let {Ay}, be a decreasing sequence of 
ideals of R. Then {w (A,,)}°2, is a decreasing sequence of ideals of R.So fork > 1, 
there exists an sx with W (As,) © (po) v (An) + Me =y (Ne, An + M*). 
Hence As, C (lee Ay + ME. So R is quasi-complete. oO 


n=1 


Corollary 2. Let R be a local integral domain. 


1. Then R is weakly quasi-complete if and only if for each nonzero prime ideal P 
of R, PAR#0. 

2. A weakly quasi-complete local domain is analytically irreducible. 

3. Suppose further that dim R = 1. Then the following are equivalent. 


a. R is quasi-complete. 
b. R is weakly quasi-complete. 
c. R is analytically irreducible. 
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Proof. (1) (=) Suppose that R is weakly quasi-complete. Then for any nonzero 
ideal A of R, prime or not, AM R ¥ 0 by Theorem 4. (<=) Suppose the R is 
not weakly quasi-complete. So by Theorem 4 there is a nonzero ideal A of R 
with AM R = O. Since R is Noetherian, we can suppose that A is maximal 
with respect to this property. We claim that A is prime. Suppose that xy € A, 
but x ¢ A and y ¢ A. Then A € (A,x) and A € (A, y); so (A,x) NR #0 
and (A, y)N R 4 0. Now ((4,x)N R)((A, vy) R) C (A, x) (A, vy) ARE 
AN R = O. But R is an integral domain, so ((A, x) N R) ((A, y) AR) F 0. 
Suppose that R is a weakly quasi-complete integral domain. Suppose that Ris 
not a domain. Let P be a minimal prime of R,soP ¢ Z(R). LettO Are 
P11 R.Nowr ¢ Z(R), and hencer ¢ Z(R) since R is a flat R-module. But 
rePC Z(R), a contradiction. 

We always have (a)=>(b) and (b)=(c) follows from (2). (c)=(a) Now suppose 
dim R = 1. For a proper nonzero ideal A of R, dim R/A = 0 and hence R/A 
is complete. Thus R/A is (weakly) quasi-complete. Next, suppose that A = 0. 
Now R is a one-dimensional analytically irreducible integral domain. So M is 
the only nonzero prime ideal of R. Certainly MONR=M # 0. So by (1), 
R is weakly quasi-complete. So every homomorphic image of R is (weakly) 
quasi-complete and hence R is quasi-complete. Oo 


(2 


wm 


(3 


wm 


Now (1)=(4) and (1)= (5) of Corollary | have been obtained by E.W. Johnson 
[8] from a different perspective. We outline his approach. 

Let (R,M) be a local ring. For ideals A and B of R set S(A,B) = 
sup {i|A + M' = B + M'}; so S(A, B) = 0 and S(A, B) = oo if and only if 
A = B. Let d(A, B) = 1/254); so d is a metric on L(R). He proved that L(R) 
is complete if and only if R is quasi-complete and that the d-completion of L(R) 
is isometric to L(R). Later, J.A. Johnson [15] gave the equivalence of (1)-(6) of 
Corollary 1. Also see [11, 12] for the theory of completions of multiplicative lattices 
and lattice ae Note that for a decreasing sequence {A,,}°2., of ideals of R 
with A = (Le ,4n, A= im. A, if and only if for each k > 1, there exists an sx 
with d(Ay, A) < '/>« for each £ > sx, ie., Ag + Mk = A+M*,or equivalently, 
Ap C A+ M*. So R is (weakly) quasi-complete if and only if for each decreasing 
sequence {A,}°2., of ideals of R with A = (Ves A, (with A = 0), im. A, =A 
[13]. 

We next list the various characterizations of quasi-complete local rings already 
given and add a few more. 


Theorem 5. For a local ring (R, M) the following conditions are equivalent: 


1. R is quasi-complete. 

2. For each decreasing sequence {Q,\°—, of M-primary ideals and each k > 1, 
there exits an sx > 1 with Qs, C (2, On) + Me‘. 

3. Every homomorphic image of R is weakly quasi-complete. 
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4. Every homomorphic image (S,N) of R satisfies the following condition: if 
{0,}°°, is adecreasing sequence of N -primary ideals of S with (\-~_, Qn = 0 
and k > 1, there exists an s, > 1 so that Os, © N*. 

. For ideals A & B of R, RNAG ROB. 

. The map g:L(R) > L(R) given by gy (A) = RA is surjective, i.e., each ideal 
B of R has the form B = RA for some ideal A of R. 

7. The map g:L(R) > L(R) is a multiplicative lattice isomorphism. 

8. L(R) and L(R) are isomorphic as multiplicative lattices. 

9. L(R) is complete in the d-metric. 

j i 

1 


NN 


10. For each x € R, there exist u € U(R) andr € Rwith x = ur. 

11. Given a decreasing sequence {An}p2, of ideals of R with (\P2, An = A, 
lim A, = A 
noo 


12. R satisfies AB5* (the dual of AB5), i.e., for any ideal B of R and downward 
directed family {By} of ideals, we have B + ((\ Bu) = (\, (B + Ba). 

13. R has a dual R-module A, i.e., there is an order-reversing lattice isomorphism 
w:L(R) — L(A) satisfying W(JN) = wW(N):J for all ideals J and 
submodules N of R. 

14. E(R/M), the injective envelope of R/M, is an R-module dual of R. 

15. For any decreasing sequence {A,}°—, of ideals of R and any finitely generated 
(or just cyclic) R-module N, (\-~_, AnN = (Oa An) N. 


16. For any decreasing sequence {Ay}v~, of ideals of R, we have (\-~, RA, = 
RM a1 An). 


Proof. The equivalence of (1)—(11), (15), and (16) has already been given, while the 
equivalence of (1) and (12)—(14) may be found in [2]. oO 


We remark that in (12), the condition that {B,} is downward directed can be 
replaced by {B,} is a chain or even by {B,}2 , is a countable descending chain, see 
[9, Lemma 3] or the proof of (5)=(1) of Theorem 4. Also, a “weak” version of any 
of these with (.) Bz = 0 characterizes weakly quasi-completeness. 

Now for R a local ring we have R complete > R is quasi-complete > R is 
weakly quasi-complete. Now Z(p), k [X](x) (k a field) or more generally any non- 
complete DVR (i.e., a one-dimensional regular local ring) is quasi-complete, but 
not complete. We do not know of an example of a weakly quasi-complete local 
ring that is not quasi-complete. We end this section with two examples. The first 
example shows that k [X1,..., Xn|cy,,...x,) need not be quasi-complete for n > 2. 
Thus a regular local ring need not be quasi-complete. The second example gives 
an example of a two-dimensional regular local ring that is quasi-complete but not 
complete. 


Example I. Let k be a countable field. Then R, = k[X1,...,Xnlcy,.....x,) i8 
weakly quasi-complete if and only if nm = 1. Now R; = k[X1]x,) is a DVR and 
hence is even quasi-complete. Suppose n > 2. By Corollary 2 it suffices to show 
there is a nonzero prime ideal P of R, = k[[X,..., Xn]| with PN R, = 0, or 
equivalently, P 1 k[X1,..., Xn] = 0. It even suffices to show there is a nonzero 
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prime ideal P of Ry with P N k[X,, X2] = 0. Suppose not. Now R> has countably 
infinite many height-one prime ideals while Ry = k[[X, X2]] has uncountably 
many height-one prime ideals. Note that if QO is a height-one prime ideal of Ro, 
then O NkK[X,, X] is a height-one prime ideal of kX), X2] (since we are assuming 
that 0 N k[X1, X2] 4 0). So there is some (necessarily principal) height-one prime 
ideal (p) of k[X 1, X2] having an uncountable set of height-one prime ideals { P,} 
of Ry with Py N k[X1, X2] = (p). So there are infinitely many prime ideals of R> 
minimal over R, p, acontradiction. 


Conjecture 1. For any field k, k[X,..., Xnlcx, 
forn > 2. 


x,) 18 not weakly quasi-complete 


Example 2. Suppose that (D, (zr)) is a complete DVR. Then D[X](z,x) is a two- 
dimensional regular local ring that is quasi-complete, but not complete. Now 
DiX lax = D[[X]], so D[X]z,x) is not complete. We show that D[X](z,x) 
is quasi-complete using (1)< (5) of Corollary 1. Let0 #4 f e€ DI[X]]. So 
f =Axn" f' where A is a unit of D,n > 0, and f’ € D[[X]] has some coefficient 
a unit. Now by the Preparation Theorem (for example, see [5, Chap. VII, Sect. 3.8, 
Proposition 6, page 510]) f’ = A’ f” where A’ is a unit of D[[X]] and f” € D[X]. 
Then f = (AN’) (x" f”) where AA’ is a unit of D[[X]] and 2” f” € D[X]z,x). 


Conjecture 2. Fora DVR (D, (st)), D[X](z,x) is quasi-complete if and only if D is 
complete. 


3 The General Case 


The notion of quasi-completeness for a local ring can be generalized to finitely 
generated modules over semilocal rings. (See [16] for a further generalization.) Let 
R be a semilocal ring (this includes the Noetherian hypothesis) with maximal ideals 
M,,...,M, and Jacobson radical J = M,N---NM, = M,---M,. Let M bea 
finitely generated R-module. Recall that M is said to be (weakly) J -quasi-complete 
if for any descending chain {A,}°2, of R-submodules of M (with (\p2, An = 0) 
and k > 1, there exists an s; with As, C (Fis An) + J‘ M. We next show that 
R is J-quasi-complete if and only if R = Ry, x--- x Ry, and each Ry, is quasi- 
complete. 


Theorem 6. Let R be a semilocal ring with maximal ideals M,,...,M, and let 
J = M,N --:0M,. Then R is J -quasi-complete if and only if R = Ry, x---X< Rw, 
and each Ry, is Miy, -quasi-complete. 


Proof. (<=) With a change of notation R = R, x--- x R, where (R;, M;) is a 
quasi-complete local ring. Let {A;}2, be a descending sequence of ideals of R. 
So Aj; = Aj Kee K Ain and = Aj = = Ajit) Xr XK (i Ain). Now 
each (Rj, Mj) is quasi-complete, so for k > 1, there exists ak; > 1 so that 
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ki S Cc (Ny, Ay) + M¥. Let k’ = max {kj,...,kn}, so Ag © (2, Ait) + 
Mix x(a Ain) + ME) = (MR, Ai) + ME x: ME = (2 A +S. 
So R is J-quasi-complete. (=) Let Q; = (Veo, ME. So Q1N---N Qn Mk ial 

aa) Mk = J* foreach k > 1; and hence Q,N---N QO, = O. Since R is Fase 
complete, fork = 1 and M; D> M? > .--, there exists k; > 1 with MK CO;+J. 
So fori # j,R=M" +M! CO; +0; +J.Hence 0; + 0; +J = Rand 
therefore Q; + QO; = R.SoR*® R/Q, x-:+x R/Q, by the Chinese Remainder 
Theorem. Moreover, R/Q; is local with unique maximal ideal M; /Q;. For if O; C 
M,; for j Ai, R= Q; + Q; © Mj, acontradiction. So with a change of notation 
with R = R, x--- x R, where (R;, M;) is local and R is J-quasi-complete, it 
suffices to show that R; is quasi-complete. Let Aj D> Az D--- bea pee ars 
sequence of ideals of R; and put A; = = R,; x---x Rj- x Aj X Ri4, X+++ X Ry. SO 
for k > 1, there exists nz with An, © ‘= (en Z y+ J* and hence as in the proof of 
(<), An, © (V2 —, Ai) + M*. So R; is quasi-complete. oO 


The proof of Theorem 6 can easily be modified to obtain the first part of the 
following result. The second part of Theorem 7 is well known. 


Theorem 7. Let Ri,...,.R, be semilocal rings. Then R, x +++ xX Ry is (weakly) 
quasi-complete if and only if each R; is (weakly) quasi-complete. Moreover, R, x 
-+x R, is complete if and only if each R; is complete. 


Theorem 7 can be used to give examples of quasi-complete semilocal rings that 
are not complete. 


Example 3. Letk bea field andn > 1. Then Ry = k[[X1,..., Xn] x k[X]cxy is an 
n-dimensional regular semilocal ring that is quasi-complete but not complete. 


Theorem 6 essentially reduces the study of J -quasi-complete rings to the local 
case. Note that if (R, M,..., M,) is J-quasi-complete, then L(R) = L(Ry,) x 
-xL(Ru,) = ER) Xe: x L(Ragn) — L(R). We leave it to the reader to extend 
Theorem 5 to the semilocal case. Here “QO is M-primary” is replaced by “R/Q is 
Artinian.” In fact, several of these characterizations already appear in this form in 
the literature: (1)<>(13)<>(14) [2] and (1)<>(6)<(7)<(8)<(9)<> (11) [12]. What 
is not entirely obvious in the semilocal case is that if Rb = RI for some ideal J 
of R, then we can take / to be principal and then b = ua for some u € U(R) and 
a € R. We next prove this for a finitely generated module over a semilocal ring. 


Proposition 1. Let R bea semilocal ring and M a finitely generated R-module. 
Letm € M. Suppose that. Rm = RN for some submodule N of M. Then N is 
cyclic and hence Rm = Rn for somen € N. Foranyn € N with Rm = Rn, 
we have m = un for some u € U(R). Hence if M is J -quasi-complete, for each 
i € M, there exists u € U(R) andm € M with m = um. 


Proof. It suffices to show that N is cyclic. For if R is any semiquasilocal ring and 
M any R-module, with m|,mz € M, Rm, = Rm» implies mz = um, for some 
u € U(R) [3, Corollary 13]. To show that N is cyclic, it suffices to show that 
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N is a multiplication module (1.e., for each submodule K C N, K = (K:N)N) 
since a multiplication module over a semiquasilocal ring is cyclic [4]. So suppose 
that K is a submodule of N. Now RN = Rm gives that RN is cyclic and 
hence a multiplication module over R.So K C RN gives K = (K: RN )RN, 
so K = (K:RN)RN = (K:N)RN = R(K:N)N. But then K = KAM = 
R((K:N)N) OM =(K:N)N. Oo 


We next give several characterizations of J-quasi-complete modules. 


Theorem 8. For a finitely generated module M over a semilocal ring R, the 
following conditions are equivalent: 


1. M is J-quasi-complete. 

2. For each decreasing sequence {N,}°, of R-submodules of M with each M/N,, 
Artinian and for each k > 1, there exists an s, > 1 with Ns, © (We Nn) + 
JEM. 

3. Let Ni & N» be R- submodules of M. Then NAM CNINM. 

4. For each R submodule N of M, N=RN ‘for some R- submodule N’ of M. 

5. The map g:Lr(M) > Lg a(M) given by g(N) = RN is a lattice module 
isomorphism, i.€., is a lattice isomorphism and p UN) = = 1g (N). 

6. Form € M, there exist u € U(R) andm € M with m = um. 


Proof. The equivalence of (1)-(3) follows from the proof of Theorem 4, mutatis 
mutandis. Clearly (6)=(4) and (4)=(6) follows from Proposition 1. Also, clearly 
(5)= (A) and (4)=>(5) since ¢ is always injective. So (4)-(6) are equivalent. Clearly 
(5)=>(3) and (3)= (4) follows as in (1)=(2) of Corollary 2. oO 


We can abstract condition (6) of Theorem 8. Let f:R — S be a ring homomor- 
phism, M an R-module and M = S @p M. We say that M is S-unit M-generated 
if form € M, there exists u € U(S) and m € M with m = um. So for R semilocal 
and M a finitely generated R-module with S = R,M = M is R-unit M -generated 
if and only if M is quasi-complete. Two cases where each module M is S-unit 
M-generated are (1) S = Ry, N a multiplicatively closed set (M = Ry @®reM= 
My,m=m/n = (1/n)m,m e M,n € N)andS = R/I with f the natural map 
(M = R/I @rM =M/IM, m =m-+IM = (1 +/)m). However, for the ring 
extension R + R[X] and nonzero R-module M, M = R[X] ®r M = M [X] is 
never R [X]-unit M -generated. 

There is also a ring abstraction. Let f:A — B be a ring homomorphism. We 
call f a U-homomorphism (or a U-extension if f is the inclusion map) if for each 
b € B, there exists ana € A andu € U(B) with b = f(a)u, or equivalently, 
for each b € B, there exists au € U(B) with ub € f(A). Examples include (a) 
RC R where R is quasi-complete, (b) the natural map R — Rs where S is a 
multiplicatively closed subset of R, and (c) any surjection. Consider the following 
conditions on a ring extension A C B: (1) A C B is a U-extension, (2) for each 
principal ideal Bb of B, Bb = BI for some principal ideal J of A, (3) for each 
principal ideal Bb of B, Bb = BI for some ideal J of A, i.e., the map g:L (A) > 
L (B) given by g (J) = BI is a surjection, and (4) the map g:L (A) > L(B) 
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given by g (J) = BI is a bijection and hence a multiplicative lattice isomorphism. 
Clearly (1)=(2)= (3) and (4)= (3). Note that taking A = Z and B = Zi) shows 
that (1)4(4) and hence (2)A4(4) and (3)A4(4). Also (4)4(2) and hence (3)A4(2). 
Let D be Dedekind domain that is not a PID. Then the map g:L (D) > L(D (X)) 
given by g (1) = D(X) / is a lattice isomorphism [1, Theorem 8]. Suppose that 

= (a,b) is a nonprincipal ideal of D and let f = a+ bX. So D(X)I = 
D(X) f, but D(X) f 4 D(X)c for any c € D. Now (2)>>(1) is true if B is 
a strongly associate ring [3]. For if Bb = Ba fora € A, then b = ua for some 
ue U (B). 

Over a complete semilocal ring R all finitely generated R-modules are complete. 
We next show that a finitely generated module over a quasi-complete local ring 
(even a DVR) need not be quasi-complete. Also, given a finitely generated module 
M over a semilocal ring R and a submodule N of M, M is complete if and only if 
N and M/N are complete. We show that only the (=) implication carries over for 
quasi-complete modules. 


Proposition 2. Let R be a semilocal ring, M a finitely generated R-module and N 
a submodule of M. 


1. If M is quasi-complete, then N and M/N are also quasi-complete. 

2. R@® M is quasi-complete if and only if R is quasi-complete and M is complete 
(as an R-module). Hence R ® R is quasi-complete if and only if R is complete. 
Thus the converse of (1) is false. 

3. If N is a complete R-module and M/N is quasi-complete, then M is quasi- 
complete. 


Proof. (1) Letn € N;so M quasi-complete gives fA = um for some unit u € R 
andm <« M. But then uA = me MON =N.SoN is quasi-complete. 
Next let x € M/N = M/N: sox = 7i+N where mi € M. Som = um where 
ué€ Risaunitandm € M.Sox = um+N = u(m+QN) = u(m+N) 
where m + N € M/N.So M/N is also quasi-complete. 

(2) (<=) This follows from (3). (=) Since R @ M is quasi-complete, its homomor- 
phic image R is quasi-complete. Let 7 € M. Then for (1,7) € R@M = 
R@M, (1,m) = u(r,m) where u € U(k), r € R,andm € M.Now 1 = ur 
implies r € U(R)AR = U(R).Sou =r! € U(R) C R. Thusm = ume M. 
SoM =M. 

(3) Let im € M.Som+N = u (mn - +N) where uw € U(R) and m € M since 
M/N is quasi-complete and M/N = M/N.Som-—um € N. Hence n:= 

u-!(m—um) € N = N.Som = um + un = u(m-+n). Thus M is quasi- 
aie oO 


Example 4. Let D be a semilocal PID and M a finitely generated D-module. So 
M = D" @T where n > 0 and T is torsion. (1) Suppose that D has exactly 
one maximal ideal, i.e., D is a DVR. If D is complete, then M is complete and 
hence quasi-complete. Suppose that D is not complete. Now T is complete, so 
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M = D" @ T is quasi-complete for n = 0, 1 by Proposition 2 (since D is quasi- 
complete). Ifn > 2,then D” 6@T = D@® (pe! @ T) is not quasi-complete since 
D"~! @ T is not complete (Proposition 2). (2) Suppose that D has more than one 
maximal ideal. So D is not quasi-complete by Theorem 8. But M quasi-complete 
and n > | gives that D is quasi-complete. Thus n = 0, i.e., M = T is torsion. 
Hence M is complete and thus quasi-complete. 


The next theorem allows us to construct quasi-complete local rings having many 
nilpotent elements. 


Theorem 9. Let (R,.@) be a one-dimensional analytically irreducible local 
domain and let M be a finitely generated R-module. Then the idealization R (+) M 
is quasi-complete if and only if M is quasi-complete. 


Proof. (=) Let m € M, so (0,m) € R(4)M = R)M and hence (0,7) = 
(i, a)(r,m) where &# € U(R),a € M,r € R,andm € M.Now0 = ar > r =0 
so m = um. Hence M is quasi-complete. (<=) Let (7,m) € R(+)M = RGM. 
Case F = 0. Now M quasi-complete > m = um for some u € U(R) andm € 
M. So (0, m) = (u (u,0)(0,m). Case ? 4 0. First suppose that ? is a unit. Then 
(7, m) E U(RG+)M) : and (7,m) = (F,m)(1,0). So suppose ? is not a unit. Now 
? = ur where i € U(R) andr € R where necessarily r € M— {0}. Choose n with 
M" © Rr. Choose b € M with am —b € W"M CrM, say ih —b = ra. 
Som = rua + ub. Then (7, m) = (a, ua)(r, b). Oo 


Note that the implication (=) of Theorem 9 does not use the hypothesis 
that R is a one-dimensional analytically irreducible local domain. However, the 
implication (<=) uses the fact that R is quasi-complete and a one-dimensional 
domain (.4@" C Rr) and so R is analytically irreducible by Corollary 2. We end 
with the following example. 


Example 5. Let R be a one-dimensional analytically irreducible local domain. 
Then R[X]/(X?) ~ R(+4+)R is quasi-complete. However, R[X,Y]/(X,Y)? ~ 
R(+)(R ® R) is quasi-complete if and only if R is complete in which case 
R[X, Y]/(X, Y)? is actually complete since R ® R is quasi-complete if and only if 
R is complete (Proposition 2). 
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On the Total Graph of a Ring and Its Related 
Graphs: A Survey 


Ayman Badawi 


Abstract Let R be a (commutative) ring with nonzero identity and Z(R) be the 
set of all zero divisors of R. The total graph of R is the simple undirected graph 
T(I'(R)) with vertices all elements of R, and two distinct vertices x and y are 
adjacent if and only if x + y € Z(R). This type of graphs has been studied by many 
authors. In this paper, we state many of the main results on the total graph of a ring 
and its related graphs. 


Keywords Total graph * Zero divisors * Diameter * Girth * Connected graph 
Genus * Generalized total graph * Dominating set * Clique * Chromatic number 


MSC(2010) classification: 13A15, 13B99, 05C99. 


1 Introduction 


Over the past several years, there has been considerable attention in the literature 
to associating graphs with commutative rings (and other algebraic structures) and 
studying the interplay between ring-theoretic and graph-theoretic properties; see the 
recent survey articles [13,32]. For example, as in [10], the zero-divisor graph of R 
is the (simple) graph I"(R) with vertices Z(R) \ {0}, and distinct vertices x and y 
are adjacent if and only if xy = 0; see the articles [6,11—12, 15-17, 19, 36]. The 
total graph (as in [7]) has been investigated in [2—5, 25, 32, 33, 35,37]; and several 
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variants of the total graph have been studied in [1, 8,9, 14, 16, 18, 21-24, 26, 27, 31]. 
The goal of this survey article is to enclose many of the main results on the total 
graph of a commutative ring and its related graphs. 

Let G be a (simple) graph. We say that G is connected if there is a path between 
any two distinct vertices of G. At the other extreme, we say that G is totally 
disconnected if no two vertices of G are adjacent. For vertices x and y of G, 
we define d(x, y) to be the length of a shortest path from x to y (d(x,x) = 0 
and d(x,y) = oo if there is no such path). The diameter of G is diam(G) = 
sup{d(x, y) | x and y are vertices of G}. The girth of G, denoted by gr(G), is 
the length of a shortest cycle in G (gr(G) = oo if G contains no cycles). The 
eccentricity of a vertex x in G is the distance between x and the vertex which is at 
the greatest distance from x, e(x) = max{d(x, y)|y is a vertex in GA}. The radius 
of the graph G, r(G), is defined by r(G) = min{e(x)|x is a vertex in G}, and the 
center of the graph is the set of all of its vertices whose eccentricity is minimal, i.e., it 
is equal to the radius. So, the radius of the graph is equal to the smallest eccentricity 
and diameter to the largest eccentricity of a vertex in this graph. It is well known 
that for connected graphs of diameter d and radius r, one hasr < d < 2r. Recall 
that a clique in a graph is a set of pairwise adjacent vertices. The clique number of a 
graph G, denoted by w(G), is the order of a largest clique in G. Also, y(G) denotes 
the chromatic number of G and is the minimum number of colors which is needed 
for a proper coloring of G, i.e., a coloring of the vertices of G such that adjacent 
vertices have distinct colors. We denote the complete graph on n vertices by K” and 
the complete bipartite graph on m and n vertices by K’” (we allow m and n to 
be infinite cardinals). We will sometimes call a K'” a star graph. We say that two 
(induced) subgraphs G; and G2 of G are disjoint if G,; and G2 have no common 
vertices and no vertex of G; (resp., G2) is adjacent (in G) to any vertex not in G, 
(resp., G2). By abuse of notation, we will sometimes write G; C G2 when G; is a 
subgraph of G2. A general reference for graph theory is [20]. 

Throughout this paper, all rings R are with 1 # 0. Let R be a commutative 
ring with nonzero identity. Then Z(R) denotes its set of zero divisors, Nil(R) 
denotes its ideal of nilpotent elements, Reg(R) denotes its set of nonzero divisors 
(i.e., Reg(R) = R \ Z(R)), and U(R) denotes its group of units. For A C R, 
let A* = A \ {0}. We say that R is reduced if Nil(R) = {0}, and dim(R) 
will always mean Krull dimension. As usual, Z, Q, Z,, and F, will denote the 
integers, rational numbers, integers modulo n, and the finite field with g elements, 
respectively. General references for ring theory are [29, 30]. 


2 The Total Graph of a Ring 


In [7], Anderson and I defined the total graph of R to be the (undirected) graph 
T(I'(R)) with all elements of R as vertices, and two distinct vertices x and y are 
adjacent if and only if x+y € Z(R). Let Reg(T ((I'(R))) be the (induced) subgraph 
of T(1"(R)) with vertices Reg(R). 
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Theorem 2.1 ([7, Theorem 2.2]). Let R be a commutative ring such that Z(R) is 
an ideal of R, and let |Z(R)| = a and|R/Z(R)| = B. 


1. If2 € Z(R), then Reg(T (I'(R)) is the union of B — 1 disjoint K°'s. 
2. If2 ¢ Z(R), then Reg(T (I (R)) is the union of (B — 1)/2 disjoint K™°"s. 


Theorem 2.2 ([7, Theorem 2.4]). Let R be a commutative ring such that Z(R) is 
an ideal of R. Then 


1. Reg(T (I'(R)) is complete if and only if either R/Z(R) & Zz or R = Zs. 

2. Reg(T (I (R)) is connected if and only if either R/ Z(R) & Z2 or R/Z(R) XZ. 

3. Reg(T ('(R)) is totally disconnected if and only if R is an integral domain with 
char(R) = 2. 


Theorem 2.3 ((7, Theorem 2.9]). Let R be a commutative ring such that Z(R) is 
an ideal of R. Then the following statements are equivalent: 


1. Reg(T (I'(R)) is connected. 

2. Eitherx + y € Z(R) orx —y € Z(R) forall x,y € Reg(R). 

3. Eitherx + y € Z(R) orx +2y € Z(R) forall x,y € Reg(R). In particular, 
either 2x € Z(R) or 3x € Z(R) (but not both) for all x € Reg(R). 

4. Either R/Z(R) & Z. or R/Z(R) & Zs. 


Theorem 2.4 ((7, Theorems 3.3, 3.4]). Let R be a commutative ring such that 
Z(R) is not an ideal of R. Then T (I'(R)) is connected if and only if 1 = z+++++Zn 
for some Z1,...,%n € Z(R). Furthermore, suppose that T(I’(R)) is connected and 
let n be the least integer 1 = z +--+: + Z for some z,...,%) € Z(R). Then 
diam(7T(I°(R))) = n. In particular, if R is a finite commutative ring and Z(R) is 
not an ideal of R, then diam(T (I"(R))) = 2. 


In the following example, for each integer n > 2, we construct a commutative 
ring R, such that Z(R,,) is not an ideal of R, and T(1"(R,,)) is connected with 
diam(T(I"(R))) =n. 


Example 2.5. Let n > 2 be an integer, D = Z[X, X2,...,Xn—1], K be the 
quotient field of D, Po = (X; + X2 + A---+ Xn-1), Pi) = (X;) for each integer 
i with 1 <i <n—2,and P,_; = (X,_-; + 1). Then Po, P},..., P,—1 are distinct 
prime ideals of D. Let F = Po UP,;AU---UP,_1; then S = D F isa multiplicative 
subset of D. Set R, = D(+)(K/Ds). Then Z(R,) = F(+)(K/Ds)). Since 
(1,0) = ky = 0 at = Hy, 0) + OG, 0) +S, ) + OG 04 Ae 
(X;,—1 + 1,0) is the sum of n zero divisors of R,,, by construction we conclude that 
n is the least integer m > 2 such that | is the sum of m zero divisors of R,,. Hence 
T(I'(R,) is connected with diam(7 (1"(R,,))) = n by Theorems 2.4 above. 


Theorem 2.6 ({7, Theorem 3.1]). Jf Reg("(R)) is connected, then T(I(R)) is 
connected. 


The converse of Theorem 2.6 is not true. We have the following example. 
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Example 2.7. Let R = Q[X](+)(Q(X)/Q[X]). Then one can easily show that 
Z(R) = (Q[X] Q*)(+)(Q(X)/Q[X]) is not an ideal of R and Reg(R) = U(R) = 
Q*(+)(Q(X)/Q[X]). Thus T((R)) is connected with diam(T(I"(R)) = 2 (by 
Theorems 2.4) since (1,0) = (X,0)(+)(X + 1,0) with (X, 0), (¥ + 1,0) € Z(R). 
However, Reg(J"(R)) is not connected since there is no path from (1, 0) to (2, 0) in 
Reg(I"(R)). 


Theorem 2.8. /. [7, Corollary 3.5] If T((R)) is connected, then diam 
(TU(R)) = d(0, 1). 

2. [7, Corollary 3.5] If T((R)) is connected and diam(T(I"(R)) = n, then 
diam(Reg(I"(R))) => n —2. 

3. [4, Corollary 1] If R is a commutative Noetherian ring and T(I'(R)) is 
connected with diameter n, thenn — 2 < diam(Reg(J"(R))) < n. 


Theorem 2.9 ([8, Theorem 4.4]). Let R be a commutative ring. 


(1) If R is either an integral domain or isomorphic to Z4 or Zo[X]/(X7), then 
gr(T(I'(R))) = 00. 

(2) If R is isomorphic to Zz X Zo, then gr(T (I"(R))) = 4. 

(3) Otherwise, gr(T (I'(R))) = 3. 


Theorem 2.10 ({35, Theorem 2.1]). Let R be a finite commutative ring with I such 
that Z(R) is not an ideal of R. Then r(T(I'(R))) = 2. 


Theorem 2.11 ({35, Theorem 2.2]). Let R be a commutative ring with I such that 
Z(R) is not an ideal of R, and letn be the smallest integer such that 1 = z,+-+-+Zn, 
for some Z,...,2n € AZ(R). Then r(T(I'(R))) = 7. 


Theorem 2.12 ([35, Theorem 3.2]). Let R be a ring such that Z(R) is not an ideal 
of R. Then T(I'(R[x])) is connected if and only if T(I'(R)) is connected. Further- 
more if diam(T (I"(R))) =n, then diam(T (I’(R[x]))) = r(T (TT (R[x])) = 2. 


Theorem 2.13 ([35, Theorem 3.4]). Let R be a reduced ring such that Z(R) 
is not an ideal of R. Then T(I(R|[x]])) is connected if and only if T(I'(R)) 
is connected. Furthermore if diam(T(I"(R))) = n, then diam(T(I"(R[[x]]))) = 
r(T(L(R[f]))) = 1. 


Let G be a simple undirected graph. Recall that a Hamiltonian path of G is a 
path in G that visits each vertex of G exactly once. A Hamilton cycle (circuit) of G 
is a Hamilton path that is a cycle. A graph G is called a Hamilton graph if it has a 
Hamilton cycle. 


Theorem 2.14 ([4, Theorem 3]). Let R be a finite commutative ring such that 
Z(R) is not an ideal. Then the following statements hold: 


1. T((R)) is a Hamiltonian graph. 
2. Reg(I"(R)) is a Hamiltonian graph if and only if R is isomorphic to none of the 
rings: Ts ZS, x Z3, Zi x Z4, Z5 x Zo[X]|/(X?), where n is a natural number. 
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Theorem 2.15 ({25, Theorem 5.2]). Jf R is a commutative ring and diam 
(T(P'(R))) = 2, then T(I'(R)) is Hamilton graph. 


Theorem 2.16 ({25, Corollary 5.3]). If R is an Artinian ring, then T(I(R)) is 
Hamilton graph. 


Recall that a simple undirected graph is called a planar graph if it can be drawn 
on the plane in such way that no edges cross each other. Recall that a commutative 
ring R is called a local (quasilocal) ring if it has exactly one maximal ideal. 


Theorem 2.17 ({33, Theorem 1.5]). Let R be a finite commutative ring such that 
T (1"(R)) is planar. Then the following statements hold: 


1. If R is a local ring, then R is a field or R is isomorphic to one of the following 
rings: 
Za, Zy[X]/(X7), Zo[X]/(X*), Zo[X, ¥]/(X, Y)?, Za[X]/(2X, X7) 
Za[X]/ (2X, X* — 2), Zg, Fal[X](X7), Za[X]/(X? + X + 1), where Fy is a field 
with exactly four elements. 

2. If R is not a local ring, then R isomorphic to either Zz x Zp or Ze. 


A simple undirected nonplanar graph G is called toroidal if the vertices of G can 
be placed on a torus such that no edges cross. 


Theorem 2.18 ({33, Theorem 1.6]). Let R be a finite commutative ring such that 
T (1"(R)) is toroidal. Then the following statements hold: 


1. If R is a local ring, then R is isomorphic to either Zy or Z3/(x?). 
2. If R is not a local ring, then R is isomorphic to one of the following rings: Z x 
Fy, Z3 x Z3, ZX Za, Zo x Zo[X]/(X7), Zo X Zo x Zo, where Fy is a field with 


exactly four elements. 


Let S; denote the sphere with & handles, where k is a nonnegative integer, that 
is, k is an oriented surface with k handles. The genus of a graph G, denoted G(G), 
is the minimal integer n such that the graph can be embedded in S,,. Intuitively, G 
is embedded in a surface if it can be drawn in the surface so that its edges intersect 
only at their common vertices. Note that a graph G is a planar iff g(G) = 0 andG 
is toroidal iff g(G) = 1. Note that if x is a real number, then [x] is the least integer 
that is greater than or equal to x. 


Theorem 2.19 ((24, Theorem 3.2]). Let R be a finite commutative ring with 
identity, I be an ideal contained in Z(R), |I[| = n and |R/I| = m. Then the 
following statements are true: 
1. If2 € I, then g(T(P'(R))) = m[ 9). 

n—3)(n— m— n— 2 
2. If 2 ¢ I, then g(TU(R))) = [A] + CPD. 
Theorem 2.20 ({24, Corollary 3.4]). Let R be a finite commutative ring with 


identity such that Z(R) is an ideal of R, |Z(R)| = n and |R/Z(R)| = m. Then the 
following statements hold: 
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1. If2 € Z(R), then g(T(I'(R))) = m[ Ze), 
n—3)(n— m— n—2)2 
2. f2 ¢ I, then g(T(F(R))) = [A + (1. 
Theorem 2.21 ({24, Theorem 4.3]). Let R be a finite commutative ring. Then 


g(T((R))) = 2 if and only if R is isomorphic to either Zio or Zz x F4, where 
F 4 is a field with four elements. 


Let v be a vertex of a simple undirected graph G. Then the degree of v is denoted 
by deg(v). We say deg(v) = k if there are exactly k (distinct) vertices in G where 
each vertex is connected to v by an edge. Let G be a simple undirected graph. We 
say that G is Eulerian if it is connected and its vertex degrees are all even. 


Theorem 2.22. /. [37, Theorem 3.3] Let R be a finite commutative ring. Then 
T(I'(R)) is Eulerian if and only if R is isomorphic to a direct sum of two or 
more finite fields of even orders, i.e., R = a F_ for some k > 2. 

2. [25, Lemma 5.1] Suppose that Z(R) is not an ideal of R. Then T(I(R) is 
Eulerian if and only if 2 € Z(R) and |Z(R)| is an odd integer. 


Let G be a simple undirected graph with V as its set of vertices. A subset S of 
V is called a dominating set of G if for every a € V \ S, there isa b € S such that 
a — bis an edge of the graph G. The domination number y(G) is the minimum size 
of a dominating set of G. 


Theorem 2.23 ((37, Theorem 4.1]). Let R be a finite commutative ring andn = 
min{|R/M|| M is a maximal ideal of R}. Then y(T(1'(R))) = n, except when R 
is a (finite) field of an odd order, where y(T (I'(R))) = — +1. 


Let H = {d | d is a dominating set of T(/(R))}. The intersection graph of 
dominating sets denoted by JT (R) is a simple undirected graph with vertex set H 
and two distinct vertices a and b in H are adjacent if an only ifa 1b = @ (see 
[26, 27]). 


Theorem 2.24 ([26, Theorem 3.1]). Let R be a commutative Artinian ring with 
|R| > 4 and let I be an annihilator ideal of R such that |R/1| is finite. Then 


1. IT(R) is connected and diam(IT(R)) < 2. 
2. gr(IT(R))) € {3, 4}. In particular, gr(IT(R)) = 4 if and only if either R = Zs 
or R & Zyl XX”): 


Theorem 2.25 ((26, Theorem 3.2]). Let R be a commutative Artinian ring with 
|R| > 4 and let I be an annihilator ideal of R such that |R/1\ is finite. Then 


1. IT(R) is a regular graph (i.e., all vertices in IT(R) have the same degree). 
2. IT(R) is a complete graph if and only if R is an integral domain. 

3. IT(R) is a bipartite graph if and only if either R = Z4 or R X Zo[X]/(X?). 
4. IT(R) is acycle if and only if either R = Z4 or R = Z[X]/(X?). 


Theorem 2.26 ([26, Theorem 5.4]). Let R be a finite commutative ring. Then 


1. IT(R) is planar if and only if R is isomorphic to either Z3 or Z4 or Zs or 
Z{x]/(X7) or Zg x Zp or Fon (a field with 2” elements) for some positive integer 
n> 1). 
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2. IT(R)) is toroidal if and only if R = Ze. 
3. gTT(R)) = 2 ifand only if R & Zp. 


Theorem 2.27 ((26, Theorem 5.5]). Jf R is a finite commutative ring, then 
gUT(R)) < g(TU(R))). 


Theorem 2.28 ((27, Theorem 2.1]). Let R be a commutative Artinian ring with 
|R| => 4 and assume that I is the unique annihilator ideal of R such that |R/1| is 
minimum. Then IT(R) is Eulerian if and only if R is not a field. 


Theorem 2.29 ((27, Theorem 2.2]). Let R be a commutative Artinian ring with 
|R| > 4 and assume that I is an annihilator ideal of R such that |R/I| is minimum. 
Then IT(R) is a Hamilton graph. 


We recall that a graph G with number of vertices equals m > 3 is called pancyclic 
if G contains cycles of all lengths from 3 to m. Also G is called vertex-pancyclic if 
each vertex v of G belongs to every cycle of length / for 3 </ <m. 


Theorem 2.30. Let R be a commutative Artinian ring with |R| > 4 and assume 
that I is an annihilator ideal of R such that |R/I| is minimum. Then 


I. [27, Theorem 2.3] IT(R) is pancyclic if and only if either R ~ Zy or R & 
Za[X]/(X”). 

2. [27, Corollary 2.1] IT(R) is vertex-pancyclic if and only if neither R X Z4 nor 
R & Z)[X]/(X’) (ie., IT (R) is not pancyclic). 


We recall that a perfect graph is a graph in which the chromatic number of every 
induced subgraph equals the size of the largest clique of that subgraph. 


Theorem 2.31. Let R be a finite commutative ring. Then: 


1. [27, Theorem 4.1] xUT(R) = o@T(R)). 
2. [27, Theorem 4.2] IT(R) is perfect if and only if either R is an integral domain 
or R has a unique annihilator ideal I with |R/I| = 2 or R & Z x Zp. 


Let CT (I"(R)) denotes the complement of the total graph of a commutative ring 
R, i.e., CT((R)) is a simple undirected graph with R as its vertex set, and two 
distinct vertices x, y in CT(I’(R)) are adjacent if x + y € Reg(R). 

Recall that a path graph is a particularly simple example of a tree, namely a tree 
with two or more vertices that is not branched at all, that is, contains only vertices of 
degree 2 and 1. In particular, it has two terminal vertices (vertices that have degree 
1), while all others (if any) have degree 2. 


Theorem 2.32 ([25, Theorem 2.16]). Let R be a commutative ring. Then the 
following statements are true: 


1. CT(Z(R)) is a path if and only if R & Zp. 
2. CT (I'(R)) is complete if and only if R is an integral domain and char(R) = 2. 
3. CT(I(R))) is a star if and only if either R & Zy or RZ3. 
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4, CT(I(R)) is a cycle if and only if either R = Z4 or R = Z[X]/(X?) or 
RZ. 

5. CT(I(R)) is a complete bipartite graph if and only if either R is a local ring 
[with maximal ideal Z(R)]| such that R/Z(R) & Zz or R = Zs. 


Theorem 2.33. Let R be a finite commutative ring. Then 


1. [25, Corollary 4.5] gr(C T (I'(R)) = 3,4, 6, 00. 
2. [25, Lemma 5.1] Suppose Z(R) is not an ideal of R. Then CT (I(R) is Eulerian 
if and only if 2 € Z(R) and |Reg(R)| is an even integer. 


Let C(R) represent a simple undirected graph with vertex set R and for distinct 
x,y € R, the vertices x and y are adjacent if and only if x — y € Z(R). It is natural 
for one to ask when is T(J"(R)) isomorphic to C(R)? We have the following result. 


Theorem 2.34 ((37, Theorem 5.2]). Let R be a finite commutative ring. Then the 
two graphs T(I(R)) and C(R) are isomorphic if and only if at least one of the 
following conditions is true: 


IRR, ®---@® Rg, k = 1, and each R; is a local ring of an even order. 
2.R XR, ®---@® Ry, k = 2, and each R; is a local ring such that min{| R; / M;| 
where M; is the maximal ideal of R;} = 2. 


Let R be a noncommutative ring. Then one can define T(I’(R)) and 
Reg(J"(R)) in the same way as for the commutative case. Let R be a ring. Then 
M,,(R), GL, (R), and T,(R) denote the set of n x n matrices over R, the set of 
n Xn invertible matrices over R, and the set of n x n upper triangular matrices over 
R, respectively. 


Theorem 2.35 ([35, Theorem 3.7]). Let R be a commutative ring. The total graph 
T(I'(M,,(8))) is connected and diam(T (I"(M,,(R))) = 2. 


Theorem 2.36 ([3, Theorem 1]). Let F be a field with char(F) #~ 2 and 
n be a positive integer. Then w(Reg(I'(M,(F)))) < co, and moreover 
o(Reg(I'(Mi(F)))) < Dino Geom: 

Theorem 2.37 ({3, Theorem 2]). For every field F with char(F) #4 2, 
w(Reg(I'(M2(F)))) = 5. 


Theorem 2.38 (([3, Theorem 3]). For every division ring D,char(D) # 2, 
diag(+1,...,+1}...,+1) (the set of all diagonal matrices with diagonal entries 
in the set {—1, 1} forms a maximal clique for Reg (M,,(D)))). 


Theorem 2.39 ([5, Theorem 1]). Jf F is a field, char(F) 4 2 and n is a positive 
integer, then x(Reg(I(Tn(F)))) = o(Reg(Tn(F)))) = 2". 


Theorem 2.40 ({2, Theorem 1, Theorem 3]). Let R be a ring (not necessarily 
commutative). Then gr(Reg(I"(R))), gr(T I (R))) € {3, 4, co}. 
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Recall that a tree is an undirected graph in which any two vertices are connected 
by exactly one simple path. In other words, any connected graph without simple 
cycles is a tree. A forest is a disjoint union of trees. 


Theorem 2.41 ({[2, Theorem 2]). Let R be a left Artinian ring and Reg(I"(R)) be 
a tree. Then R is isomorphic to one of the following rings: Z3, Z4, Z2[X]/(X7), Z5, 
Z3 x Zi, Ly x Z), Zo[X]/(X7) x Z5, To(Z2), Tx(Z2) x Z5, where T>(Z2) denotes the 


ring of 2 x 2 upper triangular matrices over Zp and r is a natural number. 


Theorem 2.42 ([2, Theorem 5]). Let R be a finite ring (not necessarily 
commutative). Then Reg(I'(R)) is regular (i.e., all vertices have the same degree). 


Theorem 2.43. Let R be ring (not necessarily commutative). Then 


1. [2, Theorem 7] If R is a left Artinian ring and Reg(I’(R)) contains a vertex 
adjacent to all other vertices, then Reg(I"(R)) is complete. 

2. [2, Theorem 8] If2 ¢ Z(R) and Reg(I’(R)) is a complete graph, then J(R) = 0 
(where J(R) is the Jacobson radical of R). 

3. [2, Theorem 9] If R is a left Artinian ring and2 ¢ Z(R), then Reg(I(R)) is a 
complete graph, if and only if R = Z3, for some natural number r. 

4. [2, Corollary 4] If R is a reduced left Noetherian ring and 2 ¢ Z(R) such that 
Reg("(R)) is a complete graph, then R X Z*, for some natural number r. 


3 The Total Graph of a Commutative Ring 
Without the Zero Element 


In this section, we consider the (induced) subgraph 7To(1"(R)) of T (1"(R)) obtained 
by deleting 0 as a vertex. Specifically, To(I"(R))) has vertices R* = R \ {0}), and 
two distinct vertices x and y are adjacent if and only if x + y € Z(R). 

Let dr(x, y) (resp., dx (x, y)) denote the distance from x to y in T(I"(R)) (resp., 
To(I(R))). 


Theorem 3.1 ((8, Theorem 4.3]). Let R be a commutative ring. Then 
diam(7o(I"(R))) = diam(T(I"(R))). 


Theorem 3.2 ((8, Theorem 4.5]). Let R be a commutative ring. 


(1) If R is either an integral domain or isomorphic to Z4, Z2[X]/(X7), or Zz x Zo, 
then gr(To9(1"(R))) = co. 

(2) If R is isomorphic to Zo or Z3[X]/(X7), then gr(To('(R))) = 4. 

(3) Otherwise, gr(To(I"(R))) = 3. 


Let x, y € R* be distinct. We say that x — a; —---— da, — y is a zero-divisor 
path from x to y if a),...,@, € Z(R)* anda; + a4;4; € Z(R) for every0 <i <n 
(let x = dp and y = a,+ 1). We define dz(x, y) to be the length of a shortest 
zero-divisor path from x to y (dz(x,x) = 0 and dz(x, y) = oo if there is no such 
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path) and diamz(R) = sup{dz(x, y) | x,y € R*}. In particular, if x,y € R* 
are distinct and x + y € Z(R), then x — y is a zero-divisor path from x to y with 
d(x,y) =1. 

Let Min(R) denote the set of all minimal prime ideals of a commutative ring R. 
Recall that U(R) denotes the set of all units of a commutative ring R. 


Theorem 3.3 ([8, Theorem 5.1]). Let R be a commutative ring that is not an 
integral domain. Then there is a zero-divisor path from x to y for every x,y € R* 
if and only if one of the following two statements holds. 


(1) R is reduced, |Min(R)| > 3, and R = (zi, Z2) for some 21,22 € Z(R)*. 
(2) R is not reduced and R = (2z1, Z2) for some z;,2 € Z(R)*. 


Moreover, if there is a zero-divisor path from x to y for every x,y € R*, then 
diamz(R) € {2,3} and R is not quasilocal. 


Theorem 3.4 ((8, Theorem 5.2]). Let R be a commutative ring. Then diamz(R) € 
{0, 1,2, 3, co}. 


Theorem 3.5 ([8, Theorem 5.3]). Let R = R, x R>2 for commutative local 
(quasilocal) rings R,, Ro with maximal ideals M,, Mo, respectively, and Nil(R2) # 
{0}. If there are a; € U(R,) and ay € U(R2) such that (2a;,2a2) € U(R) and 
(a1, 42) + (2a), 2a2) ¢ Z(R), then diamz(R) = 3. 


Let x, y € R* be distinct. We say that x — a; —---—a, — y is a regular path 
from x to y if aj,...,@, € Reg(R) and a; + a;+; € Z(R) for every 0 <i <n (let 
xX = do and y = ay+1). We define dreg(x, y) to be the length of a shortest regular 
path from x to y (dreg(x,x) = 0 and dyeg(x, y) = 00 if there is no such path), and 
diamyeg(R) = sup{ dreg(x, y) | x, y € R* }. In particular, if x, y € R* are distinct 
andx+y € Z(R), then x—y is aregular path from x to y with dreg(x, y) = 1. Note 
that diamyeg(Z2) = 0, diamyeg(Z3) = 1, and diamyeg(R) = 00 for any other integral 
domain R. We also have max{ diam(7 (J"(R))), diam(Reg(/"(R))) } < diamyeg(R). 


Theorem 3.6 ([8, Theorem 5.6]). Let R be a commutative ring with diam 
(To(P((R))) = 1 < 00. 


(1) Letu € U(R), s € R*, and P bea shortest path from s to u of lengthn — 1 in 
To(T'(R)). Then P is a regular path from s to u. 


(2) Letu € U(R), s € R*, and P : s —a, —---—a, =u bea shortest path from 
Ss to u of lengthn in To(I'(R)). Then either P is a regular path from s to u, or 
a, € Z(R)* and a, —-+-—a, = uis a regular path of lengthn—1 = dy, (a, u). 


Theorem 3.7 ([8, Theorem 5.7]). Let R be a commutative ring. 


(1) If s € Reg(R) and w € Nil(R)*, then there is no regular path from s to w. In 
particular, if there is a regular path from x to y for every x,y € R*, then R is 
reduced. 

(2) If R is reduced and quasilocal, then there is no regular path from any unit to 
any nonzero nonunit in R. 


In particular, if there is a regular path from x to y for every x,y € R*, then R 
is reduced and not quasilocal. 
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Recall from [28] that a commutative ring R is a p.p. ring if every principal 
ideal of R is projective. For example, a commutative von Neumann regular ring 
is a p.p. ring, and Z x Z is a p.p. ring that is not von Neumann regular. It was 
shown in [34, Proposition 15] that a commutative ring R is a p.p. ring if and only if 
every element of R is the product of an idempotent element and a regular element 
of R (thus a commutative p.p. ring that is not an integral domain has nontrivial 
idempotents). 


Theorem 3.8 ([8, Theorem 5.9, Corollary 5.10]). Let R be a commutative 
p.p. ring that is not an integral domain. Then there is a regular path from x 
to y for every x,y € R*. Moreover, diamyeg(R) = 2. In particular, if R be a 
commutative von Neumann regular ring that is not a field, then there is a regular 
path from x to y for every x,y € R* and diamyeg(R) = 2. 


Theorem 3.9 ((8, Theorem 5. 14]). Let R be a commutative ring that is not an 
integral domain. Then there is a regular path from x to y for every x, y € R* ifand 
only if R is reduced, Reg(I"(R)) is connected, and for eacha € Z(R)* there is a 
b € Z(R)* such that d(a,b) > | (it is possible that d,(a, b) = 00). 


Theorem 3.10 ([8, Corollary 5.15]). Let R be a reduced commutative ring such 
that | Min(R) |= 2. Then there is a regular path from x to y for every x,y € R®* if 
and only if Reg(I"(R)) is connected. 


4 Generalized Total Graph 


A subset H of R becomes a multiplicative-prime subset of R if the following two 
conditions hold: (i) ab € H for every a € H andb € R, and (ii) if ab € H 
for a,b € R, then either a € H orb € H. For example, H is multiplicative- 
prime subset of R if H is a prime ideal of R, H is a union of prime ideals of R, 
H = Z(R), or H = R \ U(R). In fact, it is easily seen that H is a multiplicative- 
prime subset of R if and only if R \ H is a saturated multiplicatively closed subset 
of R. Thus H is a multiplicative-prime subset of R if and only if H is a union of 
prime ideals of R [30, Theorem 2]. Note that if H is a multiplicative-prime subset 
of R, then Nil(R) C H C R \ U(R); and if A is also an ideal of R, then H is 
necessarily a prime ideal of R. In particular, if R = Z(R) UU(R) (e.g., R is finite), 
then Nil(R) C A C Z(R). 

Let H be a multiplicative-prime subset of a commutative ring R. the generalized 
total graph of R, denoted by GT (R), as the (simple) graph with all elements of R 
as vertices, and for distinct x, y € R, the vertices x and y are adjacent if and only if 
x+y e€H.ForA C R, let GTy(A) be the induced subgraph of GT (R) with all 
elements of A as the vertices. For example, GT (R \ H) is the induced subgraph of 
GTy(R) with vertices R \ H. When H = Z(R), we have that GT (R) is the so- 
called total graph of R as introduced in [7] and denoted there by T(J"(R)). As to be 
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expected, GT(R) and T(I’(R)) share many properties. However, the concept of 
generalized total graph, unlike the earlier concept of total graph, allows us to study 
graphs of integral domains. 


Theorem 4.1 ([9, Theorem 4.1]). Let H be a prime ideal of a commutative ring 
R, and let |H| = a and|R/H| = f. 


1. If2 € H, then GTy(R \ H) is the union of B — 1 disjoint K's. 
2. If2 € H, then GTy(R \ H) is the union of (B — 1)/2 disjoint K*’s. 


Theorem 4.2 ([9, Theorem 4.2]). Let H be a prime ideal of a commutative ring R. 


1. GT(R \ A) is complete if and only if either R/H = Zy or R & Zs. 

2. GTy(R \ A) is connected if and only if either R/H = Zy or R/H & Zs. 

3. GTy(R \ A) (and hence GTy(H) and GTy(R)) is totally disconnected if and 
only if H = {0} (thus R is an integral domain) and char(R) = 2. 


The next theorem gives a more explicit description of the diameter and girth of 
GTy(R \ A) when H is a prime ideal of R. 


Theorem 4.3 ((9, Theorem 4.4]). Let H be a prime ideal of a commutative ring R. 


I. a. diam(GTy(R \ H)) = 0 if and only if R & Zp. 
b. diam(GTy(R \ H)) = 1 ifand only if either R/H & Zp and R # Zp (i.e., 
R/H = Z and|H| > 2), or R & Zs. 
c. diam(GTy(R \ H)) = 2 if and only if R/H = Zs; and R # Zz (i.e, 
R/H = Z;3 and|H| > 2). 


. ot(GTH(R)) = 4 if and only if2 € H and|H| = 2. 
. Otherwise, gr(GTy(R)) = ov. 


d. Otherwise, diam(GTy(R \ H)) = ov. 

2. a. gt(GTu(R \ A)) = 3 ifand only if2 € H and|H| > 3. 
b. er(GTy(R \ H)) = 4 ifand only if2 ¢ H and|H| > 2. 
c. Otherwise, gr(GTy(R \ H)) = ow. 

3. a. gt(GTx(R)) = 3 if and only if |H| = 3. 
b 
c 


The following examples illustrate the previous theorem. 


Example 4.4 ([9, Example 4.5]). (a) Let R = Zand H bea prime ideal of R. Then 
GTy(R\ HZ) is complete if and only if H = 2Z, and GTy (R \ H) is connected 
if and only if either H =2Z or H = 3Z. Moreover, diam(G7Ty(R \ H)) = 1 
if and only if H = 2Z, and diam(GTy(R \ H)) =2 if and only if H = 3Z. 
Let p > 5 bea prime integer and H = pZ. Then GTy(R \ #) is the union of 
(p—1)/2 disjoint K°-®’s; so diam(G Ty (R\ A)) = oo. Finally, diam(G Ty (R\ 
H)) = ~ when H = {0}. 
Also, gt(GTy(R \ H)) = coif H = {0}, gr(GTy(R \ A)) = 3 if H = 2Z, 
and gr(GTy(R \ H)) = 4 otherwise. Moreover, gr(G7jo}(R)) = oo and 
gr(GTy(R)) = 3 for any nonzero prime ideal H of R. 

(b) Let R = Zpm x Ry X-++X Ry, where m > 2 is an integer, p is a positive prime 
integer, and Rj,..., R, are commutative rings. Then H = pZpm XR, X--:x Ry 
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is a prime ideal of R. The graph GT (R \ #7) is complete if and only if p = 2, 
and GTy(R \ #) is connected if and only if p = 2 or p = 3. Moreover, 
diam(G7y(R \ H)) = 1 if and only if p = 2, and diam(G7y(R \ H)) = 2 if 
and only if p = 3. Assume that p > 5. Then GT (R \ A) is the union of (p — 
1)/2 disjoint K**’s, where a = m|Rj|---|R,|; so diam(GTy(R \ H)) =o0. 


Also, gr(GTy(R \ A)) = 3 if p = 2 and gr(GTy(R \ A)) = 4 otherwise. 
Moreover, gr(G77(R)) = 3 for any prime p. 


Theorem 4.5 ((9, Theorem 4.7]). Let H be a prime ideal of a commutative ring R. 
Then the following statements are equivalent. 


1. GTy(R \ #1) is connected. 

2. Eitherx +y € H orx—y €H foreveryx,y € R\ H. 

3. Eitherx + y € H orx +2y € H for every x,y € R\ H. In particular, either 
2x € H or3x € H (but not both) for every x € R\ H. 

4. Either R/H = Zy or R/H = Zs. 


Theorem 4.6 ([9, Theorem 5.1(3)]). Let R be a commutative ring and H a 
multiplicative-prime subset of R that is not an ideal of R. If GTy(R \ H) is 
connected, then GTy(R) is connected. 


Theorem 4.7 ((9, Theorem 5.2, Theorem 5.3]). Let R be a commutative ring and 
AT amultiplicative-prime subset of R that is not an ideal of R. Then GTy(R) is 
connected if and only if 1 = z1 +++++ Zn, for some Z1,...,2, € H. In particular, if 
HZ is not an ideal of R and either dim(R) = 0 (e.g., R is finite) or R is an integral 
domain with diam(R) = 1, then GTy(R) is connected. Furthermore, suppose that 
G(R) is connected. Let n > 2 be the least integer such that 1 = z, + +--+ Z 
for some 21,...,21 € H. Then diam(GTy(R)) = n. In particular, if H is not an 
ideal of R and either dim(R) = 0 (e.g., R is finite) or R is an integral domain with 
dim(R) = 1, then diam(GTy(R)) = 2. 


Theorem 4.8 ((9, Corollary 5.5]). Let R be a commutative ring and H a 
multiplicative-prime subset of R that is not an ideal of R such that GTy(R) is 
connected. 


1. diam(GTy(R)) = d(0, 1). 
2. If diam(GTy(R)) = n, then diam(GTy(R \ H)) > n —2. 


Theorem 4.9 ((9, Theorem 5.15)]). Let R be a commutative ring and H a 
multiplicative-prime subset of R that is not an ideal of R. 


1. Either gt(GTy(A)) = 3 or gr(GTH(A)) = ov. Moreover, if gr(GTH(A)) = 
oo, then R = Zp x Zy and H = Z(R); so GTy(A) is a K'* star graph with 
center 0. 

2. gt(GTy(R)) = 3 if and only if gr(GTy(A)) = 3. 

3. gt(GTy(R)) = 4 if and only if gr(GTy(A)) = o& (if and only if R & Zy x Z.). 

4. If char(R) = 2, then gr(GTy(R \ H)) = 3 or oo. In particular, gr(GTy(R \ 
#A1)) = 3 if char(R) = 2 and GTy(R \ A) contains a cycle. 
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5. ot(GTy(R \ A)) = 3,4, or oo. In particular, gr(GTy(R\ H)) < 4if GTy(R\ 
#1) contains a cycle. 


Let R be a commutative ring. Recall that a subset S of R is called a multiplica- 
tively closed subset of R if S is closed under multiplication. A multiplicatively 
closed subset S of R is called saturated if xy € S implies that x ¢ S andy € S. 

Let S be multiplicatively closed subset of a commutative ring R. The graph 
I's(R) is a simple undirected graph with all elements of R as vertices, and two 
distinct vertices x and y of R are adjacent if and only ifx + y € S. 


Theorem 4.10 ({18, Corollary 1.6]). Suppose that S is an ideal of R with |S| =n 
and |R/S| =m. 


1. If2 € S, then I's(R) is the union of m disjoint K"’s. 
2. If2x € S for each x € R, then I's(R) is the union of K" with (m —1)/2 disjoint 
K™"’s. 


Theorem 4.11 ((18, Proposition 2.1]). The graph I's(R) is complete if and only if 
S = Ror (charR = 2 and S = R \ {0}). 


Theorem 4.12 ([18, Proposition 2.1]). Let S be a saturated multiplicatively closed 
subset of R with R S = U?_, P; such that |R/P;| = 2 for some i. Then I's(R) is 
a bipartite graph. Furthermore, I's(R) is a complete bipartite graph if and only if 
n=1, 


Theorem 4.13 ({18, Theorem 2.15]). Let R be finite commutative ring and S be a 
saturated multiplicatively closed subset of R. Then gr(I's(R)) € {3, 4, 6, Aco}. 


The following is an example of saturated multiplicatively closed sets, to show 
that each of the numbers 3, 4, 6, and oo given in the previous theorem can appear as 
the girth of some graphs. 


Example 4.14 ({18, Example 2.16]). Let R = Ze. Then gr(zr)(R)) = 3, 
gr ucry(R)) = 6, and gr(s(R)) = 4, where S = {1,3,5}. For the saturated 
multiplicatively closed subset S = {—1, 1} of Z, we have gr(I5(R)) = oo. 


Theorem 4.15 ({18, Theorem 2.17]). Let R be finite and S be a saturated 
multiplicatively closed subset of R. Then gr(I’s5(R)) = Aco if and only if one of 
the following statements holds: 


1, R=Zz. 
2. R=Z) x--- x Zo and|S| = 1. 
Theorem 4.16 ([{18, Theorem 2.23]). Let R be a finite commutative ring. For 


a saturated multiplicatively closed subset S of R, we have diam(I’s(R)) € 
{1, 2,3, Aoo}. 
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1 Introduction 


Prime ideals play a fundamental role in commutative ring theory, especially in the 
theory of ideals and modules. By the primary decomposition theorem, every nonzero 
ideal of a Noetherian ring has a unique set of associated prime ideals. Often if 
a property can be demonstrated for prime ideals, then it holds for all ideals, for 
example, finite generation, by Cohen’s theorem [15, Theorem 3.4]. Murthy uses 
prime ideals to show that a regular local ring is a UFD in [18]. For a Noetherian ring 
R, the Grothendieck group of all finitely generated R-modules is generated by the 
modules of the form R/P, where P is a prime ideal of R (see [2]). The Wiegands 
demonstrate many connections between the set of prime ideals of a ring R and the 
set of indecomposable R-modules in [28]. 

For R a commutative ring, we denote by Spec(R) the prime spectrum of R, that 
is, the set of prime ideals of R, considered as a partially ordered set, or poset, under 
inclusion. In 1950, Irving Kaplansky asked: 


Question 1.1. Which partially ordered sets occur as Spec(R), for some Noetherian 
ring R? 


This problem remains open, although there have been many and varied results 
related to Question 1.1: 


(1) Hochster’s characterization of the prime spectrum of a commutative ring as a 
topological space [9], 

(2) Lewis’ result that every finite poset is the prime spectrum of a commutative ring 
[12], 

(3) Some properties of prime spectra of Noetherian rings [16, 27,29], 

(4) Examples of Noetherian rings such as those of Nagata, McAdam, and Heitmann 
that do not have other properties that might be expected of Noetherian rings 
[8, 17, 19,21], and 

(5) Characterizations of prime spectra of other specific classes of Noetherian rings 
or of particular Noetherian rings (see, for example, [6, 13,24, 26]). 


Many of these results are discussed in more detail in [29], along with other results. 

In this article we focus on results over the past decade concerning prime spectra 
for two-dimensional Noetherian integral domains of polynomials and power series. 
We include background information related to this focus. In particular, our results 
are related to S. Wiegand’s theorem from the 1980s, Theorem 2.3, proved using 
techniques developed by Heitmann and others; see [25]. Theorem 2.3 shows that 
any finite amount of “misbehavior” is possible for prime ideals of a Noetherian 
ring. Other results such as McAdam’s Theorem 2.4 suggest that the converse is also 
true: Perhaps, in some sense, the amount of such misbehavior is finite. Our current 
and recent investigations of prime spectra show that certain finite subsets of these 
spectra determine the partially ordered sets that are prime spectra for our rings; see 
Theorem 5.4 and Definition 5.5. 
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The characterization of the prime spectrum of a particular ring requires (1) a 
list of axioms that describe the prime spectrum as a poset, and (2) a proof that any 
two posets satisfying these axioms are order-isomorphic. In order to characterize 
prime spectra for a class of Noetherian rings, the axioms of (1) may contain “genetic 
codes” that allow for some variety in the spectra of rings of the class; they depend 
upon cardinalities associated to the ring. In this case we require (2’). Each “genetic 
code” should determine a unique partially ordered set up to order-isomorphism and 
(3) examples to show that every poset fitting the axioms can be realized as a prime 
spectrum for some ring in the class. 

For the remainder of this article, let x and y be indeterminates over a one- 
dimensional Noetherian domain R. Wiegand characterizes Spec(Z[y]), where Z is 
the ring of integers, in [26]; see Theorem 2.9. If R is a countable, semilocal one- 
dimensional Noetherian domain, Wiegand and Heinzer characterize Spec(R[y]) in 
[6]; this characterization of course depends upon the number of maximal ideals 
of R. Shah and Wiegand extend this result to Spec(R[y]), for R a semilocal one- 
dimensional Noetherian domain of any cardinality in [23,29]—this characterization 
depends upon the number of maximal ideals of R, the cardinality of R, and the 
cardinality of R/m for each maximal ideal m of R; see Theorem 2.13. 

Several recent articles describe prime spectra for power series rings. In [7], 
Heinzer, Rotthaus, and Wiegand describe Spec(R[x]); see Theorem 2.15. In [5], 
Eubanks-Turner, Luckas, and Saydam describe prime spectra of simple birational 
extensions of R[x], that is, Spec(R[x][g/f]), where g, f € R[x], f #4 0, and 
either g, f is an R[x]-sequence or (g, f) = R[x]; see Theorem 6.1. In current 
work, the present authors describe prime spectra of rings of the form R[x][y]/Q or 
R{y]|x]/Q, where OQ is a height-one prime ideal of the appropriate ring and x ¢ Q; 
see Sect. 5 and [4]. 

In Sect.2 we give notation and background results on prime spectra, and we 
mention some related items, such as the intriguing Conjecture 2.12 of Roger 
Wiegand. We give some general properties of mixed power series in Sect. 3. 
In Sect.4 we characterize Spec(R[x][y]/Q), where R is a one-dimensional 
Noetherian domain and Q is a height-one prime ideal of R[x, y]; see Theorem 4.1. 
In Sect. 5 we give new results related to the characterization of Spec(R[x][y]/Q) 
and Spec(R[y][x]/Q) from [4]; see Theorems 5.2 and 5.4. In Sect.6 we give 
results from [5] concerning prime spectra of simple birational extensions of R[x]; 
this yields a characterization in the case R is a countable Dedekind domain. In 
Sect. 7, we show two prime spectra examples of dimension two: Spec(Z[y][x]/@Q), 
where Q is a specified prime ideal of Z[y][x], and Spec(R[x][y]/Q), where Q is 
a specified prime ideal of R[x][y] and R is a Henselian domain. 

All rings are commutative with identity throughout the paper. Let N denote the 
natural numbers, let Z denote the integers, and let R denote the real numbers. Set 
No := NU {0} and &o := |N]. 
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2 Background 


In this section, we give background information related to our focus on recent 
work concerning prime spectra of two-dimensional Noetherian integral domains 
of polynomials and power series. We refer the reader to [28, 29] for more general 
information concerning prime spectra in Noetherian rings. 

We first introduce some notation. 


Notation 2.1. Let U be a partially ordered set, sometimes abbreviated poset; let S 
be a subset of U and let u,v € U. We define 


WO) =yt:={weUtUlu<wh uwi={weUlw<u}, L(S):={ueU | ut = S$}; 
max(S) := {maximal elements of S}, and  min(S) := {minimal elements of S}. 


For u € U, the height of u, ht(u), is the length t € No of a maximal length chain in 
U of form 


Ug < Uy < Ug <-+? < uy =U. 


Set H;(U) := {u € U | ht(u) = i}, for each i € No. The dimension of U, dim(U), 
is the maximum of the heights of all elements of U. 

We say v covers u and write u < vif u < v and there are no elements of U 
strictly between u and v. The minimal upper bound set of u and v, if u # v and 
v £ u, is the set mub(u, v) := min(ut Nv") and their maximal lower bound set is 
Mlb(u, v) := max(u’ Nv"). 

Let R be a commutative ring. We use notation similar to that for the partially 
ordered set U = Spec(R). For example, if P € Spec(R), P* = {0 «€ 
Spec(R) | P | Q}; min(R) is the set of minimal prime ideals of R; max(R) is the 
set of maximal ideals of R; and dim(R) is the supremum of the heights that occur 
for maximal ideals of R. We also use V(S) := Va(S) := {q € Spec(R) | S C g}, 
for a subset S of R; fora € R, put Ve(a) := Ver({a}). For eachi € No, we set 
H;(R) := {q € Spec(R) | ht(q) = i}. 


In Remarks 2.2 we establish that the rings we study are well behaved. 


Remarks 2.2. (1) If a ring A is Cohen—Macaulay, n,m ¢€ No, and x; and y; 
are indeterminates over A, for 1 < i < n,1 < j < m, then the mixed 
polynomial-power series rings, A[{x;}7_ I{y; Frail and A[{y; VPN ya], 
are Cohen—Macaulay; see [15, Theorem 17.7]. Thus they are catenary: If 
P C @Q in Spec(R), then any two maximal chains of prime ideals from P 
to Q have the same length [15, Theorem 17.9]. 

(2) If R is a Noetherian integral domain of dimension one, then R is Cohen— 
Macaulay; see [15, Exercise 17.1, p. 139]. Thus every mixed polynomial-power 
series ring over a one-dimensional Noetherian domain R that involves a finite 
number of variables is catenary by item (1). 
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Theorem 2.3 was inspired by many examples of Noetherian prime spectra 
with finite amounts of “misbehavior” that were produced by Nagata, McAdam, 
Heitmann, and others; they show, for example, that Noetherian rings can be noncate- 
nary and that there exist Noetherian rings containing two height-two prime ideals 
whose intersection contains no height-one prime ideal; see [8, 17, 20]. The proof 
of Theorem 2.3 uses techniques of these and other researchers. The statement of 
Theorem 2.3 summarizes the situation: All sorts of finite noncatenary or prescribed 
intersecting behavior is possible in the prime spectrum of some Noetherian rings. 
This idea is related to the later sections of this article where we show that the 
prime spectra that occur for our rings have a similar finite amount of “prescribed” 
discrepancy within a general form of the spectra; see Sects. 5 and 6. The difference 
here is that our rings are catenary by Remark 2.2. 


Theorem 2.3 ((25, Theorem 1]). Let F be an arbitrary finite poset. There exist a 
Noetherian ring A and a saturated order-embedding y : F —> Spec(A) such that 
@ preserves minimal upper bound sets and maximal lower bound sets. In detail, for 
u,v € F, we have 


(i) u < vifand only if p(u) < gv); 

(ii) v covers u if and only if p(v) covers p(u); 
(iii) p(mubs (u, v)) = mub(g(u), p(v)); and 
(iv) p(Mlbe (u, v)) = MIb(y(u), g(v)). 


A related theorem of Steve McAdam, Theorem 2.4, guarantees that noncatenary 
misbehavior cannot be too widespread in the prime spectrum of a Noetherian ring: 


Theorem 2.4 ([16]). Let P be a prime ideal of height n in a Noetherian ring. Then 
all but finitely many covers of P have heightn + 1. 


Perhaps one might conjecture from Theorem 2.4 that in general prime spectra of 
Noetherian rings behave well, like the spectra of excellent rings, if a finite “bad” 
subset is removed. ! 

Corollary 2.5, which follows from Theorem 2.3, relates to our focus for this 
article because it describes exactly the countable posets that arise as prime spectra 
of two-dimensional semilocal Noetherian domains. 


Corollary 2.5 ((25, Theorem 2]). Let U be a countable poset of dimension two. 
Assume that U has a unique minimal element and max(U) is finite. Then U = 
Spec(R) for some countable Noetherian domain R if and only if L.(u) is infinite 
for each element u with ht(u) = 2. 


Lemma 2.6 is useful for counting prime ideals in our rings. 


‘For the definition of “excellent ring” see [15, p. 260]. Basically “excellence” means the ring is 
catenary and has other nice properties that polynomial rings over a field possess. 
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Lemma 2.6 ({29, Lemma 4.2] and [5, Lemma 3.6, Remarks 3.7]). Let T be a 
Noetherian domain, let y be an indeterminate, and let I be a proper ideal of T . Let 
B = |T| and p = |T/TI\. Then: 


(1) \(7/D[y]l = p-®o < B+ Ro = IT [I]. 

(2) |T Ly] = BX = p®. 

(3) If B < &o, then |(T/I)[y]| = Xo = IT DI]. 

(4) If B = No and max(T) is infinite, then B = | max(T)| = |T/1|- Xo. 

(5) If k is a field, y, y' are indeterminates, and c is an irreducible element of ky], 
then 


\(ALy]/ck[y)) b'I| = [k]- 80 = | max(k[y))I.- 


2.1 Prime Ideals in Polynomial Rings 


This subsection includes basic facts, previous results, and technical lemmas con- 
cerning Spec(A[y]), where A is a Noetherian domain and y is an indeterminate 
over A. 

In Remarks 2.7, we give some basic facts. 


Remarks 2.7. Let A be a Noetherian domain of dimension d and let y be an 
indeterminate over A. 


(1) If P is a prime ideal of A[y], then ht(P N A) < ht(P) < ht(P NM A) + 1; see 
[15, Theorem 15.1]. 

(2) If M is a prime ideal of A[y] of height d + 1, then M is a maximal ideal of 
Aly], the prime ideal m = M N A is a maximal ideal of A of height d, and 
M = (m,h(y))A[y], where h(y) is irreducible in A[y] = A[y]/(m[y]) = 
(A/m)[y]. This follows from item (1) and [10, Theorem 28, p. 17]. 

(3) If J is anonzero ideal of A[y] such that 1A = (0), then = h(y)K[y]NALy], 
where K is the field of fractions of A and h(y) € A[y] with deg(h(y)) > 1. This 
follows since K[y] = (A \ {0})~! A[y] is a principal ideal domain (PID). If P is 
a prime ideal of A[y] such that P M A = (0), then ht(P) = 1. The set of prime 
ideals P of A[y] such that P M A = (0) is in one-to-one correspondence with 
the set of height-one prime ideals of K[y], via P + PK[y] % PK[y]/N Aly]. 


The proof of Lemma 2.8 is straightforward and follows from material in [10] on 
G-domains; see [4]. A G-domain is an integral domain A such that A[y] contains a 
maximal ideal that intersects A in (0). 


Lemma 2.8 ([4, 10]). Let A be a Noetherian domain. If Q is a maximal ideal of 
A[y] of height one, then 


(1) ON A= (0); 

(2) dim(A) < 1 and | max(A)| < 00; say max(A) = {m,,...,m,}; and 

(3) QO contains an element of form h(y) = yg(y) + 1, where 0 # g(y) € 
(A; mi)Ly]- 
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Moreover, if A is one-dimensional and semilocal with maximal ideals m,,...,™,, 
and Q is a prime ideal of Aly] that is minimal over an element of form 
h(y) = yg(v) + 1, where g(y) € (N}_,m;)[y], then Q is a height-one maximal 
ideal of Aly]. 


Theorem 2.9, due to Roger Wiegand, characterizes Spec(Z[y]), the spectrum of 
the ring of polynomials in the variable y over the integers Z. The most important 
distinguishing feature of Spec(Z[y]) is Axiom RW. 


Theorem 2.9 ([26, Theorem 2]). Let U = Spec(Z|y]), the partially ordered set of 
prime ideals of the ring of polynomials in one variable over the integers. Then U is 
characterized by the following axioms: 


(P1) U is countable and has a unique minimal element. 

(P2) U has dimension two. 

(P3) For each element u of height-one, u* is infinite. 

(P4) For each pair u, v of distinct elements of height-one, u* Q v* is finite. 

(RW) Every pair (S,T) of finite subsets S and T of U such that® # S C H,(U) 
and T © ‘H2(U) has a “radical element” in U. A “radical element” for such 
a pair (S,T) is a height-one element w € U such that st A wt CT C wt, 
for everys €S. 


A partially ordered set U satisfies the axioms of Theorem 2.9 if and only if U is 
order-isomorphic to Spec(Z[y]). 


Theorem 2.9 leads to Question 2.10: 


Question 2.10. For which two-dimensional Noetherian domains A is Spec(A) 
Spec(Z|y])? 
Remarks 2.11. (1) The following is known about rings that fit Question 2.10: 


(a) Let k bea field and let z be another indeterminate. Then Spec(k[z, y]) is order- 
isomorphic to Spec(Z[y]) <=> k is an algebraic extension of a finite field. 
The (<) direction is due to Wiegand in [26, Theorem 2]; for the (=) direction, 
see [29]. 

(b) Let D be an order in an algebraic number field; that is, D is the ring of 

algebraic integers in a field K that is a finite extension of the rational numbers. 

Roger Wiegand shows Spec(D|[y]) is order-isomorphic to Spec(Z[y]) in [26, 

Theorem 1]. 

In their 1998 article Li and Wiegand prove that if B := Z[y] [F, ..., &], where 

f is nonzero and f, g1,...,%m € Z[y], then Spec(B) is order-isomorphic to 

Spec(Z[y]); see [14]. 

Saydam and Wiegand extend the result of Li and Wiegand in 2001 to show, for 

D an order in an algebraic number field and for B a finitely generated extension 

of D[y] contained in the field of fractions of D[y], that Spec(B) X Spec(Z[y]) 

in [22]. 


(c 


wm 
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(2) The prime spectrum of R[y] is not known in general, for y an indeterminate 
over a one-dimensional Noetherian domain R with infinitely many maximal 
ideals. In fact Spec(R[y]) is barely known beyond the examples of item (1) 
above and the rings of Theorem 2.13 below; see [29]. 

(3) The prime spectrum of Q[z, y], where Q is the field of rational numbers, is 
unknown, but Wiegand shows that it is not order-isomorphic to Spec(Z[y]) in 
[26]; see also [29, Remark 2.11.3]. 


In relation to Question 2.10, Wiegand’s 1986 conjecture is still open: 


Conjecture 2.12 (Wiegand [26]). For every two-dimensional Noetherian integral 
domain D that is finitely generated as a Z-algebra, Spec(D) & Spec(Z[y]). 


The next theorem, Theorem 2.13, was first proved by Heinzer and Wiegand in 
case R is countable. Later Shah, Wiegand, and Wiegand proved it for cardinalities; 
see also [11]. By Theorem 2.13, the prime spectrum of a polynomial ring over a 
semilocal one-dimensional Noetherian domain is dependent upon whether or not 
the coefficient ring is Henselian.” For example, complete local rings, such as power 
series rings over a field, are Henselian. 


Theorem 2.13 ([6, Theorem 2.7], [23, Theorem 2.4], and [29, Theorem 3.1]). 


Let R be a semilocal one-dimensional Noetherian domain, let m,,...,M, be the 
maximal ideals of R where n € N, let y be an indeterminate, let B = |R[y]|, and 
let y; = |(R/m;)[y]|, for each i with 1 < i <n. Then there exist exactly two 


possibilities for U = Spec(R[y]) up to cardinality, depending upon whether or not 
R is Henselian and, if R is not Henselian, depending upon the number n of maximal 


ideals of R. 
¢ Incase R is not Henselian, U satisfies these axioms: 


(Ig) |U| = B and U has a unique minimal element uo = (0). 
(11) |Hi(U) N max(U)| = B. 
(UITI,) dim(U) = 2. 
(IV,,) There exist exactly n height-one elements u,,...,U, € U such that ub is 
infinite. Also: 
(i) ub U---Uut = Ho(U). 

(ii) ub Nu! =O ifi # j. 

(iii) |u!|=y;,  forl<i<n. 
(V,) Ifv € U, v is not maximal, ht(v) = 1 and v ¢ {u,..., Un}, then v’ is finite. 
(VI) For every nonempty finite subset T of H2(U), we have |Le(T)| = B. 


?Essentially a “Henselian” ring is one that satisfies Hensel’s Lemma; see the definition in [20]. 
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° If R is Henselian, thenn = 1 and U satisfies Axioms Ig, IIg, II 1,,1V, and the 
adjusted axioms Vi and VI 3 below: 


ve U, vis not maximal, nt(v) = | ana v uy, then |v'| = 1. 

Vi) fv eU, vi imal, h 1 and hen |v'| = 1 

(VIZ) For every nonempty finite subset T of H2(U), we have |L.(T)| = B => 
IT|=1, and LAT) =9 = |T|>1. 


e e ° oa # bullets = 71 
B Pi B B es 
(0) 


Diagram 2.13.h: Spec(R[y]), R Henselian 


B Pi Bs .. Pp, [MESS 


Diagram 2.13.nh: Spec(R[y]), R non-Henselian 


These diagrams show Spec(R[y]) for the two cases of the theorem, where P; is 
the prime ideal of R[y] corresponding to u;, for each i with 1 <i <n, and each 


block} 6 | represents 6 primes in that position. 
The relations satisfied by the MESS box in Diagram 2.13 are too complicated to 
show. They are described in Axiom VJ. 


2.2 Prime Ideals in Power Series Rings 


In this subsection we describe prime ideals in power series rings over a Noetherian 
domain. In the remainder of the paper we use the following straightforward remarks, 
particularly Remark 2.14(1). 


Remarks 2.14. Let x be an indeterminate over a Noetherian domain A. Then 


(1) Every maximal ideal of A[x] has the form (m, x) A[x], where m is a maximal 
ideal of A; see [20, Theorem 15.1] (Nagata). Thus x is in every maximal ideal 
of A[x]. 
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(2) If p is a prime ideal of A, then pA[x] € Spec(A[x]) and ht(pA[x]) = ht(p); 
see [3, Theorem 4] or [1, Theorem 4]. 

(3) Thus every maximal ideal of A[x] of maximal possible height in a Noetherian 
catenary domain has the form (m, x)A|x], where m is a maximal ideal of A 
with ht(m) = dim(A). 


Heinzer, Rotthaus, and Wiegand almost characterized Spec(R[x]) for R a 
one-dimensional Noetherian domain, except for specifying the cardinalities of 
the L.({M}) sets of height-two maximal ideals M of R[x]. Later Wiegand and 
Wiegand showed that |L.({M})| = |R[x]| for each M. 


Theorem 2.15 ([7, Theorem 3.4] and [29, Theorem 4.3]). Let R be a one- 
dimensional Noetherian domain and let x be an indeterminate. Set B := |R|x]| and 
set a := |max(R)|. Then the partially ordered set U := Spec(R|x]) is determined 
by axioms similar to those of the Henselian version of Theorem 2.13: 


(Ig) |U| = B and U has a unique minimal element uo = (0). 
(TIpo) Hi(U) N max(U) = @. 
(I1Iy) dim(U) = 2, |H2(U)| = a. 
(IV,) There exists a height-one element u, € U such that ut = H,(U) namely, 
uy = XRIx]. 
(V}') Ifv € U, v is not maximal, ht(v) = 1, and v # uy, then |vt] = 13 
(VI3) For every nonempty finite subset T of H2(U), we have |L.(T)| = B if and 
only if |T| = 1, and L.(T) = @ if and only if |T| > 1. 


Thus Spec(R[x]) is as shown in the following diagram: 


Zea (#{bullets} = a) 


Diagram 2.15.0: Spec(R[x]) 


In Diagram 2.15.0, the cardinality of the set of bullets equals the cardinality 
of max(R) since the set of height-two maximal ideals of R[x] is in one-to- 
one correspondence with the set of maximal ideals of the coefficient ring R by 
Remark 2.14(1). The boxed f beneath each maximal ideal of R[x] means that 
there are exactly 6 prime ideals in that position (beneath that maximal ideal and 


3Since axiom J Ig holds, this axiom could be stated here without saying “v is not maximal.” 
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no other). For each value of a and £, any two posets described by Diagram 2.15.0 
are order-isomorphic. 


Remark 2.16. From Diagrams 2.15.0 and 2.13.h, we see that Spec(Q[y][x]) + 
Spec(Q([x][y]), where Q is the field of rational numbers. Moreover the difference 
between the prime spectrum of a power series ring over a one-dimensional 
Noetherian domain, such as Q[y][x], and that of a polynomial ring over a Henselian 
ring, such as Q|x]|[,y], is that the partially ordered set described in the Henselian case 
of Theorem 2.13 has 6 height-one maximal elements, whereas the other partially 
ordered set has no height-one maximal elements. 


In our characterizations of prime spectra, we identify those prime ideals that are 
an intersection of maximal ideals, such as the prime ideal (x) in Diagram 2.15.0 and 
the prime ideal P; in Diagram 2.13.h. These are called j-prime ideals. 


Definitions 2.17. (1) Let A be a commutative ring. 


¢ A j-prime (ideal) of A is a prime ideal of A that is an intersection of maximal 
ideals of A. 
¢ The j-spectrum of A is j-Spec(A) := {j-primes € Spec(A)}. 
(2) For U a partially ordered set, we say that u € U isa j-element if u is a maximal 
element of U or if min(u*) is infinite. Then j-set(U) := {j-elements of U}. 


Thus, if A is a two-dimensional integral domain, {j-elements of U = Spec(A)} = 
{j-prime ideals of A}. 


Examples 2.18. We show j-Spec(Q[y][x]) and j-Spec(Q[x][y]), respectively, in 
Diagram 2.18.0; they are parts of Diagrams 2.15.0 and 2.13.h. 


|Qly]| |Q{y]| 
(x) Q(z] (x) 
(0) (0) 


Diagram 2.18.0: j-Spec(Q[y][x]) and j-Spec(Q[x][y]) 


3 Properties of Mixed Polynomial-Power Series Rings 


In this section we give some properties of prime spectra of three-dimensional 
Noetherian mixed polynomial-power series rings. We use the following setting: 


Setting 3.1. Let x and y be indeterminates over a one-dimensional Noetherian 
domain R. Let A be either R[y]|x], R[x][y], or R[x, y]. Let 4; = Rly] if 
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A= R{y][x] or R[x] [y], and let A, = Ry] if A = Rx, y]. Then A/xA & A, 
and, depending on which A, we have, for every m € max(R). 


A/(m,x)A = A;/mA; = (R/m)[y] or A/(m,x)A = (R/m)[y]. 


Proposition 3.2 gives a description of the maximal ideals of A having maximal 
height, that is, height three. 


Proposition 3.2 ([4]). Assume Setting 3.1 and let M be a height-three maximal 
ideal of A. Then 


(1) M = (m,x,h(y))A, for some m € max(R) and some h(y) € A, with h(y) 
irreducible in Ay = A;/(mA,) & (R/m)[y] or h(y) irreducible in Ay = 
(R/m)[y]. 

(2) Conversely, the ideals (m,x,h(y))A are maximal and have height three, for 
every m € max(R) and for every h(y) € A, such that h(y) is irreducible in Aj. 

(3) If A = Rx, y], then every maximal ideal of R[x, y] has height 3; there are 
| max(R)| maximal ideals in R[x, y]; and max(R[x, y]) = {Gm, x, y) R[x, y], 
where m € max(R)}. 

(4) For A = R|x][y] or A = R{y] [+], there are |(R/m)|-&o height-three maximal 
ideals that contain m, for each fixed m € max(R). 


Proof. Item (3) follows from Remark 2.14(1). For the remaining items, see [4, 
Proposition 4.2]. Oo 


Proposition 3.3 is also straightforward to prove using Remark 2.14(1) and 
Lemma 2.8; see [4]. 


Proposition 3.3 ([4, Propostion 4.3]). There are no height-one maximal ideals in 
Rix, y], Rly] bx], or in REx] Ly]. 


Proposition 3.4 is the reason that the prime spectra of R[x][y] and R[y][x] is 
much simpler than Spec(R[x, y]). 


Proposition 3.4 ((5, Proposition 3.11] and [4, Proposition 3.3]). Assume Set- 
ting 3.1. Let P be a height-two prime ideal of A such that x € P. Then P is 
contained in a unique maximal ideal of A. 


In Proposition 3.5, with Setting 3.1, we observe that certain obvious conditions 
on a height-one prime ideal O of A are equivalent to saying that Q is not contained 
in any height-three maximal ideal of A. For A = R|x, y], these conditions never 
occur; see Proposition 3.2(3) or Theorem 4.1. 


Proposition 3.5 ({4, Proposition 3.8]). Assume Setting 3.1, so that R is a one- 
dimensional Noetherian domain and A is R[x][y], R[y]|x], or R[x, y]. Let O be 
a height-one prime ideal of A. Then statements 1-4 are equivalent: 


(1) Every prime ideal of A containing (Q, x)A is a maximal ideal. 
(2) For every m € max(R), every prime ideal of A containing (Q,m)A is maximal. 
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(3) Q is contained in no height-three maximal ideal of A. 
(4) dim(A/Q) = 1. 
Moreover, 


¢ If(Q,x)A = A, then item (1) holds. 
¢ [fm € max(R) and (Q,m)A = A, then every prime ideal containing (Q, m)A is 
maximal. 
¢ Thus either of the conditions 
(i) (O,x)A = Aor 
(ii) (Q,m)A = A, for every m € max(R), 


implies (4) dim(A/Q) = 1. 


Proposition 3.6 holds for higher-dimensional rings and more variables (one 
variable must be a power series variable), but to fit our focus in this article, we 
consider prime ideals of A, where A = Rx, y], R[y][ x], or R[x][y] has dimension 
three. One case of Proposition 3.6 is given in [5, Proposition 3.8]. 


Proposition 3.6 ([4, Proposition 2.18]). Assume Setting 3.1 and let Q and M be 
prime ideals of A with x ¢ Q, ht(Q) = 1, and ht(M) = 3. Then OF N M* 
contains exactly | R|x]| height-two prime ideals. 


3.1 j-Spectra of Quotients of Mixed Polynomial-Power 
Series Rings 


We use Setting and Notation 3.7 in the remainder of this section. 


Setting and Notation 3.7. Let R be a one-dimensional Noetherian domain and let 
x and y be indeterminates. Let A be R[x][y], R[y]|x], or R[x, y] and let O bea 
height-one prime ideal of A such that x ¢ Q and (Q,x)A # A. Set B := A/Q. 
By Remarks 2.2, A is catenary and has dimension three, and so B is a Noetherian 
integral domain with dim(B) < 2. Let J be a nonzero ideal of R[y] such that 
(1,x)A = (Q,x)A; that is, J = { all constant terms in R[y] of power series in QO}. 


Note 3.8. If I 4 R[y], then the ideal 7 from Setting and Notation 3.7 is a nonzero 
height-one ideal of R[y]; that is, every prime ideal P of R[y] minimal over J has 
height one. 


Proof. Let P be a prime ideal of R[y] minimal over J. If J = (0), then (/,x) = 
(x) 4 (Q,x), since OQ F (0) andx ¢ Q. Thus J ¥ (0), and so ht(P) > 1. Now 
(Q,x)A # A by assumption and 1 = ht(Q) < ht(Q,x) since x ¢ Q and A is 
catenary by Remarks 2.2. Also ht(Q,x) < 2 by Krull’s principal ideal theorem. 
Thus ht(Q,x) = 2. Now (P,x) # A since P € Spec(R[y]). Also (P, x) is a 
minimal prime ideal of (7, x) = (Q, x). Thus ht(P, x) = 2, andso P € Spec(R[y]) 
implies ht(P) = 1. oO 
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We show in this subsection that the j-primes of A that contain Q also contain x. 
It follows that each j-prime of A corresponds to a minimal prime ideal of R[y]/T. 
We begin to demonstrate this correspondence with the following remarks. 


Remarks 3.9. With Setting and Notation 3.7, consider the following canonical 
surjections: 
a:A—> B=A/0Q with ker(z) = Q, 
wy : A —> Ry] = A/xA with ker(z,) = (x). 


(i) The maps z and zr, yield isomorphisms: 


A A 
Spec(B) & Spec (5) ; and  Spec(R[y]) & Spec ( 5) : 


x 


S BP Sicel =" = 8 # \ eee) £0) 
pee (5) = pee (ya) = pee (ha) = pee( i ). 


(ii) Since A is catenary, the correspondences in Remark 3.9(i) above imply that for 
each n < 2, the ht-n prime ideals of B can be identified with the ht-(m + 1) 
prime ideals of A containing Q; the ht-n prime ideals of R[y] can be identified 
with the ht-(7 + 1) prime ideals of A containing x; and the ht-n primes of B 
containing x can be identified with the ht-n prime ideals of R[y] containing /. 


Proposition 3.10 ((4, Proposition 3.20]). Assume Setting 3.7. 


(1) Spec(B/xB) = Spec(R[y]) 0 (Vapi (1) & Spec(R[y]/1). 

(2) The height-one prime ideals of B that contain x correspond to the height-one 
prime ideals of R[y] that contain I. 

(3) Every nonmaximal j-prime ideal of B contains x and thus corresponds to a 
J -prime ideal of Ry] containing I. 

(4) j-Spec(B) \ {(0)} \ {height-one maximal elements} ~ j-Spec(B/xB) = j- 
Spec(R[y]/J). 

(5) If max(R) is infinite, then j -Spec(B/xB) = Spec(B/xB); that is, every prime 
ideal of B containing x is a j-prime, and every prime ideal of R|y| containing 
TI is a j-prime. 


Proof. Items (1)-(4) follow from Remarks 3.9; see [4, Proposition 3.22]. For 
item (5), if P © Spec(B) has height one and contains x, then P corresponds to 
a height-one prime ideal P’ of R[y] that contains 7. Therefore it suffices to show 
that every prime ideal P’ of R[y] containing / is contained in an infinite number of 
height-two maximal ideals. If P’ = mR[y], for some m € max(R), then 


(PPR) = [(mR[y]) FOP] = [REy]/(mR[y))| = |(R/m)[y]] = |R/m| - Xo, 
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using Lemma 2.6; thus P’/J is a j-prime of R[y]/Z. On the other hand, if P/N R = 
(0), then every element of P’ has positive degree and P’ = h(y)K[y]N R[y], where 
K is the field of fractions of R and h(y) € R[y], by Remarks 2.7(3). The leading 
coefficient h, of h(y) is contained in at most finitely many maximal ideals of R. 


Claim 3.11. P’ ¢ (m, P’')R[y] 4 Rly], for every maximal ideal m such that 
hy, € m. 


Proof of Claim 3.11. Since mR[y] contains elements of degree 0, (m, P’) is prop- 
erly bigger than P’. For the inequality, write h(y) = ny" +hn-1y" ! +++:+ ho, 
where n > 1, eachh; € Randh, 4 0. If hf, ¢ m, then h;/h, € Rm, for eachi 
with 0 <i <n. Thus 


n An-1 n— ho 
P’Raly] = AO)KD}O Raby) = (9 + ty bt FP) Ral 
/ 
_, P’Roly] + mRnly] c Roly] 
mRnly] mR,[y] 
and so Claim 3.11 is proved. Oo 


For item (5), since max(R) is infinite, there are infinitely many m € max(R) 
such that h,, ¢ m. Each pair (m, P’) with m € max(R) is in a distinct maximal 
ideal of R[y]; that is, a maximal ideal containing (m, P’) cannot contain (im’, P’) 
ifm 4 m/ and m,m/ € max(R). Thus |(P’)*&L)| = | max(R)|, since removing 
finitely many m € max(R) such that 4, € m from the infinite set max(R) leaves 
the same number. This completes the proof of item (5) and thus Proposition 3.10 is 
proved. Oo 


Remark 3.12. With Setting 3.7, assume that R is semilocal and J C P’ ¢€ 
Spec(R[y]). If P’ is mR[y], for some m € max(R), or P’ is a maximal ideal of 
R[y], then P’ is a j-prime ideal. However not every prime ideal containing J is 
necessarily a j-prime ideal. See Example 3.13 and Theorem 7.2. 


Example 3.13. Let R = Zi) and J = 2y(2y — 1)(y + 2). Then Spec(R/Z) is 
shown below: 


ae 
(2y-1) (2) (y) (y + 2) 


Diagram 3.13.0: Spec(Z2)[y]/(2y(2y — 1)(y + 2)) 


The structure of Spec(Zi)[y]/(2y(2y — 1)(y + 2))) is determined by the finite 
partially ordered subset 


F = {(2y — 1), (2), (7), (y + 2), 2, y)}. 
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We see that Spec(Z2y[y]/(2y(2y — 1)(y +.2))) and its j-spec are not the same, since 
(y) and (y + 2) are prime ideals that are not j-prime ideals. 


4 Two-Dimensional Prime Spectra of Form R[x, y]//@2 


In this short section we discuss the prime spectra of homomorphic images by a 
height-one prime ideal of the ring of power series in two variables over a one- 
dimensional Noetherian domain. These prime spectra are similar to those for images 
of mixed polynomial-power series rings. If both variables x and y are power series 
variables, however, the analysis is simplified. 


Theorem 4.1. Let R be a one-dimensional Noetherian domain, let x and y be 

indeterminates, and let Q be a height-one prime ideal of R|x,y]. Set B = 

R[x, y]/Q and Bp = |R[x]]. Then: 

(1) If QO € (x, y)RIx, y], then there existn € N andm,,...,m, € max(R) such 
that Spec(B) has the form shown below: 


(my, z, y) (Mg, z, y) “+. (m),, 2, y) 


Q 


(2) IfQ © (x, y)RIx, y], then Spec(B) is order-isomorphic to Spec(R|x]); that 
is, Spec(B) has the form shown below: 


(my, x, y) (my, x, y) 


(x,y) B B 


Q 


where the m; range over all the elements of max(R) and B = |R[x]]. 


As the diagrams show, Spec(B) is characterized by the description for each case. 
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Proof. For both items we use that every maximal ideal of R[x, y] has the form 
(m, x, y) where m € max(R), by Proposition 3.2(3). For item (1), let Qo be the 
ideal of R generated by all the constant terms of elements of Q. Then 1 ¢ Qo, 
since an element with constant term 1 is a unit of R[x, y]—every such element 
is outside every maximal ideal. Also Qo 4 (0), since O & (x, y). Therefore Oo 
is contained in finitely many maximal ideals of R, say m,,...,m,,. It follows that 
Q is contained in n maximal ideals of R[x, y], namely (mj, x, y),..., (mp, x, y). 
By Proposition 3.6, we have |R[x]| height-two prime ideals between Q and 
(m;,x, y), for each 7. Every height-two prime ideal P between Q and a maximal 
ideal (m, x, y) is missing either x or y, since O € (x, y)R|x, y]. Therefore by 
Proposition 3.4 each such prime ideal P is contained in a unique maximal ideal, 
namely (m, x, y). Thus Spec(R[x, y]/Q) has the form given in the first diagram. 
For item (2), since QO C (x, y), we have QO C (m, x, y), for every m € max(R). 
By Proposition 3.6 again the number of primes between Q and every maximal ideal 
(m, x, y) is |R[x]], and so we have | R[x] height-two prime ideals between Q and 
each (m;, x, y), for each i. As for item (1), every height-two prime ideal P other 
than (x, y) that is between Q and a maximal ideal (m, x, y) is missing either x or y, 
since O & (x, y) R[x, y]. Therefore every such prime ideal P is in a unique maxi- 
mal ideal of R[x, y], and so we get the form of the second diagram in this case. O 


5 Spectra of Quotients of Mixed Polynomial-Power 
Series Rings 


Let x and y be indeterminates over a one-dimensional Noetherian domain R, let 
A = R[x][y] or R[y]lx], and let O be a height-one prime ideal of A. In this 
section we describe Spec(A/@Q); this is work in progress from [4]. In some cases, 
we determine the spectra precisely. We need not consider A = R[x, y], since 
Theorem 4.1 contains a complete description of Spec(R[x, y]/Q), for QO a height- 
one prime ideal of R[x, y]. 

First we consider the exceptional cases where the dimension of A/Q is 1. We 
need a definition: 


Definition 5.1. A fan is a one-dimensional poset with a unique minimal element. 


Theorem 5.2 ([4, Theorem 5.2]). Let R be a one-dimensional Noetherian domain 
and let x and y be indeterminates over R. Let A = R|x][y] or R[y][x], let QO bea 
height-one prime ideal of A, and let B = A/Q. Then Spec(B) is a fan if one of the 
following two cases occur: 


(i) Every height-two prime ideal of A containing (Q,, x) A is maximal. 
(ii) For every m € max(R), every height-two prime ideal of A containing (Q,m)A 
is maximal. 


Moreover, if A = R[y]|x], then Spec(B) is a fan with a finite number of elements, 
but at least two. If A = R|x]|[y], then Spec(B) is a fan with |R|x]| elements. 
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Proof. By Proposition 3.5, either of these conditions implies that Spec(B) is a fan. 

For the “Moreover” statement, every maximal ideal of B is the image of a height- 
two maximal ideal of A that contains Q. In case A = R[y][x], every height-two 
maximal ideal has the form (M, x), where M is a height-one maximal ideal of R[y], 
by Remarks 2.14. There are just finitely many such height-two maximal ideals that 
contain (Q,x)A. For both of the rings A = R[y]]x] and A = RIx][y], since A 
has no height-one maximal ideals by Proposition 3.3, there must be a maximal ideal 
containing Q that is bigger than Q and so the cardinality of the fan is at least two. 
For A = R[x][y], | Spec(A/Q)| = | R[x]; see [4, Theorem 5.2]. Oo 


Except for the special cases of Theorem 5.2, prime spectra of homomorphic 
images of mixed polynomial-power series rings R[x][y] and R[y][x] by height- 
one prime ideals are two dimensional. In order to describe the partially ordered sets 
that arise, we need a kind of genetic code. Definition 5.5 of this section contains 
such a code and a general set of axioms involving the code that are satisfied by two- 
dimensional images B = R[x][y]/Q and B’ = R[y][x]/Q’, where O and Q’ are 
height-one prime ideals of R[x][y] and R[y]]x], respectively. Basically the code 
tells us, for each two-dimensional partially ordered set, how many elements are at 
each level and what relationships hold between elements. 

We use the following setting and notation for the rest of this section. 


Setting and Notation 5.3. Let x and y be indeterminates over a one-dimensional 
Noetherian domain R, let A = R[x][y] or R[y][x], and set 6 := |R[x]]. Let O 
be a height-one prime ideal of A such that x ¢ Q and the domain B := A/Q has 
dimension two. Let J be the height-one ideal of R[y] such that (J,x)A = (Q,x)A, 
and let {g1,..., qe}, for £ € N, be the minimal primes of J in R[y]. Define: 


°F = {q,....9U{q) Nat hisicj<e, a subset of Vay (2); 

‘y= lq; \(j#i ql. for each i with 1 <i < 2; that is, each y; is the number 
of height-two maximal ideals of R[y] that contain q; but none of the other q;s; 
and 

¢ ¢:= |{ht1 maximal ideals of B}|. 


The main theorem of [4] describes Spec(B) in Setting and Notation 5.3. We 
remark that, as might be expected from Proposition 3.10, these prime spectra are 
largely determined by Spec(R[y]/T). 


Main Theorem 5.4 ([4, Theorem 6.5]). Assume Setting and Notation 5.3. Then 
there exists an order-monomorphism g : F — U such that U and @ have the 
following properties: 


(1) |U| = B, dim(U) = 2, and U has a unique minimal element uo. 

(2) |{Hi(U) N max(U)}| =e; {e(qi),---, P(Ge)} S Hi (UV). 

(3) HU) = Uo)? = @F) \ e@).---.9@0}) U Ujar Tis where each 
T; = o(qi)* \ (Uj 4i9(;)") and |T;| = 7. 

(4) {9(q1).---.9(qe)} contains the set {u € U | |ut| = oo, ht(u) = 1} of 
nonmaximal nonzero j -elements of U. 
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(5) For every u € Hi(U) \ g(F), there exists a unique maximal element in U that 
is greater than or equal to u. 

(6) For every <i <j <6, 9(q)* Ng(q)* = vq) N4)) < gL). 

(7) For every finite nonempty subset T C H2(U) \ F, L-(T) = 9 if |T| > 1 and 
|Le(T)| = B if|T| = 14 


These properties determine U as a partially ordered set. Moreover ¢ < B. If A = 
R{y] [x], then « is finite; if A = R[y][x] and max(R) is infinite, then e = 0. 


Proof. We give some notes about the proof: The map g : F <> U is given by 
o(P) = P/I, for every P € F, so that ht(g(P)) = 1 + ht(P). Then item (4) 
follows from Note 3.8 and Proposition 3.10, and items (5) and (7) follow from 
Proposition 3.4. The “Moreover” statement holds since every ideal of A is finitely 
generated, and thus the total number of prime ideals of A and of B is at most B. 
The remaining statements follow from Remark 2.14(1) and Lemma 2.8; if max(R) 
is finite, every height-one maximal ideal of B corresponds to a height-two maximal 
ideal of A such that VN = (M, x), where M is a height-one maximal ideal of R[y] 
and (Q,x) C N. There are just finitely many of these. For more details, see [4]. 0 


Definition 5.5. Let £ © No and let ¢,8,y1,...,ye be cardinal numbers with 
€,y; < B, for each y;. We say that a partially ordered set U is image polynomial- 
power series of type (e; B; F;£;(1,..., ye)), if there exist a finite partially ordered 
set F of dimension at most one with £ minimal elements such that every non- 
minimal maximal element of F is greater than at least two minimal elements 
of F and an order-monomorphism @ such that U satisfies properties (1)-(7) of 
Theorem 5.4. 


For examples of these prime spectra, see Sects. 6 and 7. 


6 Prime Spectra of Simple Birational Extensions of Power 
Series Rings 


By a simple birational extension of an integral domain A with field of fractions K, 
we mean a ring of form A[g/f] between A and K, where f,g € A with f # 0, 
and either f, g is an A-sequence or (f,g)A = A. As noted in Remarks 2.11(c), 
the prime spectra of simple birational extensions of Z[y] are order-isomorphic to 
Spec(Z[y]); see [14]. In this section, for R a one-dimensional Noetherian domain 
and x an indeterminate, we present some recent work of Eubanks-Turner, Luckas, 
and Saydam on prime spectra of simple birational extensions of R[x]; see [5]. 
Generally the prime spectrum of a simple birational extension of R[x] is rather 
more complicated than that of R[x]. 


4The term “L.(7')” is defined in Notation 2.1. 
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Theorem 6.1 summarizes the possible prime spectra of simple birational exten- 
sions of a power series ring R[x] if R is a one-dimensional Noetherian domain 
with infinitely many maximal ideals. The original statement of this theorem is given 
incorrectly in [5]. We do not necessarily know that all the y; are the same, as was 
assumed there. 


Theorem 6.1 ([5, Theorem 4.1]). Let R be a one-dimensional Noetherian domain 
such that a = |max(R)| is infinite, let x and y be indeterminates, and let f and 
g be elements of Rx] with f # 0. Let a and b be the constant terms of f and g 
respectively. Set B = | R[x] , and v = |Vr(a,b)|. Let Va(a,b) = {mj,...,m,} 
be a numbering of the maximal ideals of R that contain a and b. For each i with 
1 <i <v, let y; := |R/mj;|-No. Let B = R[x] [g/f. 


(1) Suppose that (f,g)R|x] = R[x] and x divides f; equivalently B = 
R[x] /f], a4 = 0, and b is a unit. Then Spec(B) is a fan of cardinality B. 

(2) Suppose that g = 0 or (f,g)R|x] = Rix] and x does not divide f, so that 
B= R[x] or B = R[x][1/f], a F 0, and (a,b)R = R. Then Spec(B) is 
either order-isomorphic to Spec(R[x]) or to Spec(R|x]) with |R[x]| height- 
one maximal elements adjoined. 

(3) (a) If fg is an R[x]-sequence and x divides f, thena = 0 and b is a nonzero 

nonunit. 

(b) If a = 0 and b is a nonzero nonunit, then Spec(B) is D-birational of type 
(B; B; (v, 0); v1,-++ . Yv), as defined in Definition 6.3. 

(4) (a) If fg is an R\x]-sequence and x does not divide f, then a # 0 and 

(a,b)R# R. 

(b) Ifa # Oand (a,b)R # R, then Spec(B) is N -birational of type (B; Bs v + 
li yis-++ Vv, O53 t1,°++ . ty), for some t),--- , ty in No; the list mj,..., my, is 
to be reordered so that the corresponding list t),-+- , ty is in increasing order. 
See Definition 6.2. 


Proof. See [5, Theorem 4.1]; it is an easy adjustment to put in the y; instead of y. 
oO 


The “type” referred to in Definitions 6.2 and 6.3 below is like a genetic code 
that describes the numbers of prime ideals in various positions of Spec(R[x][g/f]) 
in general. These definitions are related to Definition 5.5; here we give more details 
and restrictions on the partially ordered set F' than in that definition. 


Definition 6.2. Let £,t,,...,t¢--; € No be such that tf) < ft) < +--+ < te_1, and 
let 6B, ¥1,..., ye be infinite cardinal numbers with each y; < f. Let e = 0 or B; if 
€ = 0, there are no ¢; or y; and we require e = B # 0. Then a partially ordered set 
U is N-birational of type (€; B; €; V1, ..., Vert, ..-,te—1) if axioms 1-6 hold: 


(1) |U| = 6, and U has a unique minimal element up. 

(2) |{height-one maximal elements of U}| = e. 

(3) If € $ 0, then dim(U) = 2. If £2 = 0 (and so e = 6 ¥ 0), then dim(U) = 1 
and U is a fan; see Definition 5.1. 
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(4) U has exactly ¢ height-one elements u € U such that |ut| = 00. Moreover, if 
we list these elements as P, P2,..., Pe, then they satisfy: 


. [P| = y; , foreachi with 1 <i < @; 
r 


° 7 Pp} = {height-two maximal elements of U}; and 
i=l 


2 1<i,j<fandi¢j => [Pi nPhl=H and [P'n PH =0. 


(5) For every height-one element u € U \ {P,, P2,..., Pe}, there exists a unique 
maximal element in U that is greater than or equal to uw. 
(6) For every height-two element t € U,|L.(t)| = B. 


If each ¢; = 0, then every pair (P;, P;) with i # j is comaximal by the condition 
of axiom 4; otherwise Py is usually distinguishable from the other P; because there 
are t; maximal elements bigger than both Py, and P;, for eachi with 1 <i < 
£. Schematically, the condition of axiom 4 yields the following j-sets, where the 
unique minimal element below all other elements has been removed: 


Vi ti] [%) [by VW Vi) [V2] --- [% 


OR Po Py wr 2B 


(4) P, &, Pj 


Diagram 6.2.0: Parts of N -birational posets; on the right each 4; = 0 


Abbreviations 6.2.a. If y) = --- = ye = y (as in all of our examples), then we 
write the type as (e; 8; £; yiti,...,te-1). 

Definition 6.3 for D-birational is the case where every t; < 1 of the N -birational 
condition. The D-birational posets correspond to prime spectra for simple birational 
extensions of D[x], for some Dedekind domain D; see Theorem 6.5. In this case, 
we group the nonmaximal j-primes into a comaximal subset and a non-comaximal 
subset. 


Definition 6.3. Let m,n € No and let B,y1,...,¥m,61,.-.,5n be infinite car- 
dinal numbers with each yj,5; < B. Lette = Oor f; ifm = n = O, 
require ¢ = 6B # 0. Then a partially ordered set U is D-birational of type 
(€; B; (m,n); V1,.--, Ym 61,.-+, 5n) if axioms (1), (2), (5), (6) of Definition 6.2 hold 
as well as axioms (3’) and (4’) below: 


(3') Ifm 4 Oorn ¥ O, then dim(U) = 2. Ifm =n = 0= B, thene = B £0, 
dim(U) = 1, and U is a fan. 

(4’) U has exactly m + n height-one elements wu such that uw’ is infinite: 
P,, Po,..., Pm, Q1,°++, On, where for i, j,r,i’, j’ € N with 1 < i,j < 
m,i#j,1<r<n,1<i',j’ <n,andi’ F j’, we have: 


> |Phl=, |Ot =4,; 
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«|p P/|=0=|F) nO)= je) GO) | md)\0) a0)(=% 
° 'o pt U ot = {height-two maximal elements of U}. 
i=l r= 
Abbreviations 6.3.a. If y; = y; = 65 = 6; = y, for every i, j, s,t with 1 <i < 
J <m,1<s<t <n, we write the type as (e; 8; (m,n); y). 
Diagram 6.3.0 shows the j-set of a D-birational poset of type (¢; B; (m,n); 1, 
-+>Ymi61,.-+,5n), where n > 1. (The complete poset U would have clumps of 
size B beneath each height-two maximal element by axiom 6.) 


V1 wed Vm 64 ) — On 4 ° On 
E Pros Bn Qi ve Qn-1 Qn 
OSS 


Diagram 6.3.0: j-set of a D-birational poset of type (€; B; (m,7)3 V1,..-, Vis Olin etary 5n), where 
n>1 


Remark 6.4. Ambiguity: If U is an N-birational poset of type (¢; 6; €;a@;0,--- ,0) 


where £ = 1, or where € > 1 and each ¢; = O, then U is D-birational, but 
there is some ambiguity about the type. We could take either (m,n) = (€,0) 
or (m,n) = (€ — 1,1). The picture for the spectra is the same in either case. 


A D-birational partially ordered set of type (¢; 8; (1,0); @) is order-isomorphic 
to one of type (e; 8; (0, 1);@) and a D-birational partially ordered set of type 
(e; B; (m, 0); @), form > 1, is order-isomorphic to one of type (¢; 6; (m — 1, 1);@), 
but not to one of type (€; 6; (m — 2,2);a). We keep this ambiguity because the 
different types arise in different circumstances when the notation is applied to 


Spec(R[x][g/f)). 


When R is a countable Dedekind domain, the cardinalities in Theorem 6.1 can be 
given more explicitly, yielding a true characterization. For R countable, all the y; 
and 6; are equal, by Lemma 2.6, and so we use the abbreviated form of the code in 
Abbreviations 6.3.a. Recall that (aR :pr b) = {c € R| bc € aR}, ifa,be R. 


Theorem 6.5 ({5, Theorem 4.3]). Let R be a countable Dedekind domain with 
quotient field K such that max(R) is infinite, let x be an indeterminate, and let B be 
a simple birational extension of R|x], as described below for f, g € R[x] an R[x]- 
sequence such that f, g have constant terms a, b respectively. Set v = |Vr(a,b)| 
and w = |{q € Vr(a,b) | (aR: b) E q}|. Then: 


(1) Ifa = Oand B := R[x] [1/f], then Spec(B) is a fan. 
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(2)Ifa # Oand B := R{x][1/f], then Spec(B) is order-isomorphic to 
Spec(Qly]X]) or Spec(QEILy)). 

(3) if B = R[x][g/f], a = 0, b £0, and bR F R, then Spec(B) is D-birational 
of type (||; [IR]; (v, 0); Ro). 

(4) If B = R[x] [g/f], a 4 0, and (a,b)R # R, then Spec(B) is D-birational of 
type 


((R|; RI; (Vv — w, w + 1); Xo). 


In order to show that Theorem 6.5 is a characterization, we show every D- 
birational poset occurs, for some Dedekind domain D. In fact this is true with 
D = Z, as we see in Theorem 6.6. 


Theorem 6.6 ([5, Theorem 4.8]). Let R be a PID with a maximal ideals, where 
a is infinite, let x and y be indeterminates, set B = |R|x]|, and suppose that 
a = |R|-%o = | R/m|-No is constant, for eachm € max(R). Then, for eachm,n € 
No, there exists a simple birational extension of R|x] that is D-birational of type 
(B; B; (m,n); a). In particular, if R is a PID with |R| = | max(R)| = Xo andm,n € 
No, then, for every D-birational partially ordered set U of type (|R|; |R|; (m, 1); &o) 
from Definition 6.3, there is a simple birational extension B := R|x]|g/f| of R[x] 
so that the prime spectrum of B is order-isomorphic to U. 


We give an example adjusted from [5] to illustrate Theorems 6.5 and 6.6. 


Example 6.7. Let B be the simple birational extension B := Z|x][g/f] of Z[x], 
where f = x + 2079 and g = x + 4851. Then, in the notation of Theorem 6.5, 
a = 2079 = 33-7-11,b = 4851 = 3?-7*- 11, (aZ: b) = 3Z, and sov = 
{3,7,11}| = 3, w = 2, and (f,.g)Z|x] ¢ Zl], since (fg) C (x, 3). Since 
Tf —3g = 4x € (f,g), we have (f,x) C P or (f,2) C P, for every prime ideal 
P minimal over (f, g). Therefore the ideal (f, g) has height two, and so, by [15, 
Theorem 17.4], f, g is a Z[x]-sequence. Also, in Z[y], the ideal 


(fy — g)Z[y] = (2079y — 4851)Z[y] = (37 -7- 11Gy — 7))Z[y]. 


The height-one prime ideals in Z[y] containing this ideal are (3), (7), (11), and 
(3y — 7). By Theorem 6.5, Spec(B) is D-birational of type (|R]; |R|; (1, 3); Xo), 
since the cardinality of Zx] is |IR| and the cardinality of max(Z) is |Z| -No = No. 
Thus Diagram 6.7.1 shows the partially ordered set Spec(B), except that we cannot 
show the clumps of size |IR| beneath every height-two maximal ideal. Here z is the 
canonical map from Z[x][y] > B := Z[x][g/f], and (x, 3) denotes the image 
in B under z of the ideal (x, 3)Z|x]. There is one j-prime ideal, namely z(x, 3), 
that is unrelated to the others; the other three are connected by height-two maximal 
ideals that contain the last j-prime ideal, 2(x, 3y — 7). 


Diagram 6.7.2 is a close-up picture showing relations for elements of the set 
labeled Cy,, to show, for every M € Cy,, that |L.(7)| = |R]. 
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No w(x, 7,y No m(a,11,3y + 4) No 


IR| n(x, 3y — 7) 


IR] | x(a,3) | [RI IR| 


Diagram 6.7.2: Relations in Cy, from Diagram 6.7.1 


Remark 6.8. If R is a countable one-dimensional Noetherian domain R such that 
Spec(R[y]/(ay—b)) is know then one can also find Spec(B); see [5]. When R is not 
Dedekind, however, the relations among the minimal elements of Spec(R[y]/(ay — 
b)) may be more complex than they are for Dedekind domains, and we do not know 
what posets are realizable as Spec(R[y]/(ay — b)). It is not clear that every form of 
the axioms for that situation can be realized. 

The following example from [5] gives a simple birational extension B of 
Z[5i||x] that has two distinct maximal ideals containing two distinct nonmaximal 
height-one j-primes. Thus Spec(B) is not D-birational. 


Example 6.9. For R = Z[5i], a non-Dedekind ring, let B = Z[5i][x][g/f], f = 
x +5, g = 5i. Then the two nonmaximal height-one j-primes of B correspond in 
Z[5i|[y] to (5, 57)Z[5i][y] and to 


p:= (y—AZ[illy] 9 Zip] = (7 — 1,5y —5i, Siy + 5)Z[Si][y]. 


Therefore (5,51) + p = (y* — 1,5, 5i) = (vy? —4,5,5i) C (vy —2,5, 51) N(y + 
2,5, 57). If we let M; = (y — 2,5, 5i)Z[5i][y], Mo = (vy + 2,5, 57) Z[5i][y], and 
~ denotes the image in B of the map Spec(Z[5i][y]/(5y — 5i)) > Vg(x) from 
Remarks 3.9.1, we have j-Spec(B) in Diagram 6.9.1: 

To make Diagram 6.9.1 show all of Spec(B), we would add clumps of size 
|IR| beneath every height-two prime ideal but beneath no other height-two prime 
ideal. This partially ordered set is N -birational of type (|R|; |IR|; 2; &o; 2), since the 
number of height-one maximal ideals is |R| and |L.(P)| = |IR| for every height-two 
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Diagram 6.9.1: j-Spec(B), X 7 ae 
for B:= Z[Si][x][¢/f), Pa a, 
f=xt+5,g=5i 


=| 


IR} (5,54) 


a 


P é Spec(B); also €, the number of nonmaximal j-prime ideals, is 2. Since the 
number f; of maximal ideals containing both of them is 2, we have that j-Spec(B) 
is not D-birational. 


The following question raised in [5] is still unknown: 


Question 6.10. Does every N -birational poset of type (|R]; |IR|; 2; 803 t1,--- , te-1), 
for all values of £, and t; <--- < t, occur as Spec(R[x][g/f]), where g, f are as 
described in Theorem 6.1? 


7 Examples of Two-Dimensional Polynomial-Power Series 
Prime Spectra 


To illustrate Theorem 5.4, we give an example with R = Z,; this partially ordered set 
is the prime spectrum of Z[y][x]/Q, for an appropriately chosen height-one prime 
ideal Q of Z[y][x]: 


Example 7.1. Fora = (2y—1)-:3-(y¥t)D-y-OQ+HD4+6)-2:-G6y4+)), 
we describe Spec(Z[y]|x]/(x —q)), by displaying 7-Spec(Z[y][x]/(x—«)) in this 
diagram: 


(a,2y—1) (a3) (a, yt) (x,y) (a, y(y+1)+6) (w,2) (x,38y+1) 


Diagram 7.1.1: j-Spec(Z[y][x]/(x — a)) 
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The partially ordered set in Diagram 7.1.1 is image polynomial-power series 
of type (0; |IR|; 7:0; F) from Definition 5.5, where F is the part of the poset 
shown that includes only the ideals at the second and third levels and their 
connections; that is, F corresponds to the twelve ideals (x, 2y — 1), (x, 3),... and 
(3,x,y + 1), (3,x, y),... and with the relations (lines) connecting them. 

We close with a description of the two-dimensional partially ordered sets that 
arise as Spec(A/Q), where A = R[x][y] or R[y][x] and R is a one-dimensional 
Henselian integral domain with unique maximal ideal m. As with Example 7.1, 
Spec(A/Q) is largely determined by Spec(R[y]//), where J is a height-one prime 
ideal of R[y] such that (7, x)A = (Q,x)A. 


Theorem 7.2 ([4, Theorem 7.2]). Let (R,m) be a Henselian integral domain. Let 
x and y be indeterminates; let A = R[x][y] or R[y][x]. Let O be a height-one 
prime ideal of A and let B = A/Q. Then Spec(B) \ {the set of height-one maximal 
ideals} is determined by Spec(R[y]/1), where I is a height-one prime ideal of R{y] 
such that (I,x)A = (Q,x)A. If I is contained in mR[y], then Spec(B) is given in 
Diagram 7.2.0. 


(R/m)fll | Ma Mao MM 
: (mq) | bell |Riel| |Rfel| 


Diagram 7.2.0: Spec(B) if 7 C mR[y] 


Notes 


© M,, Mo,--- , M;, are the height-two ideals of R|y| that contain m and another 
height-one prime ideal of R[y] that contains I. 

° M,,--- , M; denote the image of (M;,x)A in A/OQ. 

eIfA = R{y][[x]], ¢ is 0; for A = RI[x]]|y], € is sometimes finite and sometimes 
[REx]. 

* The sets Le(M), for elements M of the block of size |(R/m)|[y]|, are not shown. 

¢ The partially ordered set in Diagram 7.2.0 is image polynomial-power series of 
type (e;|R[x]|; F; 1; |R/m]- No), where F corresponds to {(m, Q)} in Spec(B). 


Proceeding 81 


References 


1. 


26. 


27. 


J.T. Arnold, Prime ideals in power series rings. In Conference on Commutative Algebra 
(University of Kansas, Lawrence, Kansas 1972). Lecture Notes in Mathematics, vol. 311 
(Springer, Berlin, 1973), pp. 17-25 


.H. Bass, Algebraic K-Theory. Mathematics Lecture Note Series (W.A. Benjamin 


Inc, New York/Amsterdam, 1968), pp. 762 


. J.W. Brewer, Power Series Over Commutative Rings. Lecture Notes in Pure and Applied 


Mathematics, vol. 64 (Marcel Dekker Inc, New York, 1981) 


. E. Celikbas, C. Eubanks-Turner, S. Wiegand, Prime Ideals in Quotients of Mixed Polynomial- 


Power Series Rings. See http://www.math.unl.edu/~swiegand1 (preprint) 


. C. Eubanks-Turner, M. Luckas, $. Saydam, Prime ideal in birational extensions of two- 


dimensional power series rings. Comm. Algebra 41(2), 703-735 (2013) 


. W. Heinzer, S. Wiegand, Prime ideals in two-dimensional polynomial rings. Proc. Am. Math. 


Soc. 107(3), 577-586 (1989) 


. W. Heinzer, C. Rotthaus, S. Wiegand, Mixed polynomial-power series rings and relations 


among their spectra. In Multiplicative Ideal Theory in Commutative Algebra (Springer, New 
York, 2006), pp. 227-242 


. R.C. Heitmann, Prime ideal posets in Noetherian rings. Rocky Mountain J. Math. 7(4), 


667-673 (1977) 


. M. Hochster, Prime ideal structure in commutative rings. Trans. Am. Math. Soc. 142, 43-60 


(1969) 


. L Kaplansky, Commutative Rings (Allyn and Bacon Inc, Boston, 1970) 
. K. Kearnes, G. Oman, Cardinalities of residue fields of Noetherian integral domains. Comm. 


Algebra, 38, 3580-3588 (2010) 


. W. Lewis, The spectrum of a ring as a partially ordered set. J. Algebra 25, 419-434 (1973) 
. W. Lewis, J. Ohm, The ordering of Spec R. Can. J. Math. 28, 820-835 (1976) 
. A. Li, S. Wiegand, Prime ideals in two-dimensional domains over the integers. J. Pure Appl. 


Algebra 130, 313-324 (1998) 


. H. Matsumura, Commutative Ring Theory, 2nd edn. Cambridge Studies in Advanced Mathe- 


matics, vol. 8 (Cambridge University Press, Cambridge, 1989). Translated from the Japanese 
by M. Reid 


. S. McAdam, Saturated chains in Noetherian rings. Indiana Univ. Math. J. 23, 719-728 


(1973/1974) 


. S. McAdam, Intersections of height 2 primes. J. Algebra 49(2), 315-321 (1977) 

. M.P. Murthy, A note on factorial rings. Archiv der Mathematik 15(1), 418-420 (1964) 

. M. Nagata, On the chain problem of prime ideals. Nagoya Math. J. 10, 51-64 (1956) 

. M. Nagata, Local Rings. Interscience Tracts in Pure and Applied Mathematics, vol. 13 


(Interscience Publishers a division of John Wiley and Sons, New York-London, 1962) 


. LJ. Ratliff, Chain Conjectures in Ring Theory: An Exposition of Conjectures on Catenary 


Chains. Lecture Notes in Mathematics, vol. 647 (Springer, Berlin, 1978) 


. A.S. Saydam, S. Wiegand, Noetherian domains with the same prime ideal structure as Z(2)[x]. 


Arab. J. Sci. Eng. Sect. C Theme Issues (Comm. Algebra) 26(1), 187-198, (2001) 


. C. Shah, Affine and projective lines over one-dimensional semilocal domains. Proc. Am. Math. 


Soc. 124(3), 697-705 (1996) 


. S. Wiegand, Locally maximal Bezout domains. Am. Math. Soc. 47, 10-14 (1975) 
. S. Wiegand, Intersections of prime ideals in Noetherian rings. Comm. Algebra 11, 1853-1876 


(1983) 

R. Wiegand, The prime spectrum of a two-dimensional affine domain. J. Pure Appl. Algebra 
40(2), 209-214 (1986) 

S. Wiegand, R. Wiegand, The maximal ideal space of a Noetherian ring. J. Pure Appl. Algebra 
08, 129-141 (1976) 


82 E. Celikbas et al. 


28. R. Wiegand, S. Wiegand, Prime ideals and decompositions of modules. In Non-Noetherian 
Commutative Ring Theory, ed. by S. Chapman, S. Glaz. Mathematics and its Applications, vol. 
520 (Kluwer Academic Publishers, Dordrecht, 2000), pp. 403-428 

29. R. Wiegand, S. Wiegand, Prime ideals in Noetherian rings: a survey. In Ring and Module 
Theory, ed. by T. Albu, G.F. Birkenmeier, A. Erdo u gan, A. Tercan (Birkhauser, Boston, 
2010), pp. 175-193 


Integer-Valued Polynomials: Looking 
for Regular Bases (A Survey) 


Jean-Luc Chabert 


Abstract This paper reviews recent results about the additive structure of algebras 
of integer-valued polynomials and, particularly, the question of the existence and 
the construction of regular bases. Doing this, we will be led to consider questions of 
combinatorial, arithmetical, algebraic, ultrametric, or dynamical nature. 


Keywords Integer-valued polynomials * Generalized factorials * v-Orderings * 
Kempner’s formula ¢ Regular basis * Pélya fields * Divided differences ¢ 


Mahler’s theorem 


2010 MSC. Primary 13F20; Secondary 11S05, 11R21, 11B65 


1 Introduction 


The Z-algebra 


Int(Z) = { f(X) € QIX] | F(Z) SZ} 


is a paradigmatic example because several of its properties still hold for some 
general algebras of integer-valued polynomials. As a ring, Int(Z) has a lot of 
interesting properties, but here we focus our survey on its additive structure since it 
is a cornerstone for the study of quite all other properties. The Z-module Int(Z) is 
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free: it admits a basis formed by the binomial polynomials, and this basis turns out to 
be also an orthonormal basis of the ultrametric Banach space @(Z,, Q,) whatever 
the prime p. 

Now replace Z by the ring of integers of a number field as Polya [43] and 
Ostrowski [41] did, or more generally, on the one hand, replace Z by any Dedekind 
domain D with quotient field K and, on the other hand, consider a subset S of D 
and the D-algebra of polynomials whose values on S are in D: 


Int(S, D) = {f € K[X] | f(S) S Dj}. 


During the last decades of the last century, there were many works about this D- 
algebra from the point of view of commutative algebra. As said above, our aim here 
is to characterize the cases where the D-module Int(.S, D) admits bases and, more 
precisely, regular bases, that is, with one and only one polynomial of each degree 
and, when there are such bases, we want to describe them. This was already the 
subject of [17, Chap. II] but, during the last 15 years, a lot of new results were 
obtained, especially thanks to several notions of v-ordering introduced by Bhargava 
from 1998 to 2009 [9-12]. 

In Sect.2, we recall a few properties of Int(Z) that will be generalized, in 
particular those concerning factorials. Then, in Sect.3, we consider the factorial 
ideals and, in Sect.4, the notion of v-ordering and its links with integer-valued 
polynomials. In Sect. 5 we study the existence and the construction of regular bases 
while Sect. 6 is devoted to effective computations. Then, in Sect.7, we consider 
some particular sub-algebras of Int(S, D) and, in Sect. 8, we apply our knowledge 
of regular bases to obtain orthonormal bases of ultrametric Banach spaces. We end 
in Sect. 9 with the case of several indeterminates. 


2 The Paradigmatic Example: Int(Z) 


In the ring of integer-valued polynomial Int(Z) = {f(X) € Q[X] | f(Z) © Z}, 
there are polynomials without any integral coefficients, for instance, 


(") _ X(X-1)-(X-ntD 


Px 
(n>2) or F,(X)= a, (p EP). 
n n! Dp 


2.1 Some Algebraic Structures 


As a subset of Q[X], Int(Z) is stable by addition, multiplication, and composition. 


Proposition 1. The binomial polynomials form a basis of the Z-module Int(Z): 
every g(X) € Int(Z) may be uniquely written as 
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deg(g) 


g(x) = > a(Z) with, €Z — (Pélya [42], 1915). (1) 


k=0 


Proposition 2 ([17, Sect.2.2]). The set {1,X}U{(X? —X)/p | p © P} is amin- 
imal system of polynomials with which every element of Int(Z) may be constructed 
by means of sums, products, and composition (see Example 3 below). 


Proposition 3 ({17]). Int(Z) is a two-dimensional non-Noetherian Priifer domain. 


For instance, the ideal 3 = { f(X) € Int(Z) | f(0) is even} is not finitely generated. 


2.2. A Polynomial Approximation in Ultrametric Analysis 


Let p be a fixed prime number. Recall that |x| = e~’?° is an absolute value on Q p 
where v, denotes the p-adic valuation. For every compact subset S$, the norm of a 
continuous function g : S — Q, is then ||g||s = sup,es |g(x)|. 


Proposition 4 (Mahler [39], 1958). Every function g € 6 (Zp, Q,) may be written 


Co 
x 
g(x) = die (;) with cn € Qp and Jon Vp(Cn) = +00. (2) 
Moreover, ||9||z, = |lten}nen||, that is, infyez, Vp(P(x)) = infren Vp(Cn). 


One says that the binomial functions (*) form an orthonormal basis of the Banach 


space @(Z,, Q,). The coefficients c, are unique and may be computed recursively: 


n—-1 
Cn = 9(n) — > Ck () 
k=0 


2.3 Some Properties of the Factorials 


As denominators of the binomial polynomials, the factorials and their general- 
izations will play an important réle in the description of bases. We recall some 
properties which will be preserved in a more general context. 


Property A. For allk, / € N, ) = Ge! a 


Equivalently, the product of / consecutive integers is divisible by /!: 


bis) ax 


(3) 
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When considering integers which are not consecutive, we still have the following: 


Property B. For every sequence xo, X1,..., X, of n + | integers, the product 
I] (x; —x;) isdivisible by 1!x2!x---xnl. (4) 
O<i<j<n 


We now consider links between factorials and polynomials. 


Property C. For every monic polynomial f € Z[X] of degree n, 
d(f) = gced{ f(k) |k € Z} divides n! (Polya [42], 1915). (5) 
Property D. For every integer-valued polynomial g of degree n 
nlx g(X) € ZX]. (6) 


Property E. The subset formed by the leading coefficients of the integer-valued 


polynomials of degree < n is 4. 


Property F. The number of polynomial functions from Z/nZ to Z/nZ is 
n—-1 


jee (Kempner [36], 1921), (7) 
k=0 gee 


where functions are induced by polynomials of Z[X]. 


Finally, recall Legendre’s formula: 


nl= I] pe, where wp(n) = yi 


peP k>1 


=| (Legendre, 1808). (8) 
Pp 


3 General Integer- Valued Polynomials and Generalized 
Factorials 


Notation. Jn the sequel, D always denotes a Dedekind domain with quotient field 
K and S a subset of D. 


The D-algebra of integer-valued polynomials on D is 
Int(D) = { f(X) € K[X]| f(D) c D} (9) 


and the D-algebra of integer-valued polynomials on S (with respect to D) is 
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Int(S, D) = {f(X) € K[X] | f(S) ¢ D}. (10) 


As S C D, we have D[X] C€ Int(D) C Int(S, D) C K[X]. Let us consider a 
more general situation by introducing a D-algebra B such that D[X] C B C K[X]. 


Definition 1 (Pélya [43]). A basis of the D-module B is said to be a regular basis 
if it is formed by one and only one polynomial of each degree. 


3.1 Characteristic Ideals and Regular Bases 


Definition 2. The characteristic ideal of index n of the D-algebra B is the set 3, (B) 
formed by 0 and the leading coefficients of the polynomials in B of degree n. 


If B = Int(S, D), we write 3,,(S, B) instead of 3, (Int(S, D)). 
Clearly, {3,,(B)}nen is an increasing sequence of D-modules such that 


Vk,LEN DO%(B)C K and 3,(B)-3;(B) C 3.4/(B). (11) 


Recall that a fractional ideal of D is a sub-D-module J of K for which there exists 
a nonzero element d € D such that d¥ = {dj | j € 3} C D.A very simple 
argument using Vandermonde’s determinant leads to: 


Lemma 1 ([{17, Proposition I.3.1]). Let f be a polynomial of K[X] with degree 
n. Assume that x9, X\,...,Xn are distinct elements of K such that f(x;) € D for 
0 <i <n, thendf belongs to D[X| where d = Toeicjen@j — x;). 

As a consequence, 


— ifn < Card(S), then 3,,($, D) is a fractional ideal of D, 
— ifn > Card(S), then 3,(S, D) = K because ([],<5(X — s)) K[X] € Int(S, D). 


In particular, if Card(S) is infinite, all the 3,,(.S, D)’s are fractional ideals and, more 
generally, so are all the 3,,(B)’s if B C Int(S, D). 
Clearly, by definition of the characteristic ideals, we have: 


Proposition 5 ({17, Proposition II.1.4]). A sequence of polynomials { fi}n>0 
where deg(f,) = n is a regular basis of B if and only if, for every n > 0, the 
leading coefficient of f, generates the ideal 3,(B). In particular, the D-algebra 
Int(B) admits a regular basis as a D-module if and only if all the 3,,(B)’s are 
principal. 


Thus, if S is finite, the D-module Int(S, D) cannot admit any regular basis since 
3,(S,D) = K forn > Card(S). 
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3.2. The Factorial Ideals of a Subset S 


When S = D = Z, 3,(Z, Z) = -Z,. Thus, it is natural to define new factorials as 


n!} 
the inverses of the characteristic ideals. In general, D is not a principal ideal domain 


and we cannot define these new factorials as numbers, but as ideals. 

Recall that the inverse of a nonzero fractional ideal 3 of D is the fractional ideal 
J! = {x © K | x3 C D}. If 3 contains 1, then 3~! is an integral ideal. Since 
D is assumed to be a Dedekind domain, the nonzero fractional ideals of D form a 
multiplicative group (and 3-3~! = D) and an ideal a divides an ideal 6 if and only 
if 6 C a. By convention, we write K~! = (0) and (0)! = K. 


Definition 3. The factorial ideal (n!)P of index n of the subset S with respect to 
the domain D is the inverse of the fractional ideal 3,,(S, D): 


n!e SIs De. (12) 
The sequence {nl? nen is a decreasing sequence of integral ideals of D and 


Vn nl€l(nt+ le, 018 =D, [n!? = (0) & n> Card(S)], (13) 


3.3 First Generalized Properties of the Factorial Ideals 


Proposition 6 (Generalized Property A). Let k, / € N be any integers then 
k!12 x I? divides (k + J)!2. (14) 


This is a straightforward consequence of (11). 
Proposition 7 (Generalized Property D [17, Proposition I1.1.7]). For every 
polynomial g(X) € Int(S, D) of degree n, we have 

nl? x g(X) C D[X]. (15) 


Recall that for every polynomial f € K[X]: 


— the content of f is the ideal c(f) of D generated by the coefficients of f, 
— the fixed divisor of f over S is the ideal d(S, f) of D generated by the values of 
fons. 


Proposition 8 (Generalized Property C [10, Theorem 2]). With the previous 
notation, for every f € K[X] of degreen, 


d(S, f) divides c(f) x n!2. (16) 
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Proof. By definition, d(S, f)~' x f ¢ Int(S, D). Then, n!? x d(S, fy"! x f 
D[X] by Proposition 7. Finally, n!2 x d(S, f)~! x c(f) € D. Oo 


Proposition 9. /. For every b € D \ {0} and everyc € D, Hig — b'nl?. 


2. For every T © S,n!° divides n!?. In particular, n! divides n\%. 


Proof. 1. The equality follows from the isomorphism of D-algebras: 
X—c 
F(X) € Int($, D) B f —— € Int(bS +c, D). 


2. The divisibility relation follows from the containment Int($, D) € Int(T, D). 
| 


We generalized Properties A, C, and D and, by definition, Property E is satisfied 
by the ideals n vy . We will study Properties B and F in the next section by means of 
localization. 


3.4 Localization 


Clearly, 
Int($, D) = Omemax(p) Int(S, Dm) and Vp € Spec(D) Int(S, D)» C Int(S, Dy). 
Since D is Noetherian, we have the reverse containment [17, Proposition I.2.7]: 
Vp € Spec(D) Int($, D), = Int(S, Dy). (17) 
We deduce localization formulas for the characteristic ideals and the factorial ideals: 
3n(S, D) = Amemax(d) In(S, Dm), WIS = Amemaxioyn!s™, (18) 


3n(S, D)m =In(S, Dm) and (21? )mq = nt?™, (19) 


4 Local Studies (Bhargava’s v-Orderings) and Globalizations 


Is there an easy way to compute these factorials? Yes, by means of the notion of 
v-ordering introduced by Bhargava [9]. This is a local notion; thus, we consider 
localizations, which are discrete valuation domains. 
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Notation for Sects. 4.1 and 4.2. We denote by v a discrete valuation on K, by V 
the corresponding valuation domain and by S any subset of V. 


4.1 Definitions and Examples 


Before v-orderings, we used sequences introduced by Helsmoortel to study the case 
where S = V. The sequences called VWDWO sequences are the sequences which 
satisfy the equivalent statements of the following proposition. 


Proposition 10 ({17, Sect. I1.2]). Assume that the residue field of V is finite with 
cardinality q and denote by m the maximal ideal. For a sequence {ay}n>0 of 
elements of V, the three following assertions are equivalent: 


1. Denoting by vq(x) the largest exponent k such that q* divides x, 
Vm,n€N vd, —am) = vg(m —n). 


2. Forallr,s EN, {dr41,4r42,-.-,@r+qs} is a complete system of representatives 
of V (mod m’). 


3. Foralln >m = 0, v( hom (An — at)) = Di [=| : 


Example 1. The following sequence {a@,,};>0 is a VWWDWO sequence of V. Choose 


a generator z of m and a system of representatives {a9 = 0,d1,...,dg—1} of V 
modulo m. 

For n = no + mq + nog? +--+: +n,-q’ with 0 < a; <q, (20) 

let ay = Ang Ay TE Eig i” a2 Gy (21) 


We also had the VWD sequences introduced by Amice [8] for her regular compact 
subsets of local fields. But Bhargava’s v-orderings are more general. 


Definition 4. A v-ordering of a subset S of V is a sequence {a,},>0 of elements of 
S such that, for every n > 1, 


n—-1 n—-1 
v (Te. = «) = min v (Me - «) (22) 
k=0 


k=0 


Since v is discrete, there always exist v-orderings. Such sequences may be con- 
structed inductively on 7 choosing any element of S for do. 


Example 2. 1. For every prime p, the sequence {7},,>0 is a p-ordering of Z. 


2. For every integer q > 2 and every prime p, the sequence {g”},>0 is a p-ordering 
of the set S, = {g" | n € N} (cf. [17, Exercise II.15]). 
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3. If Card(S) = s < +00 and {a,},>0 is a v-ordering, then S = {a; |0 <i < s}. 
4. If {ay}n>o0 is a VWWDWO sequence of V as defined in Proposition 10 then, for 
every k > 0, the sequence {a,},,>, is a v-ordering of V. 


4.2 v-Orderings and Integer- Valued Polynomials 


There are strong links between v-orderings and integer-valued polynomials: 


Proposition 11 ((9]). Let {an }n>0 be a sequence of distinct elements of S. Consider 
the associated sequence of polynomials: 


n—-1 


fo(X)=1 and f,(X) = []~— 


ay, — 
k=0 n 


(forn > 1). (23) 


Then the following assertions are equivalent: 


1. The sequence {ay }n>0 is a v-ordering of S. 

2. For everyn = 0, f,(S) CV. 

3. The sequence { f, |n € N} is a basis of the V-module Int(S, V). 
4. For every d €N, for every g € K[X] with degree d, one has 


8(do), g(a1),...,8(aa) EV & g(S)CV. (24) 


Corollary 1. [f {a,}nen is a v-ordering of S, then the following numbers do not 
depend on the choice of the v-ordering {an}nen of S: 


n—-1 
ws(n) = v (Me. = oy) . (25) 


k=0 
Proof. 
—v(5,,(S, V)) for 0 <n < Card(S), 
= 2 
ws) +00 for n > Card(S). 20) 
Oo 
For instance, by Proposition 10 (Pélya [43]), 
woy(n) = $4) = Dees [4] ifeg = Cara(V/m) < +90, aay 
Wq(n) = 0 if gq = Card(V/m) = +00. 
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4.3 Globalization: v-Orderings and Factorials 


Notations. Consider again a Dedekind domain D. For every maximal ideal m of 
D, we denote by vm the corresponding valuation of K and by ws.m(m) the integers 
defined in Formula (25) (for the valuation v = vm); finally we speak of m-orderings 
instead of v,-orderings. 


Proposition 12. For everyn € N such thatn < Card(S), we have 


nls = I] msm (7) (28) 
méMax(D) 
Proof. It follows from (19) and (26) that (n!?) | = non = ms D. Oo 


Proposition 13 ([40, Lemma 8]). Whatever the infinite subset S of Z, there are no 
three equal consecutive terms in the sequence {n!2}n>0- 


Question I ([40]). Does there exist an infinite subset S of Z such that there are 
infinitely many two equal consecutive terms in the sequence {n Fineae 


Proposition 14 (Generalized Property B). For all xo, X|,..., Xn € S: 


[] Gi -2)D_ is divisible by 19 x 219 x +++ nlf. (29) 


O<i<j<n 


Bhargava’s proof [11] is given for Z, but it also works for D and it really deserves 
to be read because it shows how powerful is the notion of v-ordering. There are 
many generalizations of Kempner’s formula (7) (see for instance [29]), but Bhargava 
seems to be the first who considered functions defined on subsets. 


Proposition 15 (Property F [9, Theorem 5]). Let D be a Dedekind domain, let 3 
be a proper ideal of D with finite norm N = Card(D/3), and let S be a subset 
of D whose elements are noncongruent modulo 3. Then, the number of polynomial 
functions from S to D/3 (induced by a polynomial of D[X]) is equal to 


N- 

——__—_—_—. 30 
Te ae kis)’ eer 
where (3, k!s) denotes the ideal of D generated by 3 and ks. 


Note that k!; = (0) for k greater than the number of classes of S modulo 3, and 
then, (3, k!5) = 3. 
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5 Regular Bases 


From now on, S is suppose to be infinite. Recall that a regular basis is a basis with 
one and only one polynomial of each degree and that Int(S, D) admits a regular 
basis if and only if the factorial ideals ni? are (nonzero) principal ideals. Yet, even 
when this is the case, it may be difficult to describe a regular basis. 


5.1 The Local Case 


In the local case, that is, in Dm, there always exist regular bases (as we suppose S to 
be infinite) constructed by means of an m-ordering of S as shown by Proposition 11. 
We recall here an example of regular basis constructed in a different way. 


Example 3 ([17, Sect. I1.2]). Given a polynomial g(X), we denote by g** the 
kth iterate of g by composition and we let g*°(X) = X. In particular, for a 
fixed prime number p, starting with F,(X) = sees 
F(X), F(X) = Fy(Fp(X)), and by igerattons Fy (X) = F,(F}*"@)). 
Finally, for every integern = no + nip +-::+ Nnsp* where 0 < nj; < p, we 
let Fon = [[pao(F3*)"*. Note that Fp = 1, Fy = =X, and Fe = Fe. 

Then, the polynomials {Fy ,(X)}n>0 form a basis of the Lup: emoduile Int(Z,p)). 


Moreover, as a Z(p)-algebra, Int(Z:p)) is generated by the set ee (X) | k= of and 
this is a minimal set of generators. Finally, every polynomial of Int(Z;,)) is obtained 
from 1, X and x by means of sums, products, and composition. 


Remark I. Analogously to Example 3, we may obtain in the local case minimal 
sets of generators of the V-algebra Int($, V) by means of the sequence {ws(n) = 
—v(5n(S,V))}n>0- If gy is a regular basis, we obtain a set of generators by 
considering only the g,,’s where n satisfies the following: 


ws(n) > ws(i) + ws(/) for alli, 7 > Osuchthati+ j =n [33]. 


5.2. Simultaneous Orderings 


Computation of factorials and description of bases of the ring of integer-valued 
polynomials is easy when there exist simultaneous orderings as for Z. 


Definition 5. A sequence {a,},en of elements of S which is an m-ordering of S 
for every maximal ideal m of D is called a simultaneous ordering of S. 


The following proposition is the global version of Proposition 11. 
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Proposition 16. Let {a,}>0 be a sequence of distinct elements of S. Consider the 
associated sequence of polynomials f,(X) = ar Tn (n > 0). Then the 
following assertions are equivalent: 


1. The sequence {ay}n>o0 is a simultaneous ordering of S. 

2. Foreveryn = 0, fn(S) © D. 

3. The polynomials { f, |n € N} form a basis of the D-module Int(S, D). 

4. Foreach g € K[X] with deg(g) = d, g(S) C D ifand only if g(ao), g(a), ..-, 
g(aa) € D. 

5. For every n > 1, we have ni? — Tix (an —a,)D. 


Are there simultaneous orderings? In particular, which Dedekind domains admit 
simultaneous orderings [9, Question 3]? 


Example 4. 1. Z admits the simultaneous ordering {1},>0. 

2. Every semi-local Dedekind domain admits simultaneous orderings (obtained by 
the Chinese remainder theorem, see Proposition 18 below). 

3. F,[T], the analog of Z for function fields, admits a simultaneous ordering 
{dn}n>o, given by Formulas (20) and (21) where KF = {a,...,@g—1} and 
is replaced by T [11, Sect. 10], leading to Carlitz factorials [20]. 

4. Let K be a number field with ring of integers @x and T be a multiplicative 
subset of Gx. Then {n},>0 is a simultaneous ordering of D = T'CGx if 
and only if every prime p is either invertible or completely split in D [17, 
Theorem IV.3.1]. 


Conjecture. [f K is a number field distinct from Q, then its ring of integers Ox 
does not admit any simultaneous ordering. 


In 2003, Wood [46] proved this conjecture for imaginary quadratic number fields, 
while Adam [1] did an analogous study for “imaginary” quadratic function fields in 
2005. Adam and Cahen [5] proved in 2010 that there are at most finitely many real 
quadratic number fields whose ring of integers admits a simultaneous ordering. 

Let us restrict our question on the existence of simultaneous orderings of subsets 
of Z [11, Question 30]. Let us say that a sequence {a,},>0 is self-simultaneously 
ordered if it is a simultaneous ordering of the subset S = {a, | n € N} (formed by 
its own terms). We then have the following examples: 


Example 5 ([7, 11]). 1. The sequence {q"}n>0 where |q| > 2 is self- 
simultaneously ordered. Denoting by S, the subset S, = {g” | n € N}, it follows 
that 


n(n—1) 


nis, =q = (q"— 1)(q"~! — 1)-++(q — 1) Gackson’s factorials). 


2. The sequence {n7},> is self-simultaneously ordered. Denoting by N® the 


subset N°? = {n? | n € NY}, it follows that n!ya) = oe Moreover, the subset 
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N® = {n* | n © N} admits a simultaneous ordering if and only if k = 1 or 
2 (recall that the sequence {7},,>0 of natural numbers is a simultaneous ordering 
of N). 


3. The sequence {meen of triangular numbers is self-simultaneously ordered. 
n>0 
Denoting by S the subset S = jeoeh [n> 0} , it follows that n!s5 = Gry 


Noticing that if S admits a simultaneous ordering {a,}n>0, then T = bS +c where 
b,c € Z,b # 0, admits also a simultaneous ordering, namely {ba, + C}n>0, we 
thus have many other simultaneously ordered subsets of Z. 

We also have the following for discrete dynamical systems. 


Proposition 17 ({7, Proposition 18]). Consider the dynamical system (Z, f ) 
formed by the set Z and a nonconstant polynomial f € Z|X] distinct from +X. 
Then, for every x € Z, the sequence {f"(x)}n>0, where f" denotes the nth 
iterate of f, is self-simultaneously ordered. In other words, each orbit admits a 
simultaneous ordering. 


Equivalently, for every x € Z and for all m,n € N withm >n > 1: 


n—-1 n—1 


] [(¢"@) — £/ (x) divides [[(¢"(x) — f/ (x). 


j=0 j=0 


Note that the sequence {q"},>0 in Example 5(1) stems from a dynamical system 
with f(X) = qX and x = 1. By considering the orbit of 3 under the iteration of 
X?—2X + 2, we obtain: 


Corollary 2. The sequence formed by the Fermat numbers {F, = 27" + \n>0 is 
self-simultaneously ordered. 


Question 2. Are there other natural examples of subsets of Z admitting simultane- 
ous orderings? 


5.3. The General Case 


To obtain regular bases, if any, we use the Chinese remainder theorem. Analogously 
to [17, Lemma II.3.4] or following [9, Theorem 11], we have: 


Proposition 18. For each m € Max(D), let {4mn}n>0 be an m-ordering of S. For 
n > 0, let {bn.c}o<k<n be elements of D such that 


Vin (On.& — Am.k) > Ws.m(”) for all m such that ws (7) 4 0. (31) 


Finally, let g,(X) = [hao — b,x). Then, the fixed divisor d(gn,S) of g on 
S (as defined before Proposition 8) is equal to the nth factorial no : 
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We derive a few corollaries with the g,,’s as defined in Proposition 18. 


Corollary 3. We have the following isomorphism of D-modules: 
Int(S, D) = @n>0In(S, D) gn(X). (32) 


We just have to verify that cogo(X)+c191(X)+:--+¢ngn(X) with c; € K belongs 
to Int(S, D) if and only if for0 < j <n,c; €3;(S,D). 


Corollary 4. If the factorial ideals are principal, writing ale = d,D, the 
polynomials + &8n(X) then form a regular basis of the D-module Int(S, D). 


n 


But at any rate, since a nonfinitely generated projective module over a Dedekind 
domain is free: 


Corollary 5. The D-module Int(S, D) is free. 


Yet, if there is no regular basis, that is, if the factorial ideals are not principal, it may 
be difficult to describe a basis. 


5.4 Polya Groups and Polya Fields 


In this paragraph, K denotes an algebraic number field and @x its ring of integers. 
We restrict here our study to the case where S = D = @x. The following group is 
a measure of the obstruction for Int(@x) to have a regular basis. 


Definition 6 ({17, Definition I1.3.8]). The Pdélya group of K is the subgroup 
#o(K) of the class group of K generated by the classes of the factorial ideals 
of Ox. 


One knows [17, II.3.9] that Ao(D) is also generated by the classes of the ideals: 


TT,(D) = I] m (q> 2). 
mé€Max(D), N(m)=q 


Proposition 19. A Pélya field is a number field K which satisfies the following 
equivalent assertions: 


1. Int(@x) admits a regular basis. 

2. The fractional ideals 3,,(@x) are principal. 
3. The integral ideals (n!) 6, are principal. 

4. The ideals Ty(@x) are principal. 

5. Po(K) x {I}. 


If K/Q is a galoisian extension, for every prime p, one has pOx = IT,s(@x)°, 
and hence, to know whether K is a Polya field, we just have to consider the ideals 
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IT,(@x) such that the maximal ideals m with N(m) = q lye over the primes p that 
are ramified in K [41]. We also have: 


Proposition 20 ({22, Proposition 3.6]). If K,/Q and K2/Q are two galoisian 
extensions whose degrees are relatively prime, then 


Po(K,K2) = Po(K}) x Po(K2). (33) 


For quadratic fields, the Pélya group corresponds to the group of ambiguous 
classes whose description was done by Hilbert (see [17, Proposition II.4.4]) and 
the characterization of the quadratic Pélya fields was done by Zantema [47]. Every 
cyclotomic field is a Polya field [47]. A systematic study of the galoisian Pélya fields 
of degree < 6 was recently undertaken by Leriche. For instance, 


Proposition 21 ([37, Proposition 3.2]). The cyclic cubic Polya fields are the fields 
Qt] where t is a root of X? — 3X +1 or of X? —3pX — puwhere p is a prime of 
the form 5 (uw? + 27w’), u =2 (mod 3) and w F 0. 


She also characterized the galoisian Polya fields in the cases of cyclic quartic or 
sextic fields (the latter, compositum of a cyclic cubic Pélya field and a quadratic 
Pélya field) as well as in the cases of cyclic fields of the form Q[/, 3/m], and of 
biquadratic fields [37]. 

Adam [3] undertook a similar study for functions fields. He proved analogously 
that every cyclotomic function field in the sense of Carlitz is a Pélya field and 
characterized the Kummer extensions and the “totally imaginary” Artin-Schreier 
extensions of F,(7) which are Polya function fields. 

Another interesting notion is the notion of Pélya extension: L/K is a Pélya 
extension if the O,-module Int(@x, Oy) admits a regular basis. By the capitulation 
theorem, the Hilbert class field Hx of every number field K is a Polya extension 
of K. Moreover, Hx gives an answer to the following embedding problem: is 
every number field contained in a Pélya number field? The answer is yes because it 
turns out that every Hilbert class field is a Pélya field [38, Corollary 3.2]. An open 
question is to determine the minimal degree of a Polya field containing K. 


6 Computation and Explicit Formulas 


In this section, we restrict our study to the local case and consider a slightly more 
general situation because the notion of v-ordering may be defined for rank-one 
valuations v of K, that is, valuations v such that v(K*) C R. But since there do 
not always exist v-orderings, we have to assume conditions on S, for instance, that 
S is precompact, that is, that its completion is compact (cf. [19, Corollary 1.6]). 


Notation for Sect.6. K is a valued field endowed with a rank-one valuation v, 
the valuation domain is denoted by V, its maximal ideal by m, and S is an infinite 
precompact subset of V. 
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In this general framework, all results of Sect. 4.2 hold. 
Fora € V andy € R, we denote by B(a, y) the ball of center a and radius e~”: 


Bia,y) = {x € V | vla—x) > y}. 


6.1 How Can We Compute the Function ws (n)? 


We are interested here in the function ws(n) = —v(3,(S,D)) = v(n!2). The 
sequence {ws(7)}n>0 is called the characteristic sequence of S. 


Lemma 2. [f {a,}n>0 is an m-ordering of S, then, for every nonzero b € V and 
every c € V, {bay + C}y>0 is an m-ordering of bS +c = {bs +c | s € S}. Thus, 


Vb,c EV wos4ce(n) = nv(b) + ws(n). 


Lemma 3 ([16, Lemma 3.4]). [f {a }n>0 is a v-ordering of S, then the subsequence 
formed by the a,,’s which are in a ball B(a, y) is a v-ordering of SN B(a, y). 


Proposition 22 ({31, Lemma 2]). Let {s; | 1 < i < r} be a system of 
representatives of S modulo m, that is, S = Ul_,(S M (s; + m)) (where s; # 5; 
(mod m) Vi 4 j). Jf for eachi, {djn}n>0 is a v-ordering of SO(s; +m), we obtain 
a v-ordering of S by shuffling these v-orderings in such a way that the shuffling of 
the corresponding characteristic sequences leads to a nondecreasing sequence of 
integers. 


In particular, the characteristic sequence of S is the disjoint union of the character- 
istic sequences of the S M (s; + m) sorted into a nondecreasing order. 


Example 6. Assume that m = aV and Card(V/m) = q < +00. Consider 
S=V\m=VUTG@ +m). (34) 


Let {dy }n>0 be the v-ordering of V given by (21). For 1 <i <q—1, {aj + 1ay}n>0 
is a v-ordering of a; +m, and Wg,4m(”1) = Wav (n) =n+wy(n) =n +w,(n). We 
construct a v-ordering of S by taking successively one element of each of the g — 1 
partial orderings since the characteristic sequences of the sets a; + m are equal, we 
obtain the subsequence formed by the a,,’s such that v(a,,) = 0, and we have 


n n n 
we [l™(Aa)-Llane] 
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6.2 Toward Symmetry: Homogeneous Subsets 


As seen in Example 6, symmetry may help for the shuffling. We have a kind of 
symmetry when we consider homogeneous subsets, that is, subsets S for which 
there exists some y € R such that S = Uses B(s,y). 


Proposition 23 ({16, Theorem 3.6]). Assume that 


S = Uj-, B(bj, y) where v(bj — bj) < vy <i # j <1). Then, 


ws(n) = , max (,min ws(61.---.5)) (6),...,6, € N) where 


it+-+6-=n \Isi<r 


Ws (51,---55¢) = Wq(5i) + 76; + >> vb; — b;)8; and wg(m) = a = | : 
j#i k>1 


We may introduce more symmetry by assuming that g = +00 (w,(4;) = 0): 


Proposition 24 ([15, Theorem 4.4]). Assume that Card(V/m) = +00 and that 
S = Ul_, Bibi, y) where v(b; -—bj))<y U<iFj <r). (36) 
Consider the symmetric matrix B = (B;,;) € 7,(R) defined by 
Bij = v(bi —b;) for! <i Aj <r, and Bij =y forl <i <r. (37) 
Denote by B; the matrix deduced from B by replacing every coefficients in ith 


column by | and let v(B) = >~;_, det(B;). Ifn = mv(B) + no where 0 < no < 
v(B), then ws(n) = m det(B) + ws (no). 


6.3 Preregular Subsets: Generalized Legendre’s Formula 


The best way to obtain symmetry is by considering the notion of preregular subset 
which extends Amice’s notion of regular compact subset of a local field [8]. 
To explain this notion, we introduce the following equivalence relations on V : 
VyeR Vx,yeV x=y (mod y) := v(x -—y) = y. 


We denote by S mod y the set of equivalence classes of the elements of S, and let 


dy = Card(S mod y) 
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The fact that S is an infinite precompact subset of V is equivalent to 


all the q,’s are finite and Rut = +00. 


Definition 7. The precompact subset S is preregular if, for all y < 6, for every 
x €$,S B(x, y) contains exactly # , nonempty subsets of the form SM B(y, 4). 


This notion will allow us to generalize the following well-known formulas obtained 
for v discrete, Card(V/m) = q, and S regular: 


n | Legendre n | Pélya n | Amice 
yoy. | Pe igs > la 
vpn) d Fa ros OD Fa 1909 Mrs) dX =| 1964 


k>1 


Proposition 25 ([26, Theorem 1.5]). The precompact subset S is preregular if and 
only if, denoting by yx the critical valuations of S, 


26 
v(n!s) = nyo +5 Fe ]ow-r :) sae (38) 
k>1 Yk . 


Recall that the sequence {y;};>0 of critical valuation of S is characterized by [23, 
Proposition 5.1] yo = infyes v(x) and fork > 1: yer < ¥ S Ve > dy = Fy. 
Let us mention an application of regularity to dynamical systems: 


Proposition 26 ([25, Corollary 4]). Assume that S is a regular compact subset of 
V and let g : S > S be an isometry. Then, the discrete dynamical system (S, ~) is 
minimal (i.e., for every x € S, the orbit 2(x) = {g"(x) | n € N} is dense in S) if 
and only if, for every x € S, the sequence {p" (x)}n>0 is a v-ordering of S. 


6.4 Valuative Capacity 


Since the function ws is super-additive (i.e., ws(n + m) > ws(n) + ws(m)), the 
following limit, finite or infinite, called the valuative capacity of S, exists: 


bo: tie 2. (39) 


n—>+oo n 


The larger S, the smaller is 55. It is also equal to the limit [21, Theorem 4.2]: 


2 
oe n(n + 1) XQseees en 0. °( I] (xj — - ) 7 bs. G0) 


O<i<j<n 
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In some sense its generalizes the notion of transfinite diameter in archimedean 


; ; 2. sl a P eee ee 
metric. For instance, 82) = a1 b pZip) = 5-1 » 82 )\ Zip) = =e" 


Proposition 27 (([31, Corollary 10]). Assume that S = Ul_,(S OM (5; + 
m)) (where s; #5; (mod m) Vi # j). If fori =1,...,7r, dsrys;+m) F O, then 
1 _yv l 

8s — Si=1 Bsa; tm)" 

This last result allows to compute easily some valuative capacities. For instance, 


Corollary 6 ([31, Proposition 11]). Assume v is discrete and Card(V/m) = q < 


+00: 
1 gq a q’ 
inet = Gag (1 Get) 
More generally, in the spirit of Proposition 24: 


Proposition 28 ({15, Theorem 5.3]). Without particular hypothesis, denote by q 
the cardinality, finite or infinite, of the residue field. Assume that 


S = Ul_, Bibi, y) where v(b; -—bj))<yU<iFj <r). 


Consider the matrix B* = B+ ail and the number v(B*) with B and v(B*) as 


defined in Proposition 24. Then, 5s = we) . 


6.5 A Generalized Exponential Function 


Returning to Z, by analogy with the classical factorials and following [11, Ques- 
tion 33], we introduce an exponential function associated to any subset S of Z : 


exps(x) = )- = 


nis’ 
n>0 s 


n 


(41) 


where !5 denotes here the positive generator of the corresponding factorial ideal. 
By Proposition 9, n! divides !s, and hence, the power series converges for all x. 
We have the obvious formula 


x" x 
€XPps4(X) = d Pails = eXPs (;) . (42) 


When there exists a simultaneous ordering, it is sometimes easy to compute this 
exponential function. For instance, Example 4 leads to 


x” __ x” 
EXPN) (x)= > Gmi 2 cosh V\|xl, SRP nF) ino} (x)= > mi = cosh 2|x|. 
n>0 2 n>0 2” 
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In particular, let us consider the value for x = 1 and introduce the number 


es = — (43) 


For instance, for S = N®, eye) =e + i. 
Proposition 29 (Mingarelli [40, Theorem 28]). The number es is irrational. 


Question 3 ([40]). For which subsets S is es a transcendental number? 


7 Sub-algebras of Int(S, D) 


7.1 Derivatives and Finite Differences 


Among the interesting sub- D-algebras of Int(S, D), one may consider the algebras 
Int (S$, D) formed by the polynomials that are integer valued on S together with 
their derivatives up to the order k : 


Int (S, D) = {f(X) € K[X]| f € Int(S,D) O<h<r}, (44) 


and the algebras Int!(D) formed by the polynomials that are integer valued on 
D together with their finite differences up to the order k defined inductively by 
Int!l(D) = Int(D) and, for k > 1, 


Int|(D) = {f € K[X]| Whe Dh 40 (f(X +h) — f(X))/he Int ""(D)} . 
A review on these algebras is given in [17, Chap. [X]. Yet, new results appeared in 
characteristic p > O. For instance: 

Proposition 30 ([4, Theorem 2.11]). Let Int©(S,D) = Mysolnt(S, D). If 
char(D) = p > 0, then 


5, (Int, D))~! = I] msn (aD. 


mé€Max(D) 


Moreover, if {fn(X)}n>0 is a regular basis of Int(S, D), then the polynomials 
Fnj = fn(X)?X/ (me N,j € {0,..., Pp — 1}) form a regular basis of 
Int) (S, D). 


In particular, we have an explicit basis for Int (F,[T]), thanks to Example 4(3). 
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Proposition 31 ({2, Theorem 16]). Jf char(D) = p > 0, then 


qn 


si l(n) 
3, (int*!(D))! = [| ( I] °| 
mé€Max(D),N(m)=q 


where git (n) = wg(n) — ale (n) and 


seodr 


There are also results about a multiplicative analog of finite differences, namely, 
the Euler-Jackson differences (see [6]): let S, = {g" | n = 0} where g denotes a 
nonzero element of D which is not a root of unity, and, for i € N*, let 


fg'X) = f(X) 


(q" — 1I)X om 


b gh F(X) = 


Then, Int! (S,, D) is defined inductively by 


Int !(S,, D) = {f(X) € K[X] | Va € N* 6, f(X) € Inth “(S, Dy}. (46) 


7.2 Divided Differences 


Contrarily to finite differences, divided differences make sense on subsets. 


Definition 8. The divided difference of order k of a function f : S > K of one 
variable is defined inductively on k by 6°( f) = f and fork > 1, 


D*(f\(cos eee. Xk-texe) DF na Mie, He HOPG tes Xe) 


Xk-1 — Xk 
defined on Skt! \ Ay where Ay = {(xo,...,x%) € S*t! | x; = x; for some 
i # j}. 
The function * (f) is symmetric with respect to the k + 1 variables xo, ..., xx. 


Definition 9. The ring Int“ (5 , D) of polynomials integer valued on S together 
with their divided differences up to the order k is 


Int“}(S, D) = {f € K[X] | ®"(f)(S'*!)C D O<h<k}. (47) 
The algebraic properties of this ring are studied in [14]. One has the containments: 


Int} (D) C Intl(D) C Int (D) (48) 
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with the equality Int!?(D) = Int!"(D) and, for every subset S, Int (5 ,D) SC 
Int (S, D). The construction of bases of Int (8, D) is described in [12]. 

Let us focus on the local case. As in Sect.6, V denotes a rank-one valuation 
domain and S a precompact subset of V. 


Definition 10 (Bhargava [12]). A r-removed v-ordering of S is a sequence 
{dn}n>o Of elements of S where do,a1,...,a, are chosen arbitrarily and, for 
n > r, there exist r distinct integers i),...,i, € {0,1,..., — 1} such that 


= 


v I] (Qn —ax) | = inf I] (x—ag) 
O<k<n ae O<k<n 
< een 
k #ij,...,t a es ae | oa 
Let a, = {1,...,”}\ {i1,...,7-} be the set formed by the remaining indices. 


Proposition 32 (Bhargava [12]). Jf {@n}nen is a r-removed v-ordering of S, then 
the following polynomials form a basis of the V -module Int'?(S,V): 


(‘)” _ (* —ao)(x — a1) ++ (x = 4n=1) (49) 
n 


fag} Tk Edn (An — ak ) 
In general, it is not so easy to construct a r-removed v-ordering of S, nor to compute 
the valuation of the denominator, that is, the number: 


wen) =v] [] (@n—ax) |. (50) 


kEay 


Johnson [32] was the first one to give an explicit formula for wi (n) incase S = 
V = Zip). Given n, there is a unique integer / such that rp! <n <rp'*!, and with 
this 7, one has the formula 


l 


wi (n) => [4] -7 (51) 


k=1 


This formula can be generalized to preregular precompact subsets as defined in 
Sect. 6.3. For such a subset, the g,’s (for y € R) and the critical valuations y;,’s 
are also defined in Sect. 6.3. Note that, given n, there is a unique integer / such that 
Tdy SN <1qy,,, and one has: 
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Proposition 33 ([26]). If S is a preregular precompact subset of a rank-one 
valuation domain, then, with the previous notation, for rqy <1 < Ty4, we 
have 


I 

z n 

"Poy =n + || (Ye — Ye-1) —F XM (52) 
kai LI 


Proposition 34 ([26]). If S is a preregular precompact subset, then every VWDWO 
sequence of S is ar-removed v-ordering of S whatever r. 


Recall that a VWDWO sequence of a preregular subset generalizes the VWDWO 
sequences defined in Proposition 10 and is characterized by 


Vn £m [van -—an)>y > gy|n—m). (53) 


Such sequences are easy to describe: they are the “most regular sequences” in S! 


7.3 Integer- Valued Polynomials of a Given Modulus 


Definition 11. For every nonzero element a of D, the ring of integer-valued 
polynomials on S of modulus a is the ring 


Int,(S, D) = { f(X) € K[X] | Vs © S f(aX +5) € D[X]}}. (54) 


The algebraic properties of this ring are studied in [14]. We have the following 
containments: for all a, Intg($,D) C Int($,D), and if a divides b in D, then 
Int, (S$, D) € Int, (S, D). On the other hand, Int($, D) = Ugep\ so} Inta(S, D). 

Once more, let us focus on a local study: D is assumed to be a rank-one valuation 
domain V. 


Definition 12 (Bhargava [12]). Let a € Rx. A v-ordering of order a of S is a 
sequence {a;,};>0 of elements of S where apo is arbitrarily chosen and, forn > 1, ay, 
is chosen such that 


n—-1 n—-1 
Y- inf(a, v(an — ax)) = inf ( inf(@, v(s — «) . (55) 
rao ses = 
For such a v-ordering of order q, let 


n—-1 


wo (n) = Sink, v(an — ag). (56) 


k=0 
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Proposition 35 (Bhargava [12]). [fv(a) = a, if {an}nen is a v-ordering of order 
a of S, and if v(t,) = wo (n), then the following polynomials form a basis of the 
V-module Int,(S,V): 


(;) 7 _, @ = ao) =—ai)-9 & = Gye) (57) 


~ t 
{ax} " 


: (h) h n 
For instance, for Int,(Z(p)), we have Wa) (n) = det [=| (Johnson [32]). 
This formula may generalized: 


Proposition 36. If S is a preregular precompact subset, then 


1 

a n 

wf (in) = nyo + > Fal (Ye — Ye-1) Where yp < @ < yi41, (58) 
k=l OtYk 

where the q,’s and the y,’s are defined in Sect. 6.3. 


As for r-removed v-orderings [Proposition 34], we still have: 


Proposition 37. [f Sis a preregular precompact subset, then every VWDWO 
sequence of S is a v-ordering of S of order a whatever a. 


8 Ultrametric Analysis: Extensions of Mahler’s Theorem 


Mahler’s approximation theorem for the Banach ultrametric space @(Z,,Q,) 
(Proposition4 above) may be generalized by replacing Q, by a complete valued 
field and Z, by a precompact subset. 


Hypotheses: K is a valued field endowed with a rank-one valuation v (V denotes 
the valuation domain) and S an infinite precompact subset of K. 


8.1 Polynomial Approximation in © (Ss ; K ) 


We denote by €(S m4 ) the ultrametric Banach space of continuous functions from 
the completion S of S to the completion K of K endowed with the uniform 
convergence topology. 


Proposition 38 ({13] and [18, Theorem 2.4]). Let K be a valued field and S be 
a precompact subset of K. Let {an}n>n be a v-ordering of S. Then, every function 
ge €(S, K) can be developed in series as follows: 
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n—-1 


(x) = 3 Ci ae 


n=0 k=0 


with c, € K and lim V(Cy) = +00. (59) 
Ayn — Ak n—>+oo 


Moreover, infyes v(y(x)) = infyen v(Cn). 


— (n = 0) form an orthonormal 


The generalized binomial polynomials Tat <5, 


basis of the Banach space o(S ; R). The coefficients c, are unique and may be 
obtained inductively by 


n—-1 


an — a 
Cn = (Qn) — D> ck nl i ee (60) 


k=0 h= 


Once one knows Formula (59), it is easy to prove that: 


Proposition 39 ({18, Theorem 2.7]). Every basis of the V -module Ant(s JV) 
= €©(S,V)N K[X] is an orthonormal basis of the Banach space @(S, K). 


8.2 Polynomial Approximation in G" (S ; K yand LA, (S ,K ) 


Recall that, in ultrametric analysis, the Banach space 6” (S, K ) of functions of class 
G" is formed by the function f : S — K such that o*(f) may be extended 
continuously to $ ae Proposition 38 may be generalized in the following way: 


Proposition 40 ({12, Theorem 21]). Assume that the precompact subset S has no 
isolated points. Then, every basis of the V-module Int'”}(S, V)=@'(S,V)N K[X] 
is an orthonormal basis of the Banach space 6" (s, RK). 


Example 7. 1. The following polynomials form a basis of the Z-module Int‘? (Z) 


and thus an orthonormal basis of @'(Z,,Q,) for all p : I1,er pine] (*) 
(Johnson [32]). 
2. The following polynomials are the first terms of a basis of Int’? (P, Z): 


tf, F=1, X= HF =), 5 - I - K-39), 


{(X-IX-2)(X-3)(X-S), FE DA-2K-3)(X-S)(X—, ... [24]. 


Let w € R*. The Banach space LAd(S, K) of locally analytic functions of order a 
from $ to K is formed by the function f : 5 — K such that, for each s € S, the 
restriction of f to S M B(s,a) is extendable to an analytic function on the whole 
ball B(s, a). Note that if a € V is such that v(a) = a, the polynomials of K[X] 
which are in LAg (S ‘ V) are the elements of Inty($, V). 
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Proposition 41 ({12, Theorem 28]). Assume that the precompact subset S has no 
isolated points and leta € V anda = v(a). Then, every basis of the V -module 
Int, (S, V) is an orthonormal basis of the Banach space LAg(S, K). 


9 Generalizations 


Let again D be a Dedekind domain with quotient field K. 


9.1 Integer-Valued Polynomials in Several Indeterminates 


Let m be a positive integer, let S be a subset of D’, and consider the D-algebra 
Int(S, D) = {f(X1,.-.,Xm) € K[X1,...,Xm] | f(S) S D}. (61) 


Most of the results about Int($, D) which are gathered in [17, Chap. XI] concern 
subsets S of the form S = [];_, S;. In 2000, Bhargava [11, Sect. 12] suggested 
some ways to define generalized factorials for all subsets S and, only recently, 
several interesting results were published (Evrard [27]). 

Following [27], let 3,,(S, D) be the D-module generated by all the coefficients 
of the polynomials of total degree n in Int(S, D) and let 


nis = In(S,D)"| = {x € D| xf € D[X,,...,Xm] Vf € Int(S, D), deg(f) < n}. 


One may compute these factorials by means of a generalized notion of v-ordering. 
For this, we must first assume that no nonzero polynomial f € K[X1,..., Xm] is 
such that f(S) = 0 (the analog of Card($) = oo for one variable). 

Then, write all the monomials in a sequence (m;);>0 in a way compatible with 
the total degree, that is, such that deg(m;) < deg(my) > 1 <I’. 
Finally, for / > 1 and any sequence (Xo, ...,X;_,) of elements of D”, let 


AQGsa 4X4) = det (mj (Xi) 9<; j <1- (62) 
Definition 13. A v-ordering of S is a sequence {a,};>o of elements of S such that 


for every k > 1: v(A(a@,...,a;)) = infres v(A(do,.-.,@g_1,X))- 


Proposition 42 ((27]). Let {a,}x>0 be a sequence of elements of S such that, 
for every k > 0, A(a@p,...,4@,) # O and consider the associated sequence of 
polynomials: 


ALG, ++ 5 Gy_45X) 


FQ) = A(dp..-++4,) 
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Then the following assertions are equivalent: 


1. {a;}x>0 is a v-ordering of S. 

2. For every k => 0, Fy € Int(S, D). 

3. {Fi (X)}x>0 is a basis of the V-module Int(S, V). 

4. For every f(X) € K[X], if the indices of the monomials of f are < k, then 


f €Int(S,V) <> f(o),.--, F(Q-1) € V. 


Then, we can compute the factorials of S by globalization. Properties A, B, C, and 
D still hold for these factorials [27]. We do not know whether Property E is still true 
and if we have a generalized Property F (Kempner’s formula). 


9.2 Other Generalizations 


9.2.1 Homogeneous Integer- Valued Polynomials 


Johnson and Patterson [34] introduced a notion of projective v-ordering to construct 
bases of homogeneous polynomials in (only) two variables. For instance, they 
considered the Z.-module: 


{f €Q[X, Y] | f homogeneous, deg(f) = 3, f(Z2 x Z2) € Zo} 
and obtained the following basis: 


Yo oA 2 =), =F). 


9.2.2 Integer-Valued Polynomials on Noncommutative Algebras 


There are several works about algebras of integer-valued polynomials on quater- 
nions (Werner [44], Johnson and Pavlovski [35]) but only partial results about the 
additive structure. 

There are also several works about algebras of integer-valued polynomials on 
matrices (Frisch [30], Werner [45]). Let us recall the only case where we know a 
basis, that is, the case of integer-valued polynomials on triangular matrices. 

Let @,(D) denote the ring of n x n matrices with coefficients in D and, for 
every subset S of 4, (D), let 


Int(S,.%,(D)) = {f(X) € K[X] | f(S) S-@(D)}. (63) 


Denoting by 7,,(D) the subring of .4,(D) formed by triangular matrices, Evrard, 
Fares, and Johnson [28] obtained the equality: 
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Int(Tn(D), -@,(D)) = {f € K[X] | f(Tn(D) © -G,(D)} = Int"“3 (DD). (64) 


It seems that today there is no other published construction of bases of such integer- 
valued polynomials on noncommutative algebras. . .. 


Acknowledgements The author thanks the anonymous referee for many valuable suggestions. 
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the identity x?+* = x? for some integer p > 1 where k = 2° ork = 2°—1. 
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It is well known (and easy to prove) that every finite ring (in fact, even every finite 
semigroup) satisfies an identity 


xP tk — xP for some integers p,k > 1. (*) 


This motivates us to study not necessarily finite rings satisfying such an identity and 
to check which of them are Boolean. A ring is Boolean (see [1]) if it satisfies the 
identity x? = x. In fact every Boolean ring is commutative and of characteristic 2, 
L.e., it satisfies x + x = 0. 

It was already proved in [2] that every unitary ring satisfying an identity x?7! = 
x? is Boolean. In [3], results are given for rings satisfying an identity of the form 
x!+* — x, The question is how it works in the general case x?t* = x?. In 
Example 5 we describe a ring satisfying x?** = x? which is not Boolean although 
it is unitary, commutative, and of characteristic 2. 
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The aim of this paper is to describe the largest Boolean subring for some 
particular values of k. The set of all positive integers is denoted by N. For a ring 
R we put 


B(R) = {x €R|x? =x andx +x =0}. 


k 


Since x* = x implies x* = x, we have 


B(R) C {x* | x € R} for allk EN. Cy 


Note that for any ring ? = (R;+,-,0) we have 0 € B(R). In case that R = 
(R; +,-,0, 1) is a unitary ring, we have 1 € B(7R) if and only if charR = 2. 


Proposition 1. Let R be a ring, then the following are equivalent: 


(i) B(R) is a subring of R. 

(ii) B(R) is the largest Boolean subring of R. 
(iii) There exists a largest Boolean subring of R. 
(iv) xy = yx forallx,y € BCR). 


Proof. (i) => (ii): Clearly, B(R) is a Boolean subring of R, and any Boolean 
subring of 7 is contained in B(R). 

(ii) => (iii): Obvious. 

(ili) => (iv): Suppose that there exist elements x, y € B(R) with xy 4 yx. {0, x} 
and {0, y} are Boolean subrings of R. Since every Boolean ring is commutative, 
there does not exist a Boolean subring of R containing {0, x} and {0, vy}. Hence 
there does not exist a largest Boolean subring of 7e. 

(iv) > (i): Note that 0 € B(R). Suppose that x, y € B(R). Then we have (xy)? = 
(xy)(xy) = x?y? = xy and xy + xy = x(yt+ y) = x-0 = 0; thus 
xy € B(R). Furthermore, (x + y)? = x? +xytxyt+y=x7?+y?=x+y 
and (x+y)+(x+y) = (x+x)+(y+y) = 0+0 = 0; thus also x+y € B(R). 
Therefore, B(R) is a subring of R. Oo 


Corollary 1. /fR is a commutative ring, then B(R) is the largest Boolean subring 
of R. 


Example 1. Let R be an integral domain, then B(R) = {0,1} if R is of 
characteristic 2, otherwise B(R) = {0}. 


Example 2. Let R be the factor ring Z/J, where Z is the ring of integers and J = 
(n) is the ideal generated by n € N. Then B(R) = {7,m + J} in the case that 
n = 2m where m is odd, and B(R) = {J} in all other cases. The proof is an easy 
exercise. 
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Example 3. Let R be the ring of (2 x 2)-matrices over the 2-element field 


00 00 10 00 01 11 
F(2). Then B = ; ; , , , 
area). Tren 2) = 1(55)-(91)-(00) (1) loi) Coo) 
10 10 vg : 
€ ais ut which is not a subring of 7e. 


Example 4. Let R be a direct product, say R = [[,c4 Ra. Then B(R) = 
Toes B(Rq). 


Theorem 1. Let R = (R;+4+,-,0, 1) be a unitary ring of characteristic 2 satisfy- 
ing (*) with k = 2°,s € N. Then B(R) = {x* | x € R}. 


Proof. First recall that for c = 2” we have (x + 1) = x° + | and every element of 
R is of the form y = x + 1 due to the fact that y = (y + 1) + 1. Moreover, if R 
satisfies (*) then it satisfies also x7+* = x4 for every integer q > p. 

Choose m € N such that p < gq = 2”. Then 


(x + 1)9t* = (e412 - (+ 12H (8 + DG + Daxtt* 4 xt + xk 41 
=xitxi+x¥+1=x*4+1=041), 


thus F satisfies the identity 


xd tk = xk 
and, as x?t* = x4, also 
xf = xk, 
Therefore, 
xh = de xk = IH = yd = Xk, 


Since char R = 2, we have {x* | x € R} C B(R) and (**) implies that B(R) = 
{xk | x © R}. Oo 


In case that 7? is commutative, using Corollary 1, we obtain 


Corollary 2. [fR = (R;+,-,0, 1) is a commutative unitary ring of characteris- 
tic 2 satisfying (*) with k = 2°,s € N, then {x* | x © R} is the largest Boolean 
subring of R. In particular, if R satisfies x?** = x?, then {x* | x € R} is the 
largest Boolean subring of R. 


Example 5. Let GF(2)[X] be the polynomial ring in X over the field GF(2) and 
I = (X”) the ideal of GF(2)[X] generated by the polynomial X7. We consider the 
factor ring R = GF(2)[X]/J. Its elements ae 0+ 7 = J,14+ 7, X + IJ, and 
(1+ X) +. It is easily seen that char 7? = 2 and 7 is a commutative unitary 
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ring satisfying x?+* = x? for each integer p > 2. However, R is not Boolean. Its 
largest Boolean subring is {7, 1 + I}. 


We turn to studying rings satisfying (*) with k = 2° — 1, but first introduce a more 
general result which will be useful in the case where k = 2° — 1. 


Lemma 1. Let R = (R;+,-,0,1) be a unitary ring satisfying (*) with an odd 
k EN. Then char R = 2. 


Proof. Since R is unitary, it contains 1 and hence also —1. Since k is odd, we have 
(—1)* = -1. The identity x?+* = x? yields x?(x* — 1) = 0. For x = —1 we get 
(—1)?(—1 — 1) = 0 whence 1 + 1 = 0. Thus char R = 2. Oo 


Theorem 2. Let R = (R;+,-,0, 1) be a unitary ring satisfying (*) with k = 2° — 
1,s € N. Then R satisfies the identity x'** = x. In particular, R is Boolean in 
case that k = 1. (Cf: [2], Theorem 4.) 


Proof. Since k = 2° — 1 is odd, we have charR = 2. Pick m e€ N such that 
p <q = 2" +1, and let us note that (as in the proof of Theorem 1) x?t* = x? 
implies x7+* = x?, Then g — 1 = 2”,k + 1 = 2’ and hence 


(x +198 = ( 41)99* = 4-2! -@& 4+ 17! = Ot 4+ DO 4+) 
= x9-D+K+I) 4 xd! 4 xktl 4 l= xd tk 4 xd! 4 kt 4. 1 
=x (x4 14+@4 17). 


For y = x + 1 we obtain 


y= (Vt DT yt y= Ott 4 ley ty*tt= yt ty ty! 


and hence 0 = y + y**!. This yields y*+! = y foreach y € R. o 
Since x'!+* = x evidently implies x?+* = x? for all p € N, we have the 
following: 


Corollary 3. Let R = (R;+,-,0,1) be a unitary ring, p € N, andk = 2° —1, 
s EN. Then R satisfies 


if and only if it satisfies 


xP tk — xP, 


The following result was proved by Jedli¢ka [4]: 


Lemma 2. Let k € N. There exists a non-Boolean unitary ring of characteristic 2 
satisfying x't+* = x if and only if k = 1 - (2° — 1) for some 1 € N and some integer 
s> 2. 


On Boolean Subrings of Rings 117 


The rings of Theorem 2 satisfy x't* = x fork = 2° — 1, thus, by Lemma 2, we 
cannot expect those rings to be Boolean if s > 2. However, we can describe—even 
for arbitrary odd k—their largest Boolean subrings similarly as in Theorem 1. 


Theorem 3. Let R = (R;+,-,0) be a unitary ring satisfying x'!** = x for some 
odd k € N, then B(R) = {x* | x € R}. 


Proof, We have x* - x* = xk+k = yk+1. kl = x. xk-l = x for each x € R. 
By Lemma |, charR = 2 and therefore {x* | x € R} © B(R), thus (**) implies 
that B(R) = {xk | x © R}. Oo 


Using Corollary 1 and Corollary 3 we obtain 


Corollary 4. [f R = (R;+,-,0, 1) is a commutative unitary ring satisfying (*) 
with k = 2° —1,s €N, then {x* | x € R} is the largest Boolean subring of R. 
In particular, if R satisfies x?*? = x?, then {x> | x € R} is the largest Boolean 
subring of R. 


Example 6. The finite field GF(2°) satisfies (*) with k = 2° — 1 and any p € N, 
and B(GF(2°)) = {0, 1}. Using Example 4, we have B((GF(2°))”) = {0, 1} for 
allm EN. 


Remark. As Martin Goldstern pointed out, the following generalization of Theo- 
rem 3 holds: 


Let R be a ring of characteristic 2 satisfying (*), and let r be any multiple of k with 
r > p. Then B(R) = {x" | x € R}. 


Proof. By (*),x@t?t"* = x@*? for all integers a > 0,/ > 1.Leta =r—p,l = ¢, 
then x” - x" = x’t" = x". Hence x” € B(R), and (**) implies that 
B(R) = {x’ | x © R}. 
oO 
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1 Introduction and Notation 


We assume throughout that R denotes a (commutative integral) domain with 
quotient field K and integral closure R’ (in K). As usual, if D is a domain, then 
Spec(D) denotes the set of prime ideals of D; Max(D) the set of maximal ideals of 
D; and A/T the radical of an ideal J of D. 

One purpose of the present work is to contribute to the list of the classes of 
domains with the portable property. If $8 is a property of (some) domains, then as in 
[16] (cf. also [19]), we say that 58 is a portable property (of domains) if the following 
three conditions hold: 


(e) If A C B are domains such that Spec(A) = Spec(B) (as sets), then A has ‘8 if 
and only if B has ‘p. 

(ee) If A isa domain and P € Spec(A), then A + PAp has $B if and only if both 
Ap and A/P have . 

(eee) $8 is a local property (i.e., a domain A has 58 if and only if Ajy has SB for all 
M €& Max(A)). 


The main known benefit of portability is the following pullback transfer result. Let 
3B be a portable property, 7 a domain, Q € Max(T), x : T > T/Q the canonical 
surjection, D a subring of T/Q, and S the pullback S := 27'(D) = T xr/o D; 
then S has ‘8 if and only if both T and D have Sf [16, Theorem 2.4]. In fact, if $B is 
only known to satisfy parts (e) and (ee) in the definition of a portable property, then 
“locally $8” is a portable property and so the above conclusion holds with “locally 
SB” replacing “SB” [19, Corollary 2]. (Note that in this paper, if 58 is a property of 
some domains, then a domain A is said to satisfy locally 58 if Aj satisfies 8 for 
each M &€ Max(A).) 

In [16, Lemma 2.1], it was shown that “locally divided domain” and “going-down 
domain” (as defined in [9, 10]) are examples of portable properties. Subsequently, it 
was shown in [19, Theorem 2] that “locally almost-divided domain” and (for each) 
“locally n-divided domain” are also examples of portable properties. For motivation, 
it may be helpful to recall the following implications: divided domain < 1-divided 
domain => n-divided domain => almost-divided domain => quasi-divided domain 
=> quasi-local going-down domain (cf. [18, Proposition 5.2]). 

In Sect. 3, we introduce and investigate a property of domains called “pseudo- 
almost divided.” In Sect.4, we show that this property satisfies enough of the 
definition of a portable property that it supports the above kind of pullback transfer 
result in case (JT, Q) is quasi-local: see Corollary 6. In addition, we show that 
“locally pseudo-almost divided” is a portable property and, hence, supports exactly 
the above kind of pullback transfer result: see Corollary 7. Let us note here that all 
quasi-divided domains and all PAVDs (as defined by Badawi [6]) are examples of 
pseudo-almost divided domains. 

Another purpose of this paper is to show that some known classes of domains 
support pullback transfer results with some of the above flavor, even though these 
classes are not known to have (or, indeed, may not have) the portable property. 
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We do this, in particular, for the class of straight domains (which was defined in 
[17] and studied further in [18]): see Theorem 1. In the same vein, Theorem 2 
and Corollary 5 involve almost Priifer domains (or AP-domains, in the sense of 
{2]) and locally PAVDs. It may be helpful to note that AV-domain (in the sense 
of [2]) = PAVD = pseudo-almost divided domain and APVD (as defined by 
Badawi and Houston in [8]) = divided domain and PAVD. The abovementioned 
kinds of domains are relevant to the above hierarchy in part because locally divided 
domain = straight domain > going-down domain [17, Corollary 3.8 and p. 764] 
and because all PAVDs are quasi-local going-down domains [15, Theorem 1]. 

The definitions and relevant background for all the various kinds of domains 
being considered will be given below as needed. 


2 Some Straight Domains Obtained as Pullbacks Issuing 
from Priifer Domains 


It is convenient to begin by recalling the following material from [2]. A domain R 
is called an almost valuation domain (or AV-domain) if, for all nonzero elements 
a,b of R, there exists a positive integer n such that either a” | b” or b” | a"; 
R is called an almost Priifer domain (or AP-domain) if, for all nonzero elements 
a,b of R, there exists a positive integer n such that (a”, b”) is an invertible ideal. 
Each AV-domain is a quasi-local AP-domain. Moreover, R is an AP-domain if and 
only if Ry is an AV-domain for each M ©€ Max(R) [2, Theorem 5.8]. Now, for 
motivation, we can state the following result of Mimouni [25, Theorem 2.2]. Let T 
be a domain with OQ € Max(T), let g : T — T/Q be the canonical surjection, let D 
be a domain with quotient field k subfield of T/@Q and consider the pullback S := 
gy '(D) = T xr/o D; then S is an AV-domain (resp., an AP-domain) if and only 
if T and D are each AV-domains (resp., each AP-domains) and k C T/Q is a root 
extension. It seems natural to ask if some other properties (besides “AV-domain” and 
“AP-domain”) admit similar pullback results, possibly without a need for the above 
“root extension” condition. We will give such a result for the “straight domain” 
property in Theorem 1. First, we recall some material from [17] (specialized from 
rings to domains to fit our current context). 

If D C E are domains, then D is said to be straight in E if the inclusion map 
D <> S isa prime morphism for each ring S such that D C S C E (in the sense 
that S/PS is torsion-free over D/P for each P € Spec(D)). The ambient domain 
R is called a straight domain if R is straight in K. In [17, Corollary 4.13], we gave 
a pullback result for the “straight domain” property which was somewhat in the 
spirit of the abovementioned result of Mimouni but which lacked generality, in part 
because its pullback issued from a valuation domain which is not a field. Theorem 1 
will improve this situation by generalizing [17, Corollary 4.13] to pullbacks that 
issue from a Priifer domain which is not a field. 
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Theorem 1. Let T be a Priifer domain with Q a nonzero maximal ideal of T, let 
g:T — T/Q be the canonical surjection, let D be a subring of T / Q, and consider 
the pullback S := g~'(D) = T xr 9 D. Then S is a straight domain if and only if 
D is straight in T/Q. In particular, if D is a field, then S is a straight domain. 


Proof. We first explain why the “In particular” assertion is a consequence of the 
main assertion. Suppose that D is a field. Then D is straight in T/Q, for if A is 
a ring such that D C A C T/Q, then D <—@ A is a prime morphism since A 
is torsion-free over (the field) D (or, alternately, by [24, Proposition 2] since A is 
D-flat.) 

We turn now to the main assertion. Note that [17, Corollary 4.13] handles the case 
where T' is quasi-local (i.e., where 7 is a valuation domain which is not a field). For 
the general case, note that the proof of [17, Proposition 3.5(b)] shows that “straight 
domain” satisfies part (@ e e) in the definition of a portable property. In particular, S$ 
is a straight domain if and only if Sy is a straight domain for each N € Max(S). For 
the moment, fix such an ideal N. If N Z Q, then there exists a unique prime ideal 
NM of T such that NWOS = N and Sy = Tm (cf. [22, Theorem 1.4(c)]). In this case, 
Sw is a valuation domain and hence, by [17, p. 764], a straight domain. Therefore, 
S is a straight domain if and only if Sy is a straight domain for each maximal 
ideal N of S such that N > Q. Now, fix this kind of N. Identifying D with S/Q, 
we can consider .V := N/Q € Max(D). Then, by reasoning as in the penultimate 
paragraph of the proof of [16, Theorem 2.4], we get that Sy = To xr/q Dy. As we 
already know the result for a pullback issuing from a valuation domain which is not 
a field, we can conclude that Sy is a straight domain (for the specific N that has been 
fixed) if and only if D_y is straight in T/Q. Hence, S is a straight domain if and 
only if Dyo is straight in T/Q for all maximal ideals N of S such that N > Q. 
However, the latter condition is, as an easy consequence of [17, Proposition 2.3], 
equivalent to D being straight in 7/Q. The proof is complete. Oo 


Perhaps the analogy between Theorem | and [25, Theorem 2.2] becomes clearer 
by noting the following special case of Theorem 1. 


Corollary 1. Let T be a Priifer domain with Q a nonzero maximal ideal of T, let 
g:T — T/Q be the canonical surjection, let D be a domain with quotient field 
T/Q, and consider the pullback S := y~'(D) = T xr /g D. Then S is a straight 
domain if and only if D is a straight domain. 


We observed in the proof of Theorem | that “straight domain” satisfies part (eee) 
in the definition of a portable property. The next result pursues this theme. 


Proposition 1. Let A C B be domains such that Spec(A) = Spec(B) (as sets). 
Then A is a straight domain if and only if B is a straight domain. In other words, 
“straight domain” satisfies part (e) in the definition of a portable property of 
domains. 


Proof. Since any field is trivially a straight domain, we may assume, without loss of 
generality, that neither A nor B is a field. Hence, by [3, Propositions 3.3 and 3.5], A 
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and B are quasi-local domains that have the same maximal ideal (say, M) and also 
have the same quotient field. Suppose first that A is straight. We must show that if 
D is an overring of B and P € Spec(B), then D/PD is torsion-free over B/P. 
Without loss of generality, P # M, since all modules over fields are torsion-free. 
Pick c € M \ P. If the assertion fails, we have b € B \ P andd € D \ PD such 
that bd € PD. But then bcd € PD andbc € M \ P C A \ P, a contradiction 
since D/ PD is torsion-free over A/P. 

For the converse, suppose that B is straight. We must show that if F is an 
overring of A and Q € Spec(A), then E/QE is torsion-free over A/Q. Suppose 
the assertion fails, so thataéd € QE forsomea € A\ Q andé € E \ QE. But since 
BE is an overring of B and BE/QE (= BE/QBE) is torsion-free over B/Q, we 
obtain the desired contradiction because a € B \ QO andé € BE. Oo 


In view of the above material, one cannot resist asking if “straight domain” 
is a portable property. The answer is affirmative if and only if “straight domain” 
satisfies part (ee) in the definition of a portable property. An affirmative answer 
may seem desirable because, in tandem with [16, Theorem 2.4], it would lead to 
a generalization of Theorem | (where the “Priifer” hypothesis could be deleted). 
Some evidence for an affirmative answer is available, as the class of straight 
domains is closed under localization and homomorphic images [17, Proposition 
3.5(b), Theorem 4.6]. However, we do not know the answer, as it is an open question 
whether Rp and R/P being straight domains implies that R + PRp is a straight 
domain. In view of [14, 16], we note that a negative answer may shed light on a 
question that was left open in [17, Corollary 3.8, Example 4.5]: does there exist a 
straight domain which is not locally divided? 


3 Pseudo-Almost Divided Domains 


We begin with some background on some relevant classes of domains. As in [6], we 
say that (the ambient domain) R is a pseudo-almost valuation domain (in short, a 
PAVD) if each P € Spec(R) is a pseudo-strongly prime ideal of R; that is, whenever 
u,v € K withuvP C P, then there exists a positive integer n such that either uv” ¢ R 
or v'P C P. (By [6, Theorem 2.8], it is equivalent to require that for allu € K, 
either there exists a positive integer 1 such that uv” € R or there exists a positive 
integer m such that vu~” € R for each nonunit v of R.) It is easy to see that each 
almost valuation domain (in the sense of [2, Definition 5.5]) is a PAVD. Note that 
any such domain is quasi-local and treed. In that regard, recall from [8] that R is 
an almost-pseudo-valuation domain (in short, an APVD) if each P € Spec(R) is 
a strongly primary ideal of R; that is, u,v € K with uv € P implies that either 
u" € P for some positive integer n or v € P. Note that each PVD (i.e., each 
pseudo-valuation domain, in the sense of [23]) is an APVD and each APVD is a 
PAVD. Note that any such domain is quasi-local and treed. In fact, recall from [8, 
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Proposition 3.2] that each APVD is a divided domain. Since the APVDs form a 
natural family of PAVDs which are divided domains, this leads us to the following 
definition. 

We say that a prime ideal P of the ambient domain R is pseudo-almost divided 
(in R) if for each u € PRp, there exists a positive integer n such that uw” € P 
(equivalently, uv” € R); also R is said to be (a) pseudo-almost divided (domain) if 
each prime ideal of R is pseudo-almost divided in R. Examples of pseudo-almost 
divided domains are easily at hand. For instance, by [6, Proposition 2.3], each PAVD 
is pseudo-almost divided. Also, it is also easy to check that all almost-divided 
domains and all quasi-divided domains (in the sense of [18, Definition 5.1]) are 
pseudo-almost divided domains. 

Next, recall from [11, Proposition 2.1] that quasi-local going-down domains are 
characterized as the domains R for which R + PRp is integral over R for each 
P eé Spec(R) (cf. also [10, Lemma 2.4(a)]). We will see that this property also 
holds if R is a PAVD. 


Proposition 2. The following three conditions are equivalent for a domain R: 


(1) Ris a quasi-local going-down domain. 
(2) PRp © V PR’ for each P € Spec(R). 
(3) RO R-+ PRp is an integral extension for each P € Spec(R). 


Moreover, if any of the above equivalent conditions holds and P € Spec(R), then 
PRp CN{Q € Spec(R’) | ON R= P}. 


Proof. (1) = (3) by [11, Proposition 2.1], and it is clear that (2) => (3) since 
integrality is transitive. It therefore suffices to show that (1) = (2). Assume (1) and 
let P € Spec(R). Our task is to show that if wu € PRp, then there exists a positive 
integer n such that uv” € PR’. In fact, [10, Corollary 2.6] shows more, namely, that 
there exists a positive integer n such that uv” € P (C PR’) for all integers m > n. 
This reasoning also establishes the “Moreover” assertion, since any Q € Spec(R’) 
that lies over P must contain PR’. Oo 


For P € Spec(R), we let P’ denote one of the notions of the integral closure of P 
that can be found in the literature, as follows: P’ = {x € K | there exists p(X) = 
dy +++ + ay_-1X"~-! + X" © R[X] witheacha; € P suchthat p(x) = 0}. It is 
instructive to compare P’ with the notion of the integral closure P of P with respect 
to an overring of R, as defined in [5, p. 63]; it follows immediately that by taking 
K as the overring in question, we get P := {x € K | p(x) = 0 forsome p(X) € 
P[X]} = V PR’ by [5, Lemma 5.14]. We can now observe, by Proposition 2, that 
if R is such that PRp C P’ or PRp C P foreach P € Spec(R), then R is a quasi- 
local going-down domain, since each prime ideal P satisfies P’ C P C / PR’. 

The next result follows from (the implication (2) = (1) in) Proposition 2 and the 
earlier comments. 


Corollary 2. A pseudo-almost divided domain is a quasi-local going-down 
domain. Hence all PAVDs, all almost-divided domains, and all quasi-divided 
domains are quasi-local going-down domains. 
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Recall that a ring extension A C B is called a root extension if for each b € B, 
there exists a positive integer m such that b” € A. 


Corollary 3. Let R be a domain such that R © R' is a root extension. Then 
RC R+ PRp is an integral extension for each P € Spec(R) @ R is a pseudo- 
almost divided domain < R is a quasi-local going-down domain. If these equivalent 
conditions hold (and R C R’' is a root extension), then PRp © < PR’ for each 
P & Spec(R). 


Proof. The first implication follows easily from the “root extension” hypothesis; the 
rest of the first assertion follows from Proposition 2 and Corollary 2. The second 
assertion follows by combining the first assertion with Proposition 2. Oo 


Proposition 3(b) will get a partial converse of the final assertion in Corollary 3 
by using the root closure “R C R’ of a domain R, which is defined as follows. The 
root closure “R of a domain R (with quotient field K) is the smallest R-subalgebra 
S of K such that S is root closed in K. It is clear that “R = N{S | S is root closed 
in K}. An easy inductive argument shows that © R is the directed union of all the 
(finite-type) R-subalgebras R[x1,...,x;,] of K such that for each 7, some power of 
x; belongs to R[x1,..., x;—1]. 


Proposition 3. (a) If R is a pseudo-almost divided domain and P € Spec(R), then 
R+ PRp CER. 

(b) Let R be a root-closed domain. Then R is a divided domain if (and only if) R is 
a pseudo-almost divided domain. 


Proof. (a) If x € PRp, then some power of x is in R (since R is pseudo-almost 
divided), and so x € °R. Hence, R+ PRp C Ux, R[x] CER. 

(b) The “only if” assertion is trivial because any divided domain is pseudo-almost 
divided. For the converse, combine (a) with the fact that a domain D is root 
closed only if°D = D. Oo 


Remark J. Let R be a quasi-local going-down domain and S an overring of R such 
that R is integrally closed in S. Then, by condition (3) in Proposition 2, PRpNS = 
P for each P € Spec(R). It follows, under the given hypotheses on R and S, that 
if a prime ideal P of R satisfies Rp C S, then P is divided (in R, in the sense that 
PRp = P). 


Corollary 4 will give a result in the spirit of Proposition 3(b). First, recall from 
[20] that a domain R is said to be almost integrally closed if R is integrally closed in 
Rp for each nonzero prime ideal P of R. Corollary 4 generalizes [20, Proposition 
2.8]. 


Corollary 4. Let R be an almost integrally closed domain. Then R is a divided 
domain <> R is a pseudo-almost divided domain <> R is a quasi-local going-down 
domain. 
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Proof. In view of the above material, the only nontrivial implication involves 
showing that a quasi-local almost integrally closed going-down domain must be 
divided. For this, apply Remark 1, with S := Rp. oO 


Recall that any locally divided domain is a straight domain, and it is not known 
if the converse holds. The new two propositions will establish special cases of that 
converse for certain kinds of domains related to the pseudo-almost divided domains. 
For additional motivation, recall that divided domains can be characterized as the 
straight domains that are also quasi-divided domains [18, Proposition 5.3]. 

Let P bea prime ideal of a domain R and let n be a positive integer. Consider the 
ideal P, := <p Ra”. Clearly P, Rp = (PRp)n, the R-submodule of Rp that is 
generated by {b” | b © PRp}. We say that a domain R is spectrally pseudo-almost 
divided if, for each P € Spec(R), there exists a positive integer np such that x”” € 
P for each x € PR p. (Note that in that case, we have P,,, Rp C P.) Moreover, we 
say that R is n-pseudo-almost divided if R is spectrally pseudo-almost divided and 
the above integer(s) 7 p can be chosen independently of P € Spec(R). Clearly, each 
n-pseudo-almost divided domain is a spectrally pseudo-almost divided domain. 


Proposition 4. Let R be a spectrally pseudo-almost divided domain (for instance, 
an n-pseudo-almost divided domain). Then R is a divided domain if and only if R 
is a straight domain. 


Proof. Only the “if” assertion needs attention. Let R be a straight domain. By the 
proof of [18, Corollary 5.6], if P € Spec(R) and n is a positive integer, then PRp C 
P+ P,, Rp. Taking n := np, we see from the above comments that PRp = P for 
each P € Spec(R); that is, R is divided. Oo 


Note that the above proposition generalizes [18, Corollary 5.6], where we 
have now weakened the earlier “n-AVD” hypothesis to “spectrally pseudo-almost 
divided.” We may also define n-PAVDs as follows. We say that a domain R (with 
quotient field K) is an n-PAVD if there exists some positive integer n such that, for 
each u € K, either uv” € Rorvu" € R for each nonunit v of R. Of course, each 
n-PAVD is a PAVD. 


Proposition 5. (a) Each n-PAVD is an n-pseudo-almost divided domain. 
(b) Let n be a positive integer and R an n-PAVD. Then R is a divided domain if 
and only if R is a straight domain. 


Proof. (a) Suppose that (R, M) is an n-PAVD. Our task is to show that if P € 
Spec(R) and x € PRp, then x” € P.If P is M (namely, the maximal ideal of 
R), then x € MRy = M = P C R and the assertion is clear. Thus, without 
loss of generality, P #4 M. Then either x” € R ora := vx" € R for each 
nonunit v € R. If x” € R, then x” € P, as desired. In the remaining case, 
pick u € M \ P, write x := p/s where p € P ands e€ R \ P, and get 
us" = ap" € P, the desired contradiction. 

(b) Combine (a) with Proposition 4. oO 
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The next main goal of this section is Proposition 7, which will give a class of 
PAVDs that are divided domains. This paragraph will identify another such class. 
Let (R, M) be a quasi-local domain and consider the conductor V = (M :x M). 
By reworking a proof of Badawi [6, Theorem 2.15], we get that R is an n-PAVD if 
and only if V is ann-AVD (i.e., for each nonzero x € K, eitherx” € V orx”” € V) 
whose maximal ideal is ¥ MV. Suppose that R is an n-PAVD such that Q C R. 
Then V is a valuation domain by [18, Proposition 5.8], and so it follows from [8, 
Theorem 3.4(4)] that R is an APVD and hence, by [8, Proposition 3.2], a divided 
domain. 

We recall two more definitions. As in [1, p. 4], an ideal J of a domain R is said to 
be strongly radical if x € K with x" € I for some positive integer n implies x € J. 
Also (cf. [4]), a rooty domain is a domain each of whose radical ideals is strongly 
radical. 


Proposition 6. The following conditions are equivalent for a domain R: 


(1) Each maximal ideal of R is strongly radical. 

(2) Each prime ideal of R is strongly radical. 

(3) Each proper radical ideal of R is strongly radical. 

(4) If M &€ Max(R), then (M :x M) is root closed and M is a radical ideal of 
(M tK M). 

(5) IfM € Max(R), then M is a radical ideal of some root-closed overring of R. 

(6) Ris arooty domain. 


Proof. It is clear that (1), (2), and (3) are equivalent. Then (1) is equivalent to each 
of (4) and (5), by [1, Proposition 1.4]. Now, (2) is equivalent to (6), by [4, Theorem 
1.8]. oO 


Proposition 7. (a) Let R be a pseudo-almost divided domain. If R is rooty, then R 
is a divided domain. 

(b) Each root-closed pseudo-almost divided domain is a divided domain. 

(c) A PAVD which is either rooty or root closed must be a divided domain. 


Proof. (a) We must show that if P € Spec(R) and x € PRp, then x € P. Since R 
is pseudo-almost divided, there exists a positive integer n such that x” € P. Since 
P is astrongly radical ideal of R, it follows that x € P. 

Finally, (b) follows from (a), since any root-closed domain is rooty by [4, Remark 
1.9], and (c) follows at once by combining (a) and (b). oO 


We close the section by sketching a path to other pullback results, this time 
combining the notions of “AV-domain,’ “AP-domain,” and “PAVD.” Because of 
space limitations, some routine details are left to the reader in our sketch. For the 
following results, we say that a domain D is a locally PAVD if Dy is a PAVD for 
each M € Max(D). 


Lemma 1. (a) Let R be a PAVD and P € Spec(R). Then R/P is a PAVD; and if 
also PRp = P, then Rp is a PAVD. 
(b) Let R be a locally PAVD and P € Spec(R). Then R/P is a locally PAVD. 
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(c) Let R be an AP-domain (hence, a locally PAVD) and P € Spec(R). Then 
R-+ PRp is an AP-domain. 

(d) Let A C B be domains such that Spec(A) = Spec(B) (as sets). Then A is a 
PAVD if and only if B is a PAVD. 


Proof. (a) For the first assertion, see [6, Proposition 2.14]. The second assertion 
can be proved by a straightforward computation that uses [6, Theorem 2.5]. 

(b) If P C M € Max(R), then Ry is a PAVD, and hence by (a), so is Ry /PRy 
(= (R/P) yp). 

(c) By [12, Lemma 2.2(b)], if P GC M e€ Max(R), then (R + PRp)m+prp = 
Ry + PRp, which is an AV-domain since it is an overring of the AV-domain 
Ry. 

(d) We can assume that A and B are quasi-local non-fields with the same quotient 
field and the same unique maximal ideal. The “if” assertion is easily proved, 
and the “only if” assertion follows from two uses of [6, Corollary 2.21] and a 
suitable juxtaposition of pullback diagrams. Oo 


Theorem 2. Let T be an AV-domain with (unique) maximal ideal Q, let p : T > 
T/Q be the canonical surjection, let D be a subring of T/Q, and consider the 
pullback S := y~'(D) = T xrjg D. Then S is a PAVD (resp., a locally PAVD) if 
and only if D is a PAVD (resp., a locally PAVD). 


Proof. As T is quasi-local, we have T = So (cf. [21, Lemma 2.5 (iv)]). It then 
follows from Lemma | (a) that if S is a PAVD, then so is D. For the converse, 
suppose that D is a PAVD. By [6, Theorem 2.5 and Lemma 2.1], we need only show 
that if a nonzero element z of the quotient field of S is such that none of z, a a 
isin S, then z”Q C Q for some positive integer n. As T is an AV-domain, some 
n satisfies z” € T orz ” € T. The assertion is clear if z” € T and so, without loss 
of generality, z” is a nonunit of T, whence z” € Q C S, acontradiction. 

We turn now to the corresponding “locally PAVD” assertions. In view of 
Lemma | (b), we need only show that if D is a locally PAVD, then so is S, that 
is, Sy is a PAVD for each N € Max(S). Without loss of generality, VN > QO (for we 
see, as in the proof of [16, Theorem 2.4], that if N 2 Q, then Sy is isomorphic to 
a ring of fractions of T and thus is an AP-domain, hence a locally PAVD). Then, by 
combining the fourth paragraph of the proof of [16, Theorem 2.4] with the above 
“PAVD” assertion, we obtain the “locally PAVD” assertions. oO 


Corollary 5. Let T be an AP-domain with Q € Max(T), letg : T > T/Q be 
the canonical surjection, let D be a subring of T/Q, and consider the pullback 
S := @'(D) =T xryo D. Then S is a locally PAVD if and only if D is a locally 
PAVD. 


Proof. The “only if” assertion is immediate from Lemma 1(b). As for the “if” 
assertion, one can reduce to the case where T is quasi-local by reasoning as in 
the proof of [16, Theorem 2.4], and that case is then handled by Theorem 2. oO 
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In view of Propositions 4 and 5, it seems natural to ask if pseudo-almost divided 
domains admit an analogue of the main result of Sect. 2. In this section, we answer 
that question in the affirmative, also obtaining an affirmative answer to the analogous 
question about locally pseudo-almost divided domains. (Of course, a domain D is 
said to be locally pseudo-almost divided if Dy is pseudo-almost divided for each 
M e€ Max(D).) These answers are obtained by means of the machinery from [16], 
which will show that “locally pseudo-almost divided” is a portable property. The 
path to those facts begins with the following lemma. 


Lemma 2. Let R be a pseudo-almost divided domain. If P € Spec(R), then both 
Rp and R/P are pseudo-almost divided domains. 


Proof. To prove that Rp is pseudo-almost divided, we must show that if Q C P in 
Spec(R) and x € Op(Rp)op (= OQRpRo = QRo), then there exists a positive 
integer n such that x" € QRo. Since Q is pseudo-almost divided in R, we have a 
positive integer m such that x” € Q (C ORo). 

Next, to show that R/P is pseudo-almost divided, consider P C Q in Spec(R) 
and an element x of (Q/P)(R/P)o;p, canonically identified with ORo/PRo. 
Our task is to find a positive integer n such that x” isin R/P (when R/P is viewed 
canonically inside Rg/PRg). Write x = r/s + PRo withr € Q ands € R\ Q. 
Since u := r/s € QRo and Q is pseudo-almost divided in R, we have a positive 
integer n such that uv” € Q, whence x” is canonically identified with uw” + P € 
O/P C R/P, to complete the proof. Oo 


The next result is an analogue of [7, Theorem 2.7]. 


Proposition 8. Let R be a domain and P € Spec(R). Then R + PRp is a pseudo- 
almost divided domain if and only if both Rp and R/P. are pseudo-almost divided. 
In other words, “pseudo-almost divided domain” satisfies part (ee) in the definition 
of a portable property of domains. 


Proof. We use some facts about the CPI-extension T := R + PRp from [12, 
Lemmas 2.1 and 2.2]. There is an isomorphism of partially ordered sets between 
Spec(7T) (under inclusion) and {Q € Spec(R) | QO is comparable to P under 
inclusion}. Under this isomorphism, if Q C P in Spec(R), then Q corresponds 
to ORp in Spec(T), with Tor» = Ro; on the other hand, if P C Q in Spec(R), 
then Q corresponds to the OQ + PRp € Spec(T), with To+prp = Ro + PRp. 
As Rp = Tpprp, it follows from the first assertion in Lemma 2 that if T is pseudo- 
almost divided, then so is Rp. Also, since T/PRp & R/P, it follows from the 
second assertion in Lemma 2 that if T is pseudo-almost divided, then so is R/P. 
This completes the proof of the “only if” assertion. 

Conversely, assume that both Rp (= Tpr,) and R/P (= T/PRp) are pseudo- 
almost divided. Our task is to prove that T is pseudo-almost divided. Since PR p isa 
divided prime ideal of T, there is no harm in replacing R with T (and P with PRp). 
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Thus, we can assume that P is a divided prime ideal of R and that each prime ideal 
of R is comparable to P, with our task now being to show that R is pseudo-almost 
divided. Fix Q € Spec(R) and u € QRo. We will show that there exists a positive 
integer 7 such that uv” € O (equivalently, uv” € R). We will need to consider two 
cases. 

Suppose first that Q C P. We have u € QRg = (QRp)(Rp)orp. AS Rp 
is pseudo-almost divided, it follows that there exists a positive integer such that 
u" € ORp. As P is a divided prime ideal of R, we get uv” € PRp = P C R,as 
required. 

In the remaining case, P C Q. As in the proof of Lemma 2, identify 
(Q/P)(R/P)o;/p with ORo/PRo. Consider v := u+ PRog. Since Q/P is 
pseudo-almost divided in R/P by hypothesis, there exists a positive integer n such 
that v” is in the canonical image of Q/P. Hence, there exists y € Q such that 
u" + PRo = y + PRo. Then u" —y € PRo € PRp = P C Q,andsou" € Q, 
as required. Oo 


The above proof somewhat mimics that of [14, Proposition 2.12]. By reasoning in 
the cited proof, we see that Proposition 8 carries over if we replace “pseudo-almost 
divided” with “locally pseudo-almost divided.” Also, by mimicking the proof of [13, 
Theorem 2.2], we can see that if R is a strong (in the sense of [13]) locally pseudo- 
almost divided domain, then so is R/P for each P € Spec(R). It is clear that the 
analogous assertion holds for Rp. 

We next take another step toward showing that “locally pseudo-almost divided 
domain” is a portable property. 


Proposition 9. Let A C B be an extension of domains such that Spec(A) = 
Spec(B) as sets. Then A is a pseudo-almost divided domain if and only if B is a 
pseudo-almost divided domain. In other words, “pseudo-almost divided domain” 
satisfies part (@) in the definition of a portable property of domains. 


Proof. Since any field is trivially a pseudo-almost divided domain, we may assume, 
without loss of generality, that neither A nor B is a field. Hence, by [3, Propositions 
3.3 and 3.5], A and B are quasi-local domains that have the same maximal ideal (say, 
M), have the same quotient field, and satisfy Ap = Bg\p for each nonmaximal 
prime ideal P of A. It follows easily that each nonmaximal prime ideal of A is 
pseudo-almost divided in A if and only if each nonmaximal prime ideal of B is 
pseudo-almost divided in B. Since the unique maximal ideal M is divided (hence 
pseudo-almost divided) in both A and B, the proof is complete. Oo 


We can now close by giving the two promised pullback results that are in the 
spirit of Theorem 1. 


Corollary 6. Let (T, Q) be a quasi-local domain, x : T — T/Q the canonical 
surjection, D a subring of T/Q, and R := n~'(D). Then R = T xrig D is 
a pseudo-almost divided domain if and only if both T and D are pseudo-almost 
divided domains. 
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Proof. Combine Propositions 8 and 9 with [16, Lemma 2.3]. oO 


Corollary 7. (a) “Locally pseudo-almost divided domain” is a portable property 


(b) 


of domains. 

Let T be a domain with maximal ideal Q, 1 : T — T/Q the canonical 
surjection, D a subring of T/Q, and R := x~\(D). Then R = T Xr/o D 
is a locally pseudo-almost divided domain if and only if both T and D are 
locally pseudo-almost divided domains. 


Proof. (a) Combine Propositions 8 and 9 with [19, Corollary 2]. 
(b) Combine (a) and [16, Theorem 2.4]. 
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The Probability That Int, (D) Is Free 


Jesse Elliott 


Abstract Let D be a Dedekind domain with quotient field K. The ring of integer- 
valued polynomials on D is the subring Int(D) = {f € K[X]: f(D) C D} of the 
polynomial ring K [X]. The Pélya-Ostrowski group PO(D) of D is a subgroup of the 
class group of D generated by the well-known factorial ideals n!p of D. A regular 
basis of Int(D) is a D-module basis consisting of one polynomial of each degree. 
It is well known that Int(D) has a regular basis if and only if the group PO(D) is 
trivial, if and only if the D-module Int, (D) = { f € Int(D) : deg f < n} is free for 
all n. In this paper we provide evidence for and prove special cases of the conjecture 
that, if PO(D) is finite, then the natural density of the set of nonnegative integers 
n such that Int, (D) is free exists, is rational, and is at least 1/|PO(D)|. Moreover, 
we compute this density or determine a conjectural value for several examples of 
Galois number fields of degrees 2, 3, 4, 5, and 6 over Q. 


Keywords Integer-valued polynomial ¢ Integral domain * Pélya-Ostrowski 
group * Class group * Number field 
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1 Introduction 


Let D be an integral domain with quotient field K. The ring of integer-valued 
polynomials on D is the subring 


Int(D) = {f € K[X]: f(D) S D} 
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of the polynomial ring K[X]. The study of integer-valued polynomial rings began 
with Polya and Ostrowski circa 1919 [1, p. xiv]. They showed that, for any number 
ring D, the D-module Int(D) has a regular basis, that is, a D-module basis 
consisting of exactly one polynomial of each degree, if and only if the product 
II, of the prime ideals of D of norm g is a principal ideal for every q. In fact 
this equivalence holds for any Dedekind domain D. More generally, if D is a Krull 
domain, then Int(D) has a regular basis if and only if the product I, of the height 
one prime ideals of norm gq is principal for every g [2, Corollary 2.5]. In particular, 
if D is a unique factorization domain, then Int(D) has a regular basis. 
If Int(D) has a regular basis, then the D-module 


Int,(D) = {f € Int,(D) : deg f <n} 


is free of rank n + 1 for any nonnegative integer n, having as a basis the polynomials 
of degree at most n in any regular basis of Int(D). The converse is true if D is 
Dedekind, and in that case there is an explicit algorithm to construct a basis of 
Int, (D) for any n [1, Proposition II.3.14]. Although Int(D) is free as a D-module 
for any Dedekind domain D [1, Remark II.3.7(i11)], it is more common than not for 
Int(D) to lack a regular basis. 

For any Dedekind domain D, the Pélya-Ostrowski group of D, denoted PO(D), 
is the subgroup of the class group Cl(D) of D generated by the images in Cl(D) 
of the ideals IT,. This group can be considered as a “measure of the obstruction for 
Int(D) to have a regular basis” [2, p. 37]. In particular, Int(D) has a regular basis 
if and only if the group PO(D) is trivial. More generally, for any n the D-module 
Int, (D) is free if and only if [] i iy has trivial image in PO(D) (or equivalently 
is principal), where the u,(n) are nonnegative integers depending only on qg and n. 
If the u, (7) are “uniformly distributed” relative to PO(D), in an appropriate sense, 
then one might expect that the “probability” that Int, (D) is free is 1/|PO(D)|. In 
this paper we provide some evidence for and prove special cases of the conjecture 
that the density of the set of all n € Zso for which the D-module Int, (D) is free 
exists, is rational, and is at least 1/|PO(D)| if D is a Dedekind domain. We also 
explore further connections between the ring Int(D) and the group PO(D). 

For any T C Zso, one defines the (natural) density 6(T) of T to be 


PAL chi 
8(T) = tim [EO i). 


Co n 


One also defines the upper density of T by 


= TO {0,1,2,...,.2-1 
3(T) = limsup ! { : ue 


noo n 


and the lower density 5(T) of T as the corresponding lim inf. Both exist and satisfy 
0 < 6(T) < 8(T) < 1. Moreover, 5(T) exists if and only if 6(T) = 6(T), in 
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which case 6(7) equals that common value. Informally one can think of 6(7) as the 
probability that a random nonnegative integer 1 lies in T. 
We are interested for any integral domain D in the density 


d(Int(D)) = d({n € Zo : the D-module Int, (D) is free}). 


One can think of 6(Int(D)) as the probability that the D-module Int,,(D) is free for 
a random nonnegative integer m. Our main conjecture is as follows. 


Conjecture 1.1. Let D be a Dedekind domain such that PO(D) is finite. Then 
6(Int(D)) exists, is rational, and is at least 1/|PO(D)|. 


A result of this type would be a first step towards an arithmetical interpretation 
of the group PO(D) when it is not trivial. We also consider the following weaker 
version of the conjecture. 


Conjecture 1.2. Let K be finite Galois extension of Q. Then 6(Int(Ox)) exists, is 
rational, and is at least 1/|PO(Ox)|. 


A primary focus in literature on the Pdlya-Ostrowski group has been on 
determining or characterizing number fields K such that Int(Ox) has a regular basis. 
For example, [2, Corollary 3.11] provides a characterization of all cyclic number 
fields K such that Int(Ox) has a regular basis, and [1, Corollary I.4.5] and [7, 
Propositions 3.4, 3.6, and 3.19] explicitly construct all such K of degrees 2, 3, 4, 
and 6 over Q. The number field K = Q(/—5) is an example where PO(Ox) has 
order 2, and in this case we show that é(Int(Ox)) = 3/4. The group PO(Ox) 
also has order two for K = Q(./—6), but in this case numerical data suggests that 
6(Int(Ox)) = 1/2. For certain Galois number fields K of degree at most 6, we find 
alternative expressions for, and in some cases compute, 6(Int(Ox)). 

This paper is organized as follows. In Sect. 2 we state several density conjectures 
for certain arithmetic functions and explain how these conjectures were obtained 
from numerical data. These conjectures form the basis for our conjectures regarding 
6(Int(D)). In Sect. 3 we prove some simple special cases of these conjectures. Then 
in Sects. 4 and 5 we reduce Conjectures 1.1 and 1.2 above to the density conjectures 
stated in Sect. 2. Corollary 5.4 of Sect.5 provides a verification of a very special 
case of Conjecture 1.2. 

In Sects.6 and 7 we characterize the quadratic number fields K such that 
PO(Ox) has order 2, along with the cyclic cubic number fields K such that PO(Ox) 
has order 3, and we determine all 1 such that Int, (Ox) is free for several examples 
of such K. Finally in Sects. 8 and 9 we provide similar computations for several 
cyclic quartic and quintic number fields and for two noncyclic number fields of 
degree six. All examples in Sects. 7 through 9 were computed using the computer 
algebra systems Sage and/or Magma. For each of our examples of number fields 
K in Sects. 6 through 9 we show that the value of 6(Int(Ox)) is determined by our 
conjectures stated in Sect. 2. 

I would like to acknowledge the work of two of my undergraduate research 
assistants, Benjamin Sergent and Anthony Brice, who helped with Sect. 2 of this 
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paper for a semester-long research project. Benjamin wrote a computer program to 
estimate densities, and both used the program to collect data, the analysis of which 
ultimately led to the conjectures in Sect. 2. 


2 Arithmetic Conjectures 


For a Dedekind domain D such that PO(D) is finite, the set of all nonnegative 
integers n such that the D-module Int,(D) is free can be expressed in terms of 
certain arithmetic functions us for multisets S : Z.; —> Zso. In this section 
we discuss various density properties of these functions us that are relevant for 
computing 6(Int(D)). 

Following [1, Chap. II], for any nonnegative integer n and any integer k > 1, we 
let 


min = 2 
i=1 


Alternatively, by [1, Exercise II.8 and Lemma II.2.4], one has 


wel) = ove) = PO, 


i=1 


where 1; (7) for any positive integer 7 is the largest nonnegative integer ¢ such that 
k' divides i and where s;(7) is the sum of the digits in the base & expansion of n. 
Define 


u(r) =D wei) = D(a -7 + De), 


i=1 i=l 
and define 
us(n) = > ug(n) 
kes 


for any subset S of Z,,. More generally, to allow for repetition, for any multiset 
S : Z; —> Zs (in which each k € Z,, appears a finite number S(k) times), we 
may define 


us(n) = 7 S(k)ux(n). 
k=2 


Note that w,(7) = uz (n) = Oif k > n, so ug (n) is well defined even if S is infinite. 
We begin with the following problem. 
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Problem 2.1. Let d be a positive integer and S : Z.; —> Zs a multiset. Compute 
the density 5(d, S) of the subset {n € Zyo: d | us(n)} of Zso. 


One of our initial approaches to the problem was to write a program (in C#) that 
can compute é6y(d,S) = |{n < N: d | us(n)}\/N for any sufficiently small d, 
S, and N. The program is efficient enough that on our computers the program can 
easily handle N < 10!° for small d and § in a reasonable amount of time. After 
collecting data on many triples d, S, and N, we first observed that dy (d, S) for 
sufficiently large N is close to a rational number. Thus we conjectured that 


8(d,S) = lim Sy(d, 8) = 8 ({n € Zzo :d | us(n)}) 


exists and is rational. Then, after collecting and analyzing further data and proving 
some special cases, we made following conjectures. 


Conjecture 2.2. Let d be a positive integer and S : Z.; —> Zo a multiset, and let 
g = gcd(d, S(2), S(3), S(4),...) and / = ged(d, 2S(2),3S(3), 45(4),...). 

(1) 6(d, S) exists, is rational, and is at least 1/d. 

(2) 6(d, S) = 6(a, S)6(b, S) if d = ab and ged(a, b) = 1. 

(3) 6(d,S) = 1/d if and only if / = 1. 

(4) If g = 1, then 


d 
1 
< 5(d,S) < =) gcd(i.d). 


i=1 


1 

d 

(5) Let ged(S) = ged{k : S(k) F 0}. If g = 1 = ged(gced(S), d/ ged(d, ged(S)), 
then 


l 
1 
6(d,S) = 7 Y- ged(a, ). 
a=1 


The following conjecture generalizes statements (1)—(3) of Conjecture 2.2. 


Conjecture 2.3. Fori = 1,2,...,1r, let d; be a positive integer and S$; : Z.,; —> 
Z> a multiset. Let A denote the density of the set of nonnegative integers n such 
that us, (1) is divisible by d; fori = 1,2,...,r. 


(1) A exists, is rational, and is at least 1/(d\d2---d,). 

(2) A > 8(d, S1)5(d2, S2)---6(d,, S,), and equality holds if the d; are pairwise 
relatively prime. 

(3) A = 1/(did2---d,) if and only if, for each prime divisor p of did2---d,, the 
characteristic functions S;|z.,\pz : Z>i1\pZ —> Zzo of the multisets S;\ pZ 
for those i such that p | d; are linearly independent over F p. 


The following proposition provides a restatement of Conjecture 2.3(1). 
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Proposition 2.4. Conjecture 2.3(1) is equivalent to the following. Let G be a finite 
abelian group of order d, and for each g € G let Sg be a subset of Z 51. Suppose 
that the sets S, are pairwise disjoint. Then the density of the set of alln € Z>o such 
that gee US, (n)g = 0inG exists, is rational, and is at least 1/d. 


The following is a weaker version of Conjecture 2.3(1) that is sufficient for 
studying Galois number fields. 


Conjecture 2.5. Let G be a finite abelian group of order d, and for each g € G let 
S, be a finite set of prime powers. Suppose that the sets S, are pairwise disjoint and 
that no two elements of J eG Sg are powers of the same prime. Then the density of 
the set of all 7 € Zo such that per US, (n)g = Oin G exists, is rational, and is at 
least 1/d. 


3 Some Special Cases of the Conjectures 


In this section we prove some simple special cases of the conjectures provided in 
the previous section. First, we have the following. 


Proposition 3.1. Let S : Z.; —> Zso be a multiset and d a positive integer such 
that d | k forallk € S. Thend | us(n) for alln € Zso such thatn = —1 (moda). 
In particular, 


d({n € Zso9: d | us(n)}) = 1/d. 


Proof. We may assume without loss of generality that S = {k}. Now, since v;, (i) = 
Oifk +i, henceif d +i, one has 


uz(n) = ) (n+ 1—i)ve(i) = YO (n+ 1—i)veli) = D5 O-ve(é) = 0 (mod d) 


i=] d\i<n dli<n 
for all n = —1 (mod d). The proposition follows. Oo 


Next, as our main result on the density conjectures, we compute the density of n 
such that d divides uq(n). Let sg(n) denote the sum of the base d digits of n. 


Lemma 3.2. One hasn + wa(n) = sa(n) (mod d) for all d and n. 


Proof. The lemma follows easily from the equation wg(n) = (n — sq(n))/(d — 1). 
oO 


Proposition 3.3. Let d € Z;\, and letn € Zso. Letn = qd +rwith0O<r< 
d. Then ug(n) = (r + 1)sa(q) (modd). In particular, d | ua(n) if and only if 
d/gcd(d,r + 1) | sa(q), if.and only if sa(n) = n (modd/ gcd(d,n + 1)). 
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ug (n) = nva(1) + (2 — I)va(2) +++ + van) 
= (r + DIva(d) + + Iva2d) +--+ + (r+ Iva(qd) 
= (r+ 1I)@ + val) + va(2) +--+ + va) 
= (r + 1) + wa(Q)) 
= (r + 1)sa(q) (mod d), 
where the last congruence holds by Lemma 3.2. The first statement of the lemma fol- 
lows. Finally, modulo d/ gcd(d,r + 1), the integer sy (qd) = sqa(q) is congruent to 


0 if and only if sg(n) = sa(qd +r) = sa(q) +1r is congruent to r, or equivalently, 
n. This completes the proof. oO 


Proposition 3.4. Let d € Z;,. Then 6(d, {d}) is equal to 


II 


ee 1 1 
aad Beal, d) = Tz) Feg(d/e) = =) fer(e)u(d/e) 


i=1 eld eld 
= A yp ht volo = vola) 
? , 
pid 


where ¢ is Euler’s phi function, t is the number of divisors function, and | is the 
Mobius function. More generally, 5({n € Zso : ug(n) = a (mod d)}) is equal to 


1 
= etl. = 5 YS eoa/e) 


ged(i,d)|a elgcd(a,d) 
forany| <a<d. 


Proof. Choose i with 1 <i < d and consider the nonnegative integers n = qd + 
i — 1 congruent to i — 1 mod n. By Proposition 3.3 one has ug(n) = a (modd) 
if and only if isg(qg) = a (modd). Thus if the density is nonzero we must have 
gcd(i,d) | a. For each such i there are gcd(i, d) possibilities modulo d for sg (q). 
Since the s7(q) are uniformly distributed among the d congruence classes modulo 
d, it follows that 


b({n € Zso : ua(n) = a (modd)}) = “ > et 
gcd(i,d)|a 


The rest of the proposition follows from this equality and from well-known proper- 
ties of Dirichlet convolution and of the multiplicative functions ¢, t, and ju. oO 
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Corollary 3.5. Let p be a prime and n a nonnegative integer. Then p | up(n) if 
and only if (1) n = —1 (mod p), or (2) n # —1 (mod p) and s,(n) = n (mod p). 


Moreover, 5(p, { p}) exists and is equal to 2B 


Finally we investigate 6(2, {k}) for odd k. 
Proposition 3.6. Let k € Z,, be odd. If 5(2, {k}) exists, then it is equal to 1/2. 
Proof. One has 
nv (1) + (2 — Dye (2) +++ + lve (1) 


Ve(2) + vg (4) + +++ + ve (n) 
Ve (1) + vg (2) +++ + ve (0/2) = we(n/2) (mod 2) 


II 


ux (1) 


II 


if n is even, and similarly 
ug (1) = tn) := ve) + ve (3) + +++ + ve (7) (mod 2) 


if n is odd. We show that the set S = {n € Zso : uz(n) is even} has density 1/2 in 
both the set of even integers and the set of odd integers. 

Suppose that n = 2(2k* — 1), where s is an odd integer, and let m = k* — 1. 
Note that v,(k* + r) = vy (k* — r) for all r < m. Therefore, by induction on r, 


we(k* +7) = ve(k*) + we(k® —r — 1) = 1+ we(k*® — 7 — 1) (mod 2), 

that is, w,(k* +r) and w; (k* —r —1) have opposite parity, for all r < m. Therefore 
the probability that w;,(7) is even fori < k* +m = n/2 is exactly 1/2. It follows 
that the probability that u,(i) = wz (i/2) (mod 2) is even for eveni <n is exactly 
1/2. Now take a limit as s — oo. 

Now instead suppose that n = 2m — 1, where m = k* — 1 for some odd integer 
s. Note that v,(k* + 2r) = v,(k* — 2r) if 2r < m. Therefore 

ty(k* + 2r —2) = vy (k°) + (kh -—2r) = 14+ t(k* — 2r) (mod 2) 


if 2r < m, so the probability that u,(i) = t,(i) (mod 2) is even for oddi < k* + 
m —2 =n is exactly 1/2. Now take a limit as s > oo. oO 


4 Dedekind Domains 


Let D be an integral domain with quotient field K. For any n € Zs», let 


In(D) = {a € K : ais the leading coefficient of some f € Int,(D)}. 
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Then 3,,(D) is a fractional ideal of D containing D. Therefore n!p = (D :x 
Jn(D)) is an ideal of D. If D is a Dedekind domain, then ,(D) = Tlyejee p 
denotes the product of prime ideals p of D of norm q for any (prime power) g. We 
write J, = 3,(D) and 1, = I,(D) when the domain D is understood. 


Proposition 4.1 ({1, Proposition II.3.1 and Corollary II.3.6]). Let D be a 
Dedekind domain. For alln € Zo one has 


n!p = [ [ee _ I] ny 
p q 


Moreover, the following conditions are equivalent for any n € Zso: 


(1) The D-module Int, (D) is free. 
(2) The fractional ideal ||,» 3x of D is principal. 
(3) The ideal ||, a = [Theo k! of D is principal. 


Proposition 4.2 ([1, 4]). Let D be a Dedekind domain. The group PO(D) 
is the subgroup of Cl(D) generated by any of the following sets: {Tq 

q is aprime power}; {n!p : n isa positive integer}; {g!p : q is a prime power}; 
{In : nisa positive integer}; and {3, : qisaprime power}. Moreover, the 
following conditions are equivalent: 


(1) Int(D) has a regular basis. 

(2) The D-module Int, (D) is free for all n. 
(3) PO(D) is trivial. 

(4) I, is principal for all prime powers q. 
(5) n!p is principal for all n. 

(6) q!p is principal for all prime powers q. 
(7) Jn is principal for all n. 

(8) Jy is principal for all prime powers q. 


Proposition 4.3. Let D be a Dedekind domain such that PO(D) is cyclic of order 
d with generator g; for eachi with0 <i < d let S; denote the set of all prime 
powers q such that 1, = g' in PO(D), and let S denote the multiset ay iS). 
Then the D-module Int, (D) is free if and only if us(n) = 0; 24 ius, (n) is divisible 
by d. In particular, one has 6(Int(D)) = 6(d, S). 


Proof. One has 


[]m = I] I mae 
q 


i<d q€Sj 


which reduces in PO(D) to 


TIT [s“® = gricd Us; (n) 


i<d q 
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Since g is a generator of PO(D), this element is equal to the identity if and only if 
us(n) = )0;-, ius; (n) is divisible by d. Oo 


Corollary 4.4. Conjecture 2.2(1) implies that Conjecture 1.1 holds for all 
Dedekind domains D such that PO(D) is finite and cyclic. 


We generalize to the case where PO(D) is not necessarily cyclic as follows. 


Proposition 4.5. Let D be a Dedekind domain such that PO(D) is finite. Choose 
an isomorphism y : PO(D) —> Z/mZ x ---x Z/m,Z = G. For each I € G, let 
S denote the set of all prime powers q such that p(I1q) = I. Then Int, (D) is free 
if and only if jeg us,(n)I =0inG. 


Proof. The proof is similar to that of Proposition 4.3. oO 
Corollary 4.6. Conjecture 2.3(1) implies Conjecture 1.1. 


Proof. This follows from Propositions 2.4 and 4.5. oO 


5 Galois Number Fields 


In this section we examine the consequences of the conjectures of Sect.2 for 
computing 6(Int(Ox)) for finite Galois extensions K of Q. We denote the radical 
of an ideal J of a ring R by VJ. If p is a prime, then f, and e, denote the 
inertial degree and ramification index, respectively, of p in K over Q, and Ax the 
discriminant. 


Proposition 5.1 ([{1, Proposition II.4.2]). Let K be a finite Galois extension of Q 
and let D = Ox. Then for any power q = p’ of a prime p, one has the following: 
(1) Ty = J/pD if p is ramifiedin K andr = f,. 

(2) Tl, = pD is principal if p is unramified in K andr = f,. 

(3) H, = DifrF fy. 

In particular, PO(D) is generated by ,/ pD for the set of primes p dividing Ax, and 
Int(D) has a regular basis if and only if ./pD is principal for all such p. 


As a consequence of this result, if K is a finite Galois extension of Q and D = 
Ox, then (1) the set of all prime powers g such that IT, is not principal is finite, and 
(2) if TI,, and II,, are two distinct nonprincipal generators of PO(D), then g, and 
qz are powers of distinct primes. Thus, we have the following corollary. 


Corollary 5.2. Conjecture 2.5 implies Conjecture 1.2. 
Moreover, Propositions 4.1, 5.1, and 3.4 immediately yield the following. 


Proposition 5.3. Let K be a finite Galois extension of Q and D = Ox. Then the 
D-module Int, (D) is free if and only if TI pag JpD is principal. 
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Corollary 5.4. Let K be a finite Galois extension of Q and D = Ox, and suppose 
that K/Q has a unique ramified prime p such that ./pD is not principal. Then 
PO(D) is cyclic, generated by ,/pD, and Int,(D) is free if and only if Uy fp (n) 
is divisible by |PO(D)|. Suppose, moreover, that q = ae = |PO(D)|. Then 


S(Int(D)) = 5(q,{g}) = 4+ DL, ged(i.g) = Unter 1 - ar 


The following theorem provides a useful tool for scans the Pélya-Ostrowski 
group of cyclic and Galois number fields. 


Theorem 5.5 ([9]). Let K be a finite Galois extension of Q of degree n with Galois 
group G. Then PO(Ox) is isomorphic to a quotient of H = ere Z/epZ by 
a subgroup isomorphic to H'(G,O%), and the generators TL tp of PO(Ox) for 
P | Ax correspond respectively to the elementary unit vectors in H. Moreover, 
if K is a cyclic extension of Q, then H'(G,O%) has order 2n if K is real and 
N(O%) = {1}, and it has order n otherwise. 


Corollary 5.6. Let K be a finite Galois extension of Q of degree n. Let S be the 
set of all integer primes p ramified in K such that Tt = J pOx is not principal. 
Then PO(Ox) is isomorphic to a quotient group of H = IT,es Z/e,Z and in 
particular has exponent dividing n. Moreover, the generators UL ofp of PO(Ox) for 
Pp € S correspond respectively to the elementary unit vectors in H. 


Proof. If 1 pi is principal, then II, is trivial in PO(Ox), and therefore the 
corresponding elementary unit vector in |] ike Z/e,Z lies in the image of the 
subgroup H'(G, 0%), whence the factor Z/e,Z vanishes in the quotient ring. 0 


Corollary 5.7 ({2, Corollary 3.11]). Let K be acyclic extension of Q of degree n, 
let D = Ox, and lete = Ian ep. 


(1) If K is real and Nx ;g(D*) = {1}, then |PO(D)| = e/2n. 
(2) Otherwise, |PO(D)| = e/n. 


Ifn = q # 2is prime, then PO(D) & (Z/qZ)*~', where s is the number of distinct 
primes dividing Ax. If n is a power of a prime q, then PO(D) is a q-group. 


Proposition 5.8. Let K be a cyclic extension of Q of prime degree q # 2. Let 
Pi; P2;---; Ps denote the prime divisors of Ax. For some itil Slit of the 
primes p;, there exist 0 < C,C2,...,Cs—1 < q such that II, = [1 Les in 
Cl(Ox). Then Int,(Ox) is free 7 dad only if q divides up, fa). “ Cj Up, (1) for all 
i<s. 


Proof. By Corollary 5.7 the group PO(D) is isomorphic to a quotient of (Z/qZ)* 
by a subgroup of order g. By rearranging the factors we may assume that the 
subgroup is generated by an element of the form (c;, c2,...,Cs—1, —1), where 0 < 
C1,C2,...,Cs—1 <q foralli. The proposition then follows from Proposition 4.5. O 


Proposition 5.9. Let K be a finite Galois extension of Q. Choose an isomorphism 
PO(Ox) = G = [];~, Z/d;Z. For each prime p | Ax let 1, = (ipj,ip2.---stpr)s 
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denote the image of 11 , fy in G. Then Int, (Ox) is free if and only if >> Unfplyp = 0 
in G. Moreover, if Conjecture 2.3(3) holds, then 6(Int(Ox)) = 1/|G| if and only 
if for each prime divisor p of |G| the vectors Yi), ig.j€q © [|gxp Fp for j with 
P | d; are linearly independent over F ,, where the eg are the elementary coordinate 
vectors. 


Corollary 5.10. Suppose that Conjecture 2.3(3) holds. Let K be a cyclic extension 
of Q of prime degree q. Then 5(Int(Ox)) = 1/|PO(Ox)| if and only if either a is 
unramified in K (i.e., K /Q is tamely ramified) or q is ramified in K and |] . 
is principal for some integers Cy for p | Ax prime with q + cq. 


plan 


The following result, if Conjecture 2.2(5) holds, computes 6(Int(O x )) for “most” 
Galois number fields such that PO(Ox) is cyclic. 


Proposition 5.11. Let K be a finite Galois extension of Q such that PO(Ox) is 
cyclic of order d. Let p,, p2,..., ps be the primes dividing Ax such that Tq, is not 


principal, where q; = pir, Let 


dq d ds 
1 = god (a. Le a , 
[Tail [gol [IT,| 


Then 1 = Il,...1;, where 1; = gcd (ai. ma 


mgt 1) for alli < s, and one has the 
Lore q 


following: 
(1) If Conjecture 2.2(5) holds, then 


ls 
6(nt(Ox)) = a ES iG, aT eer A 7 Yeowt h)--- i gcd Js) 


i=1 i=l 


provided that either s # 1 or s = 1 and vp, (d) < Vp, (qi) (= fp). 
(2) If Conjecture 2.2(4) holds, then 


d 
1 1 
F< S(Int(Ox)) < F3 D ged(i. d). 


i=l 


(3) If Conjecture 2.2(3) holds, then 6(Int(Ox)) = 1/d if and only if 1 = 1, if and 
only if |, = ly = --- = ly = 1, ifand only if for every prime p | d there exists 
a prime q # p such that vp (Il, fa |) = vp(d) (which holds, in particular, if 
vp(\IL i |) < vp(d) for all p | d). 


Proof. Let d bea generator of G = PO(Ox), and for each i, let t; denote the unique 
nonnegative integer less than |G| such that IIl,, = g” in G. By Proposition 4.3, 
Int, (Ox) is free if and only if us(n) = )°;_, tig, (n) is divisible by d, where S is 
the multiset with S(n) = 4; ifn = q; for some i and S(n) = 0 otherwise. Moreover, 
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gcd(d, 2S(2),3S$(3),...) = ged(d, tiq1, toga, ...,tsqs) 
= ged(d, ged(d, t1)qi, gcd(d, tr)qr,..., gcd(d, ts)qs) 
H=la=ahlh...ts. 


Therefore, if Conjecture 2.2(5) holds, then d(Int(Ox)) = a > gcd(i, /) 
provided that gcd(gced(S), d/ gcd(d, gcd(S))) = 1, that is, provided that s 4 1 
or s = 1 and vyz,(d) < vp,(qi)(= fp,). Moreover, the arithmetic function 
f@ = = gcd(i,/) is multiplicative and the /; are pairwise relatively prime, 
so fl) = fi) f(h)--: f(s). This proves statement (1) of the proposition, and 
(2) and (3) follow easily. oO 


6 Quadratic Number Fields K with |PO(O,x)| = 2 


Cahen and Chabert [1, Corollary II.4.5] characterize all quadratic number fields K 
such that PO(Ox) is trivial. In a similar vein, the following result characterizes all 
quadratic number fields K such that PO(Ox) has order 2. 


Proposition 6.1. Let K = Q(Vd) be a quadratic extension of Q, where d is a 
squarefree integer, let D = Ox, and let N = Nx/g. Then PO(D) has order two if 
and only if (1) exactly two prime numbers are ramified in K and K is imaginary or 
N(D*) # {1} or (2) exactly three prime numbers are ramified in K and K is real 
and N(D*) = {1}. The following subcases are exhaustive: 


(1) d = —p, where p = 1 (mod 4) is prime. 

(2) d = —2p, where p is an odd prime. 

(3) d = —pq, where p = | (mod 4) and q = 3 (mod 4) are prime. 

(4) d = 2p, where p is an odd prime and N(D*) # {1}. 

(5) d = pq, where p,q = | (mod 4) are prime and N(D*) # {1}. 

(6) d = pq, where p = 1 (mod 4) and q = 3 (mod 4) are prime. 

(7) d = 2pq, where p,q are distinct odd primes and N(D*) = {1} (which holds, 
for example, if p = 3 (mod 4) org = 3 (mod 4)). 

(8) d = pgqr, where pqgr = 1 (mod 4) and p,q,r are distinct primes and 
N(D*) = {1}. 


Proof. The first statement of the proposition follows from Corollary 5.7. Thus 
PO(D) has order two if and only if Ax has two distinct prime factors or else K is 
real, N(D*) = {1}, and Ax has three distinct prime factors. Moreover, Ax is equal 
to d if d = 1 (mod 4), and 4d otherwise. The eight cases of the proposition follow 
from these two facts. Oo 


For each of the cases in the proposition above, the following result determines 
necessary and sufficient conditions on n for Int, (Ox) to be free. 


146 J. Elliott 


Proposition 6.2. Let K = Q(/d) be a quadratic extension of Q, where d is a 
squarefree integer, and let D = Ox. Then Ta II, = JdD is principal. Suppose 
that |PO(D)| = 2. Let S be the set of prime numbers p that are ramified in K 
such that 11, = ./pD is not principal. Then Int, (D) is free if and only if the ideal 


IIpes ny? is principal, if and only if us (n) is even. Moreover, Ax and S, in cases 
(1) through (8), respectively, of Proposition 6.1 are given as follows: 


(1) An =—4pand S = {2}. 

(2) Ax =—8pand S = {2, p}. 

(3) Ax = —pq and S = {p,q}. 

(4) Ax = 8pand S = {2, p}. 

(5) Ax = pq and S = {p,q}. 

(6) Ax = 4pq, and S = {2}, S = {p,q}, or S = {2, p,q}. Each of these three 
cases is possible and holds, respectively, if and only if: 


(a) There exist integers a,b such that pa? — qb* = +1. For example, if d = 
5-11, then Tls = (15 + 2/55) is principal, and therefore 113 is also 
principal, and S = {2}. 

(b) There exist integers a, b such that a*—db* = +2. For example, ifd = 7-17, 
then T1y = (11 + V119) is principal, and S = {7,17}. 

(c) There exist integers a,b such that pa? — qb* = +2. For example, if d = 
3-5, then T1yT13 = (3 + V15) is principal, and S = {2,3, 5}. 


(7) Ax = 8pq and S © {2, p,q}, where |S| = 2. The following examples show 
that one may or may not have 2 € S, and S may contain 0, 1, or 2 primes 
congruent to 1 mod 4, and likewise S may contain 0, 1, or 2 primes congruent 
to 3 mod 4: 


(a) Ifd =2-3-5, thenT1s = (5+ V30) is principal and S = {2,3}. 

(b) Ifd =2-5-11, then Ty, = (11 + V110) is principal and S = {2,5}. 

(c) Ifd =2-3-11, then I, = (8 + 66) is principal and S = {3, 11}. 

(d) Ifd = 2-11-17, then My = (58 + 3/264) is principal and S = {11,17}. 

(e) Ifd = 2-17-41, then Mz = (112+3V 1394) is principal and S = {17,41} 
(and N(D*) = {1} since the continued fraction of Vd has (even) period 
length 6). 


(8) Ax = pqr and S C {p,q,r}, where |S| = 2. The following examples show 
that S may contain 0, 1, or 2 primes congruent to 1 mod 4: 


(a) Ifd =3-5-7, then Ts = (10+ 105) is principal and S = {3,7}. 

(b) Ifd =3-5-11, then 1), = (77 + 6V165) is principal and § = {3,5}. 

(c) Ifd = 5-13-29, then Wy9 = (87 + 2V 1885) is principal and S = {5, 13} 
(and N(D*) = {1} since the continued fraction of Vd has (even) period 
length 4). 


Proof. The computation of S in each case follows readily from the fact that 
IIa II, = JdD is principal. The examples in cases (6) through (8) are easily 
verified by showing that the ideal IT, is principal for the relevant prime p | Ax. 
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Corollary 6.3. Let K = Q(/d), where either (1) d = —p, where p = 1 (mod 4) 
is prime, or (2) d = pq, where p = | (mod 4) and q = 3 (mod 4) are prime, 
and there exist integers a,b such that pa? — qb? = +1. Then PO(Ox) = 2 
and d(Int(Ox)) = 3/4. Moreover, if Conjecture 2.2(3) holds, then one has 
6(Int(Ox)) = 1/2 for any other quadratic extension K of Q with PO(Ox) = 2. 


7 Cyclic Cubic Number Fields 


Recall by Corollary 5.7 that if K is a cyclic extension of Q of prime degree q # 2, 
then PO(Ox) has order q°—!, where s is the number of prime integers ramified in K. 
Using this fact, together with the following theorem, one can characterize all cyclic 
cubic extensions K for which PO(Ox) has a given order. 


Proposition 7.1 ((3, Lemma 6.4.5 and Theorem 6.4.11]). For every cyclic cubic 
number field K, there exist unique integers e, u, v such that e is a product of distinct 
primes congruent to 1 mod 3, u is congruent to 2 mod 3, 4e = u2 + 3v’, v > 0, and 
K = Q(@), where 6 is a root of the polynomial f = X* — 3eX — eu. Conversely, 
every field of this type is a cyclic cubic number field. Moreover, the discriminant of 
f is (Sev); if3 + v then Ax = (9e)?; and if 3 | v then Ax = e?. 


Using these results, [7] characterizes all cyclic cubic extensions K of Q such 
that PO(Ox) is trivial (or equivalently s = 1): clearly s = 1 if and only if either 
e = 1l,u = —1, v = 1, ore is prime and 3 | v. In a similar vein, the following 
result characterizes all cyclic cubic extensions K of Q such that PO(Ox) has order 
3 (or equivalently s = 2). In this case, as in the quadratic case, we are also able to 
characterize all n such that Int, (Ox) is free. 


Proposition 7.2. The cyclic cubic number fields K such that |PO(Ox)| = 3 are 
precisely those of the form K = Q(8), where @ is a root of the polynomial X? — 
3eX — eu and e,u,v are integers such that u is congruent to 2 mod 3 and 4e = 
u* + 3? and either (1) 3 + v and e is a prime congruent to 1 mod 3 or (2) 3 | v and 
e is a product of two distinct primes congruent to 1 mod 3. Choose a prime p | Ax 
such that 11, = ./pD is not principal. For the other ramified prime q, set € to be 
0 if II, is principal, 1 if Tl, is in the same ideal class as I1,, and —1 otherwise. 
Then Int, (D) is free if and only if the ideal ea is principal, if and only if 
Uup(n) + €Ug(n) is divisible by 3. 


The following series of examples were computed with the computer algebra and 
number theory system Sage. We follow the notation of Proposition 7.2. 


Example 7.3. In the following examples of cyclic cubic number fields K, one has 
p = 3ande = 0 (ie., I, is principal). Thus Int, (Ox) is free as an Ox-module 
if and only if u3(7) is divisible by 3, if and only if either (1) n = 2(mod3) or 
(2) n € 2 (mod 3) and s3(n) = n (mod 3). In particular, Corollary 5.4 implies that 
d(Int(Ox)) = 5/9. 
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(1) e=19,u=—1,v = 5. Then Ag = (9-19). 
(2) e = 109, u = —19, v = 5. Then Ag = (9- 109)’. 
(3) e = 181, u = 26, v = 4. Then Ag = (9- 181)’. 


Example 7.4. In the following examples of cyclic cubic number fields K, one has 
p # 3ande = 0 (ie., HM, is principal). Thus Int, (Ox) is free as an Ox-module 
if and only if u,(n) is divisible by 3, and therefore Conjecture 2.2(3) implies that 
é6(Int(Ox)) = 1/3. 


(1) e=6l,u= 14,v = 4. Then Ax = (9-61)? and p = 61. 

(2) e = 67,u = —16, v = 2. Then Ax = (9- 67)? and p = 67. 

(3) e =7-13,u = —16, v = 6. Then Ax = (7-13)? and p = 7. 
(4) e = 19-37, u = —42, v = 6. Then Ax = (19-37)? and p = 19. 


Example 7.5. In the following examples of cyclic cubic number fields K, one has 
p = 3ande = | (ie., there is a prime g # 3 such that I; and I, are not principal 
but 20, is). Thus Int, (Ox) is free as an Ox-module if and only if u3() + ug(n) 
is divisible by 3, and Conjecture 2.2(3) implies that 6(Int(Ox)) = 1/3. 


(1) e=7,u=5,v = 1.Then Ag = (9-7) andg = 7. 

(2) e=3l,u=11,v=1.Then Ax = (9-31) andg = 31. 
(3) e = 43,u = —13,v= 1. Then Ax = (9: 43)? and g = 43. 
(4) e =73,u=17,v = 1. Then Ax = (9-73) and g = 73. 


Example 7.6. In the following examples of cyclic cubic number fields K, one has 
p # 3,q # 3,ande = —1 (ie., there are primes p,q 3 such that I, and H, 
are not principal but I, IT, is). Thus Int, (Ox) is free as an Ox-module if and only 
if u,(n) — ug(n) is divisible by 3, and Conjecture 2.2(3) implies that 6(Int(Ox)) = 
1/3. 


(1) e =13-19,u = —31, v = 3. Then Ax = (13-19)? and p = 13,g = 19. 
Q) ¢€=7-31,u= 29,0 =3. Then Ag = (7-31) and p= 7,q = 31. 


Next we provide some examples of cyclic cubic number fields where the Pélya- 
Ostrowski group is not cyclic. 


Example 7.7. In the following examples of cyclic cubic number fields K, there are 
exactly three prime integers that are ramified in K, and therefore, PO(Ox) + G = 
(Z/3Z)*. Moreover, Conjecture 2.3(3) implies that 5(Int(Ox)) = 1/9. 


(1) e =7-19,u = 23,v = 1. Then Ax = (37-7- 19)?. Moreover, 13117119 
is principal. Thus if II7 and I1j9 are represented in G by (1,0) and (0, 1), 
respectively, then IT; is represented by (1, 1). Therefore Int, (Ox) is free if and 
only if 3 divides both u3(m) + u7(n) and u3(n) + uj9(n). 

(2) e = 7-13-19, u = 83, v = 3. Then Ag = (7-13-19)3. Moreover, IT71T13ITj9 
is principal. Thus if II7 and I1j3 are represented in G by (1,0) and (0, 1), 
respectively, then I13 is represented by (—1,—1). Therefore Int, (Ox) is free 
if and only if 3 divides both u7(m) — uj9(n) and u43(n) — uj9(n). 

(3) e = 7-19-31,u = 128, v = 6. Then Ax = (7- 19- 31)3. Moreover, 
T5113; is principal. Thus if I17 and ITj9 are represented in G by (1,0) and 
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(0, 1), respectively, then II3; is represented by (1,0). Therefore Int, (Ox) is 
free if and only if 3 divides both u7(m) + u3)(n) and uj9(n). 


Example 7.8. Lete = 7-13-31,u = —106, v = 4. Then Ax = (37-7- 13-31), 
so PO(Ox) & G = (Z/3Z)>. Moreover, 1130717, is principal. Thus if I13, I7, 
and ITI3; are represented in G by (1,0,0), (0, 1,0), and (0,0, 1), respectively, then 
I1\3 is represented by (1, 1,0). Therefore Int, (Ox) is free if and only if 3 divides 
u3(n) + u43(n), u7(n) + u43(n), and u3;(1). Moreover, Conjecture 2.3(3) implies 
that 6(Int(Ox)) = 1/27. 


8 Cyclic Quartic and Quintic Examples 


In this section we study several cyclic quartic and quintic number fields. 
The cyclic quartic number fields in the following proposition are called the 
simplest quartic fields. 


Proposition 8.1 ([6]). Let m #4 3 be a positive integer. Let 0, € C be a root of 


x* — mx? — 6x? +mx + 1. Then Km = Q(6m) is a cyclic quartic extension of Q. 


Example 8.2. Using Sage, we investigated K = K,, form < 30 andm = 52. 


() If m = 1,2,4,5,6,8,9, 10, 11,14, 15, 16,21, 22,24, 25, 26, 29,30, then 
PO(Ox) is trivial: I1,/ is principal for all p | Ax. 

(2) Ifm = 7, 12, 13,17, 19, 20, 23, 27, 28, then Ax has two prime factors p and q, 
and TT yp and TL ,/ 14% are principal but I,/, and IT, are not. In this case 
PO(Ox) = Z/2Z and Int, (Ox) is free if and only if U fp (n)+ Ufa (n) is even. 
In particular, if Conjecture 2.2(3) holds then d(Int(Ox,,)) = 1/2. Moreover, 
one has f, = fy = l ande, = e, = 4 for all such m except form = 28, 
where one has Ax = 2!!.57,e5 = fs = 2,e. = 4, and fp = 1. 

(3) If m = 18, then Ax = 24-53-17? and ey = fo = 2. Moreover, I4 
and II5I1j7 are principal, but ie is not. Therefore PO(Ox) = Z/4Z, and 
Int,(D) is principal if and only if 4 divides us(n) — uj7(n). In particular, if 
Conjecture 2.2(3) holds then 6(Int(Ox,,)) = 1/4. 

(4) Ifm = 52, then Ag = 2!!.53.177, and T121511,7 and Ii2n7, are principal, but 
TI5ITy7, i, and ne are not. Therefore PO(Ox) = Z/2Z x Z/4Z, with To, 
IIs, and IT17 represented by (1,0), (0, 1), and (1, —1), respectively. Therefore 
Int, (D) is principal if and only if 2 divides u2() + u17(1) and 4 divides us(n) — 
uy7(n). In particular, if Conjecture 2.3(3) holds then é(Int(Ox,,)) = 1/8. 


Now we turn to a well-known family of cyclic quintic number fields. 


Proposition 8.3 ([5,8]). Letm € Z. Let 6, € C be a root of 


x° + m>x* — (2m3 + 6m? + 10m + 10)x? + (m4 + 5m? + 11m? + 15m +. 5)x? 
+(m3 + 4m? + 10m 4+ 10)x + 1. 
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Then Km = Q(@mn) is a cyclic quintic extension of Q with discriminant f+, where 
fae Iles P is the conductor of K/Q, where b = 2 if 5 | mand b = 0 
otherwise, and where S is the set of all primes p = | (mod5) such that 5 + vp (m+ + 
5m> + 15m? + 25m + 25). 


Proposition 8.4. Assume the notation of Proposition 8.3. Suppose that 

Ie I],es Up is principal. 

(1) Suppose that 5 + m (hence b = 0), and choose po € S. Then PO(Ox) & 
(Z/5Z)'5'“!, and Int, (D) is free if and only if 5 divides Up(N) — Up, (n) for all 
p € S\{po}, if and only if 5 divides uy — ug(n) for all p,q € S. 

(2) Suppose that 5 | m (hence b = 2). Then PO(Ox) & (Z/5Z)'S!, and Int, (D) is 
free if and only if 5 divides up(n) + 2us(n) for all p € S, if and only if 5 divides 
us(n) + 3u,(n) forall p € S. 


In particular, Conjecture 2.3(3) implies that 5(Int(Ox,,)) = 1/|PO(Ox,,)|- 
Proof. This follows easily from Propositions 5.7 and 5.8. oO 


Example 8.5. Using Sage, we investigated K = K,, for |n| < 10. In all of these 
cases, Te II pes Ip 1s principal (though we were unable to prove it generally), so 
Proposition 8.4 applies. 


(1) Ifm = 0, +1, £2, -3, +4, —6, 7, 8, —9, then Ax has a unique prime factor and 
therefore PO(Ox) is trivial. 

(2) Ifm = 3, £5, 6, —7, —8, 9, —10, then Ax has exactly two distinct prime factors 
and therefore PO(Ox) & Z/5Z. 

(3) Ifm = 10, then Ax = (57-11 -61)4, and therefore PO(Ox) & (Z/5Z)’. 


Problem 8.6. Assuming the notation of Proposition 8.3, is i? I] 
ily principal in Ox,,, for all m € Z? 


pes II, necessar- 


9 Noncyclic Examples 


Finally, we present two examples of noncyclic Galois number fields K. In the second 
example, PO(Ox) is also noncyclic. 


Example 9.1. Let K denote the Galois closure of Q(6), where 6 is a root of x? — 
3x + 8. Then Ax = —2° - 38-5. Moreover, II}, I13, and Is are principal (and 
fh = fp = fs = 1), while I, and 173 are not. Therefore, PO(Ox) & Z.xZ3 & Ze, 
and Int, (Ox) is free if and only if 2 | u2(”) and 3 | u3(7), if and only if 6 | 3u2(”) + 
2u3(n). In particular, if Conjecture 2.2(5) or 2.3(2) holds, then 6(Int(Ox)) = 5/12. 
Example 9.2. Let K denote the Galois closure of Q(@), where @ is a root of x? — 
210. Then Ax = —2*+-3!!. 54.74, Moreover, IT}, 113;, M4113, and T5117 are 
principal (and fp = fs = 2 and fs = fF = 1), while Ty and [5 are not. 
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Therefore PO(Ox) & Z3 x Zs, and Int, (Ox) is free if and only if 3 divides both 
u4(n) + u3(n) and u25(n) — u7(n). In particular, if Conjecture 2.3(3) holds, then 
6(Int(Ox)) = 1/9. 
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Some Closure Operations in Zariski-Riemann 
Spaces of Valuation Domains: A Survey 
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Abstract In this survey we present several results concerning various topologies 
that were introduced in recent years on spaces of valuation domains. 
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1 Spaces of Valuation Domains 


The motivations for studying from a topological point of view spaces of valuation 
domains come from various directions and, historically, mainly from Zariski’s work 
on the reduction of singularities of an algebraic surface and a three-dimensional 
variety and, more generally, for establishing new foundations of algebraic geometry 
by algebraic means (see [44-46] and [47]). Other important applications with 
algebraic geometric flavor are due to Nagata [32, 33], Temkin [42], and Temkin 
and Tyomkin [43]. Further motivations come from rigid algebraic geometry started 
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by J. Tate [41] (see also the papers by Fresnel and van der Put [18], Huber and 
Knebusch [26], Fujiwara and Kato [19]) and from real algebraic geometry (see 
for instance Schwartz [38] and Huber [25]). For a deeper insight on these topics 
see [26]. 

In the following, we want to present some recent results in the literature 
concerning various topologies on collections of valuation domains. 

Let K be a field, let A be an arbitrary subring of K, and let qf(A) denote the 
quotient field of A. Set 


Zar(K|A) := {V | V isa valuation domain and A C V C K =qf(V)}. 


When A is the prime subring of K, we will simply denote by Zar(K) the space 
Zar(K|A). Recall that O. Zariski in [44] introduced a topological structure on the 
set Z := Zar(K|A) by taking, as a basis for the open sets, the subsets Br := 
BZ :={V € Z|V 2D F}, for F varying in the family of all finite subsets of K 
(see also [47, Chapter VI, §17, page 110]). When no confusion can arise, we will 
simply denote by B, the basic open set By, of Z. This topology is what that is now 
called the Zariski topology on Z and the set Z, equipped with this topology, denoted 
also by Z7**, is usually called the Zariski-Riemann space of K over A (sometimes 
called abstract Riemann surface or generalized Riemann manifold). 

In 1944, Zariski [44] proved the quasi-compactness of Z7** and later it was 
proven and rediscovered by several authors, with a variety of different techniques, 
that if A is an integral domain and K is the quotient field of A, then Z7°* is a 
spectral space, in the sense of M. Hochster [24]. More precisely, in 1986-1987, 
Dobbs, Fedder, and Fontana in [4, Theorem 4.1] gave a purely topological proof of 
this fact and Dobbs and Fontana presented a more complete version of this result 
in [5, Theorem 2] by exhibiting a ring R (namely, the Kronecker function ring of 
the integral closure of A with respect to the b-operation) such that Z is canonically 
homeomorphic to Spec(R) (both endowed with the Zariski topology). Later, using 
a general construction of the Kronecker function ring developed by F. Halter-Koch 
[22], it was proved that the Zariski-Riemann space Z is a still a spectral space 
when K is not necessarily the quotient field of A (see [23, Proposition 2.7] or 
[9, Corollary 3.6]). In 2004, in the appendix of [28], Kuhlmann gave a model- 
theoretic proof of the fact that Z is a spectral space. Note also that a purely 
topological approach for proving that Z is spectral was presented by Finocchiaro in 
[8, Corollary 3.3]. Very recently, N. Schwartz [39], using the inverse spectrum of a 
lattice-ordered abelian group and its structure sheaf (see also Rump and Yang [37]), 
obtained, as an application of his main theorem (via the Jaffard-Ohm theorem), a 
new proof of the fact that Z is spectral. 

Since Z is a spectral space, Z also possesses the constructible (or patch), the 
ultrafilter and the inverse topologies (definitions will be recalled later) and these 
other topologies turn out to be more useful than the Zariski topology in several 
contexts as we will see in the present survey paper. 
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Let A be a ring and let X := Spec(A) denote the collection of all prime ideals 
of A. The set X can be endowed with the Zariski topology which has several 
attractive properties related to the “geometric aspects” of the set of prime ideals. 
As is well known, X 7** (i.e., the set X with the Zariski topology) is always quasi- 
compact, but almost never Hausdorff. More precisely, X 7** is Hausdorff if and only 
if dim(A) = 0. Thus, many authors have considered a finer topology on the prime 
spectrum of a ring, known as the constructible topology (see [3,21]) or as the patch 
topology [24]. 

In order to introduce this kind of topology in a more general setting, with a 
simple set-theoretic approach, we need some notation and terminology. Let 2 bea 
topological space. Following [40], we set 


K(X) :={U |U C &, U openand quasi-compact in 2}, 
HB) AE \U|U € HZ), 
A(X) :=the Boolean algebra of the subsets of 2 generated by “(2% ). 


As in [40], we call the constructible topology on 2 the topology on 2 whose 
basis of open sets is .% (2%). We denote by 2°°°"S the set 2°, equipped with the 
constructible topology. In particular, when 2% is a spectral space, the closure of a 
subset Y of 2 under the constructible topology is given by 


css (Y)=( ){UU(% \V) |U and V open and quasi-compact in 2’, 
UU(CZ\V)2Y}. 


Note that, for Noetherian topological spaces, this definition of constructible topol- 
ogy coincides with the classical one given in [3]. 

When X := Spec(A), for some ring A, then the set A(X?) is a basis of open 
sets for X 7**, and thus the constructible topology on X is finer than the Zariski 
topology. Moreover, X°°"S is a compact Hausdorff space and the constructible 
topology on X is the coarsest topology for which KH (X 7") is a collection of clopen 
sets (see [21, 1.7.2]). 


3 The Ultrafilter Topology 


In 2008, the authors of [16] considered “another” natural topology on X := 
Spec(A), by using the notion of an ultrafilter and the following lemma. 


Lemma 3.1 (Cahen-Loper-Tartarone [2, Lemma 2.4]). Let Y be a subset of 
X := Spec(A) and let W be an ultrafilter on Y. Then py := {f € A | 
V(f) NY € Y} is a prime ideal of A called the ultrafilter limit point of Y, with 
respect to Y. 


156 C.A. Finocchiaro et al. 


The notion of ultrafilter limit points of sets of prime ideals has been used to great 
effect in several recent papers [2, 30,31]. If Y is a trivial (or principal) ultrafilter on 
the subset Y of X,ie., Y’={S CY |p € S}, forsomep € Y, thenpy =p. On 
the other hand, when Y is a nontrivial ultrafilter on Y, then it may happen that pa 
does not belong to Y. This fact motivates the following definition. 


Definition 3.2. Let A be a ring and Y be a subset of X := Spec(A). We say that 
Y is ultrafilter closed if py € Y, for each ultrafilter Y on Y. 


It is not hard to see that, foreach Y C X, 
cl t*4(Y) := {py | Y ultrafilter on Y} 


satisfies the Kuratowski closure axioms and the set of all ultrafilter closed sets of 
X is the family of closed sets for a topology on X, called the ultrafilter topology 
on X. We denote the set X endowed with the ultrafilter topology by X¥?***, The 
main result of [16] is the following. 


Theorem 3.3 (Fontana-Loper [16, Theorem 8]). Let A be a ring. The ultrafilter 
topology coincides with the constructible topology on the prime spectrum Spec(A). 


Taking as starting point the situation described above for the prime spectrum of 
a ring, the next goal is to define an ultrafilter topology on the set Z := Zar(K|A) 
(where K is a field and A is a subring of K) that is finer than the Zariski topology. 
We start by recalling the following useful fact. 


Lemma 3.4 (Cahen-Loper-Tartarone [2, Lemma 2.9]). Let K be a field and A 
be a subring of K. If Y is a nonempty subset of Z := Zar(K|A) and Y is an 
ultrafilter on Y , then 


Aw y= Ay:={xeK|B NY EY} 


is a valuation domain of K containing A as a subring (i.e, Ay € Z), called the 
ultrafilter limit point of Y in Z, with respect to Y. 


As before let Y be a nonempty subset of Z := Zar(K|A), when V e€ Y and 
UM :={S CY | V € S}is the trivial ultrafilter of Y generated by V, then Ay = V. 
But, in general, it is possible to construct nontrivial ultrafilters on Y whose ultrafilter 
limit point are not elements of Y. This leads to the following definition. 


Definition 3.5. Let K be a field and A be a subring of K. A subset Y of Z := 
Zar(K|A) is ultrafilter closed if Ay € Y, for any ultrafilter Y on Y. 
For every Y C Z, we set 


cl *r4(V) := {Ay | Y ultrafilter on Y}. 
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Theorem 3.6 (Finocchiaro-Fontana-Loper [10, Proposition 3.3, Theorems 3.4 
and 3.9]). Let K be a field, A be a subring of K, and Z := Zar(K|A). The 
following statements hold. 


(1) c1"4*** satisfies the Kuratowski closure axioms and so the ultrafilter closed 
sets of Z are the closed sets for a topology, called the ultrafilter topology on Z. 

(2) Denote by Z*1°** the set Z equipped with the ultrafilter topology. Then, Z*7**4 
is a compact Hausdorff topological space. 

(3) The ultrafilter topology is the coarsest topology for which the basic open sets 
Br of the Zariski topology of Z are clopen. In particular, the ultrafilter topology 
on Z is finer than the Zariski topology and coincides with the constructible 
topology. 

(4) The surjective map y : Zar(K|A)"15*4 — Spec(A)"**4, mapping a 
valuation domain to its center on A, is continuous and closed. 

(5) If A is a Priifer domain, the map y : Zar(K|A)"*"4# > Spec(A)"*?* is a 
homeomorphism. 


Remark 3.7. (a) From Theorem 3.3 and the last statement in point (3) of the 
previous theorem it is obvious that points (4) and (5) of Theorem 3.6 hold when 
one replaces everywhere “ultra” with “cons.” 

(b) It is well known that points (4) and (5) of Theorem 3.6 hold when both spaces 
are endowed with the Zariski topology ({4, Theorem 2.5 and 4.1] and [5, 
Theorem 2 and Remark 3]). 


We recall now another important notion introduced by Halter-Koch in [22] as a 
generalization of the classical construction of the Kronecker function ring. 


Definition 3.8. Let 7 be an indeterminate over the field K. A subring S of K(T) 
is called a K-function ring if (a) T and T~! belong to S, and (b) f(0) € f(T)S, 
for each nonzero polynomial f(T) € K[T]. 


We collect in the following proposition the basic algebraic properties of 
K-—function rings [22, Remarks at page 47 and Theorem (2.2)]. 


Proposition 3.9 (Halter-Koch [22, Section 2, Remark (1, 2 and 3), Theorem 2.2, 
and Corollary 2.7]). Let K be a field, let T be an indeterminate over K, and let S 
be a subring of K(T). Assume that S is a K -function ring. 


(1) If S’ is a subring of K(T) containing S, then S' is also a K -function ring. 

(2) If Y is anonempty collection of K-function rings (in K(T)), then(\{X' | X € 
-/} is a K-function ring. 

(3) S is a Bézout domain with quotient field K(T). 

Aff:= fot fATt...+ fT" € K[T], then (fo. fi,...,f)S = fS. 

(5) For every valuation domain V of K, the trivial extension or Gaussian extension 
V(T) in K(T) (i.e, V(T) := V[T] ur}, where M is the maximal ideal of V ) is 
a K-function ring. 
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Given a subring S of K(T), we will denote by Zarg(K(T)|S) the subset of 
Zar(K(T)|S) consisting of all the valuation domains of K(7') that are trivial 
extensions of some valuation domain of K. 

The following characterization of K-function rings provides a slight gene- 
ralization of [23, Theorem 2.3], and its proof is similar to that given by O. Kwegna 
Heubo, which is based on the work by Halter-Koch [22]. 


Proposition 3.10 (Finocchiaro-Fontana-Loper [10, Propositions 3.2 and 3.3]). 
Let K be a field, T an indeterminate over K, and § a subring of K(T). Then, the 
following conditions are equivalent: 


(i) S is a K—function ring. 
(ii) S is integrally closed and Zar(K(T)|S) = Zaro(K(T)|S). 
(iti) S is the intersection of a nonempty subcollection of Zaro(K(T)). 


We give next one of the main results in [10] which, for the case of the Zariski to- 
pology, was already proved in [23, Corollary 2.2, Proposition 2.7 and Corollary 2.9]. 
More precisely, 


Theorem 3.11 (Finocchiaro-Fontana-Loper [10, Corollary 3.6, Proposition 3.9, 
Corollary 3.11]). Let K be a field and T an indeterminate over K. The following 
statements hold. 


(1) The natural map g : Zar(K(T)) > Zar(K), Wt WO K, is continuous 
and closed with respect to both the Zariski topology and the ultrafilter topology 
(on both spaces). 

(2) If S © K(T) is a K-function ring, then the restriction of ~ to the subspace 
Zar(K(T)|S) of Zar(K(T)) is a topological embedding, with respect to both 
the Zariski topology and the ultrafilter topology. 

(3) Let A be any subring of K, and let 


Kr(K|A) := { {V(T) | V € Zar(K|A)}. 


Then Kr(K|A) is a K-function ring. Moreover, the restriction of the map @ to 
Zar(K(T)|Kr(K|A)) establishes a homeomorphism of Zar(K(T)|Kr(K|A)) 
with Zar(K|A), with respect to both the Zariski topology and the ultrafilter 
topology. 

(4) Let A be a subring of K, S4 := Kr(K|A), and let y : Zar(K(T)|Sa) > 
Spec(S$4) be the map sending a valuation overring of S4 into its center on S4. 
Then y establishes a homeomorphism, with respect to both the Zariski topology 
and the ultrafilter topology; thus, the map 


o:=yog!:Zar(K|A) > Zar(K(T)|S4) > Spec(S4) 


is also a homeomorphism. In other words, Zar(K |A) is a spectral space when 
endowed with either the Zariski topology or the ultrafilter topology. 
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Note that statement (4) of the previous theorem extends [5, Theorem 2] to the 
general case where A is an arbitrary subring of the field K. 


4 The Inverse Topology 


Let 2 be any topological space. Then, it is well known that the topology induces a 
natural preorder on 2 by setting 


x<y i ye cl({x}). 
Therefore, 
xt = {ye @ |x < y} = cl({x}); 


in particular, if F is a closed subspace of .2 and x € F, then x’ C F. 
The set x? is called the set of specializations of x in 2; on the other hand, the set 


Hert | sex) 


is called the set of generizations of x. Since the closed subspaces are closed under 
specializations, it follows easily that if U is an open subspace of 2 and x € U, 
then xv CU. 

For a subset Y of 2° we denote by Y* (respectively, Y‘) the set of all 
specializations (respectively, generizations) of elements in Y. 

If 2 is a To-space, then the preorder is a partial order on 2’, and, forx,y € 2, 
xt = y? if and only if x = y. 

Given a preordered set (X, <), we say that a topology Y on X is compatible with 
the order < if, for each pair of elements x and y in X, y € C17 (x) implies that 
x < y. Obviously, in general, several different topologies on X may be compatible 
with the given order on X. 

The following properties are easy consequences of the definitions (see, for 
instance, [6, Lemma 2.1, Proposition 2.3(b)]). 


Lemma 4.1. Let (X, <) be a preordered set and let Y € X. 


(1) c14(Y) := Y? (respectively, C1®(Y) := Y*) satisfies the Kuratowski closure 
axioms and so it defines a topological structure on X, called the L(eft)-topology 
(respectively, the RGght)-topology) on X. 

(2) The L-topology (respectively, R-topology) on X is the finest topology on X 
compatible with the given order (respectively, with the opposite order of the 
given order) on X. 

(3) A subset U of X is open in the L-topology (respectively, R-topology) if and 
only if U = UY (= C1R(U), i.e, it is closed in the R-topology) (respectively, 
U =U? (=c1"(U), i.e, it is closed in the L-topology). 
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(4) Let U C X bea nonempty open subspace of X endowed with the L-topology 
(respectively, R-topology). Then U is quasi-compact if and only if there exist 
X1,X2,...X, in U, withn > 1, such that U = xy U xt U---U xt (respectively, 
U=xlUxtu- Ux). 


Remark 4.2. In relation with Lemma 4.1(2), note that the COP (or closure of points) 
topology [29] is the coarsest topology on X compatible with a given order on X. 


Recall that a topological space 2 is an Alexandroff-discrete space if it is To and 
for each subset Y of 2 the closure of Y coincides with the union of the closures 
of its points [1, page 28]. Therefore, if (X,<) is a partially ordered set, then the 
L-topology (or the R-topology) determines on X the structure of an Alexandroff- 
discrete space. 

If 2 is a To topological space, then the L-topology on 2’, associated to the 
partial order defined by the given topology on 2%’, is finer than the original topology 
of 2°, since foreach ¥Y C 2, c1"(Y) C C1(¥). Moreover, even if 2 is a spectral 
space, 2" (i.e., 2 equipped with the L-topology) is not spectral in general. For 
example, a spectral space having infinitely many closed points may not be quasi- 
compact with respect to the L-topology by Lemma 4.1(4) (e.g., 2 := Spec(Z) = 
U{( p)* | (p) is anonzero prime ideal of Z} is an open cover of 2° endowed with 
the L-topology without a finite open subcover). 

Before stating a result providing a complete answer to the question of when 
the L-topology determines a spectral space (see Theorem 4.5), we recall a useful 
application of the L-topology showing that the constructible closure and the closure 
by specializations (or, L-closure) determine the structural closure in a spectral 
space (see, for instance, [24, Corollary to Theorem 1], [11, Lemma 1.1], or 
[6, Proposition 3.1(a)]). 


Lemma 4.3. Let 2 bea spectral space. For each subset Y of &, 
eury= cr (er (7): 


Let (X, <) be a preordered set and denote by Max(X) (respectively, Min(X)) 
the set of all maximal (respectively, minimal) elements of X. In particular, if 2 is 
a topological space, we denote by Max(.2%) (respectively, Min(.% ) the set of all 
maximal (respectively, minimal) points of a topological space 2, with respect to 
the preorder < induced by the topology of 2’. It follows immediately by definition 
that 


x €Max(2%) © {x}isclosedin 2 © {x} is closed in 2”. 


From the order-theoretic point of view, we have the following. 
Lemma 4.4. Let (X, <) be a partially ordered set. 
(1) The following conditions are equivalent: 


(i) x is aclosed point in X*. 
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(ii) x € Max(X). 
(iii) x is an open point in X®. 


(2) The following conditions are equivalent: 


(i) x is an open point in X". 
(ii) x € Min(X). 
(iii) x is a closed point in X - 


(3) X¥ (respectively, X®) is a T; topological space if and only if X" (respectively, 
X*) is a discrete space. 


Theorem 4.5 (Dobbs-Fontana-Papick [6, Theorem 2.4]). Let X be a partially 
ordered set. Then X with the L-topology is a spectral space if and only if the 
following four properties hold: 


(a) Each nonempty totally ordered subset Y of X has a sup. 
(B) X satisfies the following condition: 


(filtr”) each nonempty lower-directed subset Y of X has a greatest lower bound 
y := inf(Y) such that yt = Y*. 


(y) Card(Max(X )) is finite. 
(5) For each pair of distinct elements x and y of X, there exist at most finitely many 
elements of X which are maximal in the set of common lower bounds of x and y. 


The necessity of condition (@) follows from [27, Theorem 9], that of condition 
(B) uses [24, Proposition 5], and the necessity of condition (6) is related to 
Lemma 4.1(4); condition (y) holds in any Alexandroff-discrete space. The suffi- 
ciency of (a)—(6) results by verifying the conditions of Hochster’s characterization 
theorem [24]. 

Using the opposite order, from Theorem 4.5 we can easily deduce a characteri- 
zation of when a partially ordered set with the R-topology is a spectral space. 

Given a spectral space 2, the following proposition gives a complete answer 
to the question of when the continuous map .2°4 — 2 (where 2" denotes the 
topological space 2 equipped with the L-topology, associated to the partial order 
defined by the given topology on 2) is a homeomorphism. In particular, in this 
situation, 2°" is a spectral space. 


Proposition 4.6 (Picavet [35, V, Proposition 1], Dobbs-Fontana-Papick [6, The- 
orem 3.3]). Let 2 be a spectral space. The following are equivalent. 


(i) ZL = &. 
(ii) For each x € X, x‘ isa quasi-compact open subset of 2. 
(iii) For each family {U, | 4 © A} of quasi-compact open subsets of 2, the set 
(\{U, | A € A} is still a quasi-compact open subset of 2. 
(iv) Each increasing sequence of irreducible closed subsets of 2 stabilizes, and, 
for each family {U) | A € A} of quasi-compact open subsets of the space 2%, 
Card(Max((){U) | A € A})) is finite. 
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The previous proposition gives the motivation for studying the rings A such that, 
for each P € Spec(A), the canonical map Spec(Ap) — Spec(A) is open. This 
class of rings was introduced by G. Picavet in 1975 ([35] and [36]) under the name 
of g-ring and it can be shown that a spectral space 2 is such that 2° = 2 if and 
only if 2 is homeomorphic to the prime spectrum of a g-ring [35, V, Proposition 1]. 

When 2 is a spectral space, Hochster [24] introduced a new topology on 2, 
called the inverse topology. If we denote by 277™” the set 2 equipped with the 
inverse topology, Hochster proved that 2°*" is still a spectral space and the partial 
order on 2% induced by the inverse topology is the opposite order of that induced 
by the given topology on 2. More precisely: 


Proposition 4.7 (Hochster [24, Proposition 8]). Let 2 be a spectral space. For 
each subset Y of & , set 


oer) ( \u | U openand quasi-compactin 2, U DY}. 


(1) C1?”” satisfies the Kuratowski closure axioms and so it defines a topological 
structure on 2, called the inverse topology; denote by 2 7"" the set & 
equipped with the inverse topology. 

(2) The partial order on 2 induced by the inverse topology is the opposite order 
of that induced by the given topology on & . 

(3) 2 7" is a spectral space. 


Let 2 be a spectral space. For each subset Y of 2’, set 
Max(C1*"*(Y)) := {x € cl*#®Y(Y) | xb NA c1I™(Y) = {x}. 
B. Olberding in [34, Proposition 2.1(2)] has observed that 
Max(Cl*"*(Y)) © clo ™S(Y). 


From the previous observation and from Lemmas 4.1, 4.3, and 4.4 and from 
Proposition 4.7, it is not very hard to prove the following (see also [6, Section 3], [40, 
Remark 2.2 and Proposition 2.3], [34, Proposition 2.3], and [9, Proposition 2.6]). 


Corollary 4.8. Let 2 be a spectral space. 


(1) The constructible topology on 2 **” coincides with the constructible topology 
on &, Le. (2 inv)cons = Yeons 
(2) For each subset Y of 2, 


Gi"(Y) =] cl (ax(cl"') S cP (cr ah. 


(3) (2 2)4 = YR and (Qoeeye a KE. 

(4) (Beye = An . . 

(5) For each x € 2, C1#®¥(x) = C1¥(x) is an irreducible closed set of 247” 
(and, obviously, C1(x) = C1/(x) is an irreducible closed set of 2%). 
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(6) The topological space & is irreducible if and only if 2°-7"” has a unique closed 
point. 

(7) The topological space 2 has a unique closed point if and only if 27"” is 
irreducible. 

(8) The following are equivalent. 


(i) Y is quasi-compact in &. 

(ii) C1R(Y) is quasi-compact in 2. 
(iii) C17°°(Y) = c1*®(Y). 
Gv) Cr?"*(c1*(Y)) = c1* (7), 
(v) Max(C17""(Y)) CY. 


By using the inverse topology, we can state an easy corollary of Proposition 4.6 
and Corollary 4.8 (see also [6, Theorem 3.3, Corollaries 3.4 and 3.5]), which 
provides in part (1) further characterizations of when .2°4 = 2. 


Corollary 4.9. Let 2 be a spectral space. 
(1) The following are equivalent. 


(i) 24 = & (i.e, & is an Alexandroff-discrete topological space). 
(ii) Each open subset of 27+” is the complement of a quasi-compact open 
subset of 2. 
(iii) 2°?” is a Noetherian space. 


(2) The following are equivalent. 


(i) BR = #*” (i.e, X 7" is an Alexandroff-discrete topological space). 
(ii) Each open subset of 2 is the complement of a quasi-compact open subset 
of 2+" (or, equivalently, each open subset of & is quasi-compact). 
(iii) 2% is a Noetherian topological space. 


(3) The following are equivalent. 


(i) & is a Noetherian Alexandroff-discrete space. 
(ii) 2°74" is a Noetherian Alexandroff-discrete space. 
(iii) Card(2%) is finite. 


Recall that a spectral map of spectral spaces f : 2 — Y is a continuous map 
such that the preimage of every open and quasi-compact subset of Y under f is 
again quasi-compact. We say that a spectral map of spectral spaces f : 2 > Y is 
a going-down map (respectively, a going-up map) if for any pair of distinct elements 
y’,y € Y such that y’ € {y}) (respectively, y’ € {y}*) and for any x € 2 such 
that f(x) = y there exists a point x’ € {x}¥ (respectively, x’ € {x}*) such that 
fx) =y'. 

Lemma 4.10. Let f : 2 — Y bea spectral map of spectral spaces. 


dd) fi: Bors > Ys is a closed spectral map. 
(2) The following are equivalent: 
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(i) f is a going-down (respectively, going-up) map. 
(ii) f(x’) = f(x) (respectively, f(xt) = f(x)"), for each x € & 
(iii) KB) = f(2')* (respectively, KB") = f(2"')*) for each & C 
BR 


(iv) The continuous map f : 2 > YR (respectively, f : 2 > Y") is 
closed. 


(3) f: B® = Y® is closed (respectively, open) if and only if f : ' > Y* is 
open (respectively, closed). 

(4) If f : & = Y is an open (respectively, closed) spectral map of spectral 
spaces, then f is a going-down (respectively, going-up) map. 

(5) If f : & > Y is an open spectral map of spectral spaces, then f : 272% > 
Y +2” is a closed spectral map. 


Proof. (1) is an obvious consequence of the definitions. (2) Since a spectral map f 
is continuous then it is straightforward that x’ < x in 2 implies that f(x’) < 
f(x) and so f(x‘) © f(x)‘. Moreover, for each y € Y, f~!(y¥) = Ext | 
x € 2 and f(x) < y}andso f : 2 > Y® is also continuous. The various 
equivalences are now straightforward consequences of the definitions. 

(3) is an easy consequence of (2). 

(4) Let x € 2’. It is easy to see that x’ = (){U | U open and quasi-compact and 
x €UC 2X}. Therefore, for any spectral map of spectral spaces f : 2 > Y 
and any x € 2’, the following holds 


fx)= FS (QU | U open and quasi-compact and x € U C 2}) 
C (fT) | U open and quasi-compact andx EU C 2}. 


Conversely, assume that f is an open spectral map and take a point y €« f(U), 
for any open and quasi-compact neighborhood U of x € 2%. Consider the 
following collection of subsets of 2: 


F i= Fly):= {f"(fy}) AU | U open and quasi-compact andx € U C 2}. 


Note now that ¥ is obviously closed under finite intersections, since the 
quasi-compact open sets of 2 are closed under finite intersections and, by 
assumption, each set belonging to .F is nonempty. On the other hand, the 
set f—!({y}) is closed with respect to the constructible topology on .2 and 
thus is compact in .2°°°"S. Keeping in mind that each open and quasi-compact 
subspace of the given spectral topology on 2% is clopen in 2°°°S, it follows 
immediately that ¥ is a collection of closed subsets of the compact space 
fy (€ 2°), satisfying the finite intersection property. Therefore, 
by compactness, there exists a point x’ € f—'({y}) M U, for any open and 
quasi-compact neighborhood U of x € 2. In particular, x’ € (\{U | 
U open and quasi-compact andx € U C 2} = {xW and so x’ < x. 
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Therefore, f(x’) = y < f(x). We conclude that f(x‘) = (\{f(U) | 
U open and quasi-compact and x € U C 2#}. 
On the other hand, since f is open, we have 


f(x)¥ = (UV | V open and quasi-compact and f(x) ¢@V CY} 
C(\{f(U) | U open and quasi-compact and x e U C #} 
= f(x’). 


Since the opposite inclusion holds in general, we have f(x’) = f(x)‘ and 
so f is a going-down spectral map. 

The parenthetical statement is easier to prove. Indeed, suppose that f is a 
closed spectral map, let y’, y € Y be such that y’ € {y}" and let x € 2 be 
such that f(x) = y. By assumption, we have f(C1({x})) = C1(f({x})) = 
C1({y}) and thus, since y’ € C1({y}), there is a point x’ € C1({x}) such that 
F(x’) = y’. This shows that f is a going-up map. 

(5) If f is an open spectral map, then, by (3), f is going down and thus, by 
(2), f : B® + YR is closed. Therefore, by using (1), for each 27 
&, we have c1°*°(2") = ci*®(cis*(2")) and so f(C1***(2")) 
C1R( f(C1SS(2"))) = CIR(CISMS( F(Z) = CLV F(Z")). 


Example 4.11. We now show that it is not true that if f : 2 > Y is a closed 
spectral map of spectral spaces, then f : .2+"Y + % +” is an open spectral map. 
As a matter of fact, let K be a field and let Y := {T; | i € N} be an infinite 
and countable collection of indeterminates over K. Let A := K[.7], let M be the 
maximal ideal of A generated by all the indeterminates, and let B := A/M. Set 
& := Spec(B) and Y := Spec(A). Of course, the inclusion f : 2 > Y 
(associated to the canonical projection A > B) is a closed embedding, with respect 
to the Zariski topology. We claim that f is not open, if 2 and Y are endowed with 
the inverse topology. By contradiction, assume that f : 27"Y > Y1" is open. 
In this situation, 2 should be open in ¥*™”, (since 2% is trivially open in 2°*™”), 
This implies that ¥ := Y \ f(2%) = Spec(A) \ {M} is closed in Y*™”, ie., ¥ 
is an intersection of a family of open and quasi-compact subspaces of &Y. Since &@ 
differs from Y for exactly one point, it has to be quasi-compact, with respect to the 
Zariski topology of &%. On the other hand, it is immediately verified that the open 
cover 


In 


UP 6 Y|T; ¢ P} |i € N} 


of ¥ has no finite subcovers, a contradiction. 


5 Some Applications 


The first application that we give is a topological interpretation of when two given 
collections of valuation domains are representations of the same integral domain. 
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Proposition 5.1 (Finocchiaro-Fontana-Loper [9, Proposition 4.1]). Let K be a 
field. If Y, Y2 are nonempty subsets of Zar(K) having the same closure in Zaxr(K), 
with respect to the ultrafilter topology, then 


(KV i vers=(\V lV € ¥}. 


In particular, 


(Kv |vev3}=(\v | Ve ci(y)}. 


The converse of the first statement in Proposition 5.1 is false (for an explicit 
example see Example 4.4 in [9]). More precisely, we will show that equality of 
the closures of the subsets Y,, Y2, with respect to the ultrafilter topology, implies 
a statement that, in general, is stronger than the equality of the (integrally closed) 
domains obtained by intersections. To see this, recall some background material 
about semistar operations. 

Let A be an integral domain, and let K be the quotient field of A. As usual, 
denote by F(A) the set of all nonzero A—submodules of K and by f (A) the set of 
all nonzero finitely generated A—submodules of K. As is well known, a nonempty 
subset Y of Zar(K|A) induces the valuative semistar operation Ay, defined by 
FY := (\{FV | V € Y}, foreach F € F(A). A valuative semistar operation 
x is always e.a.b., that is, for all F,G, H € f(A), (FG)* C (FH)* implies 
G* C H™ (for more details, see, e.g., [15]). Recall that we can associate to any 
semistar operation * on A a semistar operation * ¢ of finite type (on A), by setting 
F*s := U{G* | G € f(A), G C F}, for each F € F(A); «¢ is called the 
semistar operation of finite type associated to x. 

Since, for each V € Zar(K|A) (equipped with the classical Zariski topology), 
C1({V}) = {W e€ Zar(K|A) | W C V} [47, Ch. VI, Theorem 38], the partial 
order associated to the Zariski topology of Zar(K|A) is defined as follows: 


WKxV:38S VCW. 


For any subset Y € Zar(K|A), denote by Y | the Zariski-generic closure of Y , that 
is, Y} := {W € Zar(K|A) | V C W, forsome V € Y} = C1R(Y). It is obvious 
that Ay = Ay}. From Proposition 5.1 we also have Ay = Agyuttracy). 


Theorem 5.2 (Finocchiaro-Fontana-Loper [9, Theorem 4.9]). Let A be an inte- 
gral domain, K its quotient field, and Y,, Y, two nonempty subsets of Zar(K|A). 
Then, the following conditions are equivalent: 


(1) The semistar operations of finite type associated to Ay, and Ay, are the same, 
that is, (Ay,) ¢ = (Ay3) f- 

(ii) The subsets C1¥***#(Y,), C1¥1*4(Y,) of Zar(K|A) have the same Zariski- 
generic closure, that is, C1¥1*t#(Y,)+ = c1¥4tra(y,)!. 
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Let A be an integral domain, K its quotient field, and Z := Zar(K|A). For any 
nonempty subset Y C Z, consider the K —function ring 


Kr(Y) = ( \V(T) | V € Y}. 


Note that, if we consider on the integral domain A the valuative (e.a.b.) semistar 
operation Ay defined above, then the Kronecker function ring associated to Ay, 
Kr (A, Ay), coincides with Kr(Y) [13, Corollary 3.8]. 

We say that A is a vacant domain if it is integrally closed and, for any 
representation Y of A (ie., A = (\{V | V © Y}), we have Kr(Y) = Kr(Z); 
for instance, a Priifer domain is vacant (see [7]). 


Corollary 5.3. Let A be an integrally closed domain and K its quotient field. The 
following conditions are equivalent: 


(i) A is a vacant domain. 
(ii) For any representation Y of A, C1*1**?(Y)! = Zar(K|A). 


Keeping in mind that it is known that the ultrafilter topology and the constructible 
topology on Zar(K|A) coincide (Theorem 3.6(3)), the following result follows 
easily from Corollary 4.8(2). 


Proposition 5.4. Let K be a field and A be a subring of K. For any subset Y of 
Zari k|Ay cr (y= cr (cry). 


From the previous proposition, we can restate Corollary 5.3 as follows: A is a 
vacant domain if and only if for any representation Y of A, C1*"”(Y) = Zar(K|A). 

Recall that a semistar operation is complete if itis e.a.b. and of finite type. In 
order to state some characterizations of the complete semistar operations, we need 
some terminology. 

For a domain A and a semistar operation * on A, we say that a valuation 
overring V of A is a *-valuation overring of A provided F* C FV, for each 
finitely generated A-module F contained in the quotient field K of A. Set Y(«) := 
{V | V isa x-valuation overring of A} and let b(*) := Ay(.). Finally, if * is an 
e.a.b. semistar operation on A, we can consider the Kronecker function ring 
Kr(A, *) = (\{V(T) | V € V(«)} = Kr(¥(«)) [14, Theorem 14(3)] and we can 
define a semistar operation Kr(x) on A by setting E®*™) := EkKr(A,*)/M K for 
each nonzero A-module E contained in K (see, for instance, [17]). Then, 


Proposition 5.5 (Fontana-Loper [12, Proposition 3.4], [13, Corollary 5.2], [15, 
Proposition 6.3], [17]). Given a semistar operation x, the following are equiva- 
lent: 


(i) x is complete. 
(ii) * = b(«). 
(ili) * = Kr(x). 
The following result provides a topological characterization of when a semistar 
operation is complete. 
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Theorem 5.6 (Finocchiaro-Fontana-Loper [9, Theorem 4.13]). Let A be an 
integral domain, K its quotient field, and * a semistar operation on A. Then, the 
following conditions are equivalent: 


(i) x is complete. 
(ii) There exists a closed subset Y of Zar(K|A)°°"* such that Y = Y! and 
w= Ny. 
(iii) There exists a compact subspace Y' in Zar(K|A)°°"S such that * = Ay. 
(iv) There exists a quasi-compact subspace of Y" of Zar(K|A)7** such that 
* = Ayn. 


From Theorems 5.2 and 5.6 we easily deduce the following: 


Corollary 5.7. Let A be an integral domain, K its quotient field, and Y anonempty 
subset of Zar(K|A). Then, (Ay) ¢ = Ac1consy). 


Finally, we can formulate some of the previous results in terms of Hochster’s 
inverse topology [9, Theorem 4.9, Corollary 4.10]. 


Corollary 5.8. Let A be an integral domain and K be its quotient field. The 
following statements hold. 


(a) If Y\, Y2 are nonempty subsets of Zar(K|A), then the following are equivalent. 


(i) (Ay) ¢ = (Ays) ¢- 
(ii) Kr(¥)) = Kr(%). 
(iii) C1?™”(Y,) = C1™"(¥). 


(b) A is a vacant domain if and only if it is integrally closed and any representation 
Y of A is dense in Zar(K|A) with respect to the inverse topology. 
(c) For any nonempty subset Y of Zar(K|A), (Ay) ¢ = Aciimy): 


B. Olberding in [34] calls a subset Y of Zar(K|A) an affine subset of Zar(K|A) 
if AX” := (\{V | V € Y} is a Priifer domain with quotient field equal to K. Note 
that Z := Zar(K|A), equipped with the Zariski topology, can be viewed as a 
locally ringed space with the structure sheaf defined by 


O7z(U):= AX = (\v | V €U}, foreach nonempty open subset U of Z, 


(for more details, see [34]). With this structure of locally ringed space, an affine 
subset Y of Z is not necessarily itself an affine scheme, that is, Y (endowed with the 
Zariski topology induced by Z) is not necessarily homeomorphic to Spec(@z(Y)), 
however, by Corollary 5.8(a), is an inverse-dense subspace of the affine scheme 
(CL (Y), Oz |, 1meq)- 

If T is an indeterminate over K and A(7’) is the Nagata ring associated to A [20, 
Section 33], foreach Y C Z, we can consider 


¥(T) := {V(T) | V € Y} € Zaro(K(T)A(T)) == {V(T) | V € Z}, 


and, as above, Kr(Y) = (\{V(T) | V € Y}. 
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The following statements were proved by Olberding [34, Propositions 5.6 
and 5.10 and Corollaries 5.7 and 5.8]. We give next a proof based on some of the 
results contained in [9] and recalled above. 


Proposition 5.9. Let Y be a subset of Z := Zar(K|A). Then, 


(1) Assume that A is a Priifer domain with quotient field K. Then, Y = C17""(Y) 
if and only if Y = Zar(K|R) for some overring R of A. 

(2) Y = cl?”"(Y) if and only if Y(T) = {W(T) | W € Z and W(T) > Kr(Y)}. 

(3) cl#”(Y) = {W € Z | W(T) D kr(Y)}, hence (c1**"(Y))\(T) = 
Zar(K(T)|Kr(Y)). 

(4) AX¥ = ({W € cl1?#”(Y)}. 

(5) IfY is an affine subset of Z, then 


c1™*(Y) ={WeZ|W DA} = Zar(K|A*’). 
(6) Assume that Y, and Y> are two affine subsets of Z, then 
(‘Kv lvers=(\v iver} @ ci (Y) = c(h). 


(1) (CLE (Y)(T) = C1E™(Y(T)). 

(8) Each ring of fractions of A*” can be represented as an intersection of 
valuation domains contained in a subset of C17""(Y); in other words, if S 
is a multiplicatively closed subset of A’, then (A*’)s = A*®* for some 
2 C01 "(7 ): 

(9) The canonical homeomorphism of topological spaces (all endowed with the 
Zariski topology) 


tT: Spec(Kr(K|A)) > Zar(K|A), O' Kr(K|A)gN K 
(where t = o7!, see Theorem 3.11(4)) determines a continuous injective 
map Spec(Kr(Y)) — Zar(K|A) which restricts to a homeomorphism 
of Spec(Kr(Y)) (respectively, Max(Kr(Y))) onto C17""(Y) (respectively, 
Max(C1?""(Y))). 


Proof. (1) Let Y be a nonempty, closed set with respect to the inverse topology, 
and let R := A*” := (\{V | V € Y}. Since R is an overring of the Priifer 
domain A, R is also a Priifer domain; thus it is vacant. By Corollary 5.8(b), Y is 
a dense subspace of Zar(K|R), with the inverse topology, i.e., C177Y™(Y) N 
Zar(K|R) = Zar(K|R). Thus Zar(K|R) C Cl?®*(Y). On the other 
hand, the inclusion Y C Zar(K|R) implies C1**°(Y) C Zar(K|R), since 
Zar(K|R) is clearly inverse-closed. Therefore, Y = C1*™’(Y) = Zar(K|R). 
The converse holds for any integral domain. 
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(2) Let A(T) be Nagata ring associated to A. By Theorem 3.11(3), the natural 
map yg : Zar(K(T)|Kr(K|A)) C Zar(K(T)|A(T)) > Zar(K|A), Wb 
W 1 K, is a homeomorphism with respect to the Zariski topology and to the 
constructible topology and thus also with respect to the inverse topology. By 
the previous homeomorphism Y is inverse-closed in Zar(K|A) if and only if 
Y(T) is inverse-closed in Zar(K(T)|A(T)). Therefore, if Y is inverse-closed, 
then Y(T) is inverse-closed in Zar(K(T)|A(7)) and thus by (1), Y(T) = 

Zar(K(T)|Kr(Y)). Finally, by Proposition 3.10, Zaro(K(T)|Kr(Y)) = 

Zar(K(T)|Kr(Y)). 

Conversely, if Y(T) = Zaro(K(T)|Kr(Y)), then Y(T) = Zar(K(T)| 

Kr(Y )) (Proposition 3.10); hence by (1) Y(T) is inverse-closed. 

By (1), Zar(K(T)|Kr(Y)) = Y(T) is an inverse-closed subspace of the space 

Zar(K(T)|A(T)); then {W € Z | W(T) D> Kr(Y)} is an inverse-closed 

subspace of Zar(K|A) (Theorem 3.11(3)) and it obviously contains Y. Let 

Y’ be an inverse-closed subspace of Zar(K|A) containing Y; then clearly 

Y(T) C Y'(T) = Zar(K(T)|Kr(Y’)) and so {W € Z | W(T) D Kr(Y)} © 

{W' © Z| W'(T) D kKr(¥’)} = cli™(Y’) = Y’. The last part of the 

statement follows from Theorem 3.11(3). 

(4) is a straightforward consequence of Corollary 5.8(c). 

(5) Since Y is an affine set, A*%’ is a Priifer domain with quotient field K. 
Therefore, by (1), C1**“(Y) = Zar(K|R) for some overring R of A that, 
without loss of generality, we can assume integrally closed. Hence, A*’ = 
AX) = (\{V € Zar(K|R)} = Rand so C1i*"(Y) = Zar(K|A”’). 

(6) The implication (<=) holds in general and is a straightforward consequence of 
Corollary 5.8(a). For (=), assume more generally that R:= ()}{V |V € Yi} = 
(\{V | V € Y} is a vacant domain with quotient field K then, by Corollary 5.3 
(or Corollary 5.8(b)), C1*""(Y;) = Zar(K|R) = C1*""(Y2). 

(7) Since C1**Y(Y) = C1*"¥(C1*""(Y)), then, by (2), we have (C1*""(Y))(T) = 
Zar(K(T)|Kr(Y)). The conclusion follows from (3). 

(8) Note that AXY = Kr(Y)M K and so (A*%’)s = Kr(Y)s 1 K. Since 
each overring of Kr(Y) is a K-function ring, there exists © C Y such 
that Kr(Y)s = Kr() (Proposition 3.9(1)). We conclude that (A%”)s = 
Kr(Y) 1 K = A*®. 

(9) Observe that Kr(Y) is an overring of the Priifer domain Kr(K|A). Thus 
Spec(Kr(Y)) is canonically embedded in Spec(Kr(K|A)). If P ¢€ 
Spec(Kr(Y)), then, by (3), Kr(Y)p NK € C1?"*(Y). The conclusion follows 
from Theorem 3.11(4). 


(3 


wm 


Remark 5.10. Another proof of Proposition 5.9(1) is based on the fact that when A 
is a Priifer domain, it is easy to see that Zar(K|S NT) = Zar(K|S) U Zar(K|T) 
for each pair of overrings S and T of A. Now, suppose Y = C1*""(Y). When A 
is Priifer, C1i"™Y(Y) = (){Zar(K|A,) | A € A}, where Aj, is a finitely generated 
overring of A. Moreover, (\{Zar(K|A,) | A € A} = Zar(K|R), where R is 
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the ring generated by | ){A, | 4 € A}. Conversely, if Y = Zar(K|R) for some 
overring R of A, then Y = (\{Zar(K|A[r]) | r € R} and thus is inverse-closed 
since it is the intersection of a family of inverse-closed subsets, Zar(K|A[r]), of 
Zar(K|A). 


Theorem 5.11 (Olberding [34, Proposition 5.10]). Let K be a field and A a 
subring of K. Let R be an integrally closed domain with quotient field K, containing 
as subring A, Given a subset Y © Zar(K|A) such that R = (\{V | V € Y} 
and Y = C11"“(Y), then ®(Y) := Kr(Y) is a K-function ring such that 
@®(Y)N K = R. Conversely, given a K-function ring W, A(T) C W C K(T) such 
that WOK = R, thenF(W) := {WOK | W € Zar(K(T)|W)} is an inverse-closed 
subspace of Zar(K|A) and R= (\{V | V € F(W)}. Furthermore, F(®(Y)) = Y 
for each inverse-closed subspace Y of Zar(K|A) and ®(F(W)) = W, for each 
K-function ring W, A(T) CWC K(T). 


From the previous theorem, it follows that if Y; and Y2 are two different subsets 
of Z := Zar(K|A) such that C1*""(Y,) = C1?™*(¥), then Kr(Y;) and Kr(Y¥2) 
are two different K—function rings such that Kr(¥1)N K = (\{V| Ve Yi} = 
(\{V | V € Yo} = Kr(¥2) N K. Furthermore, if R is an integrally closed domain 
with quotient field K, then Zar(K|R) is an inverse-closed subspace of Zar(K|A), 
R=(\{V | V € Zar(K|R)}, and Kr(Zar(K|R)) is the smallest K—function ring 
such that Kr(Zar(K|R)) 1 K = R. If we assume that R is a Priifer domain, then 
Kr(Zar(K|R)) is the unique K—function ring such that Kr(Zar(K|R))N K =R 
(20, Theorem 32.15 and Proposition 32.18]. 

We have already observed that Z := Zar(K|A) (endowed with the Zariski 
topology) is always a spectral space, being canonically homeomorphic to 
Spec(Kr(K|A)). It is natural to investigate when the ringed space (Z, Gz) is 
an affine scheme. 


Theorem 5.12 (Olberding [34, Theorem 6.1 and Corollaries 6.2 and 6.3]). Let 
K be a field, A a subring of K and Y a subspace of Z := Zar(K|A) (endowed 
with the Zariski topology). Then, 


(1) (Y, Gy) is an affine scheme if and only if Oy (Y) is a Priifer domain and Y = 
C17#""(Y) or, equivalently, if and only if Y is an inverse-closed affine subset 
of Z. 

(2) (Z, Gz) is an affine scheme if and only if the integral closure of A in K is a 
Priifer domain with quotient field K. 

(3) Y = Cl?”"(Y) if and only if (Y(T), @y(r)) is an affine scheme. 
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Introduction 


Stability of ideals was explicitly introduced by J. Lipman in 1971 in order to study 
Arf rings [30]. However, this notion was already known and widely used in the 
context of one-dimensional Noetherian rings, in particular in relation with reflexive 
rings and decomposition of torsion-free modules [5,31]. 

A stable ideal of a Noetherian ring is defined as an ideal that is projective over 
its ring of endomorphisms [51,52]; extending this definition to arbitrary integral 
domains, one says that a nonzero ideal J of a domain R is stable if J is invertible in 
the overring E(J) := (/ : J) of R [1]. If each nonzero ideal (respectively, finitely 
generated ideal) of R is stable, one says that R itself is stable (respectively, finitely 
stable). 

Since 1998, stability of domains has been thoroughly investigated by B. Olberd- 
ing. In [39] he illustrated several ideal-theoretic and module-theoretic applications 
of this concept and announced some new results, then published in [40-42]. 
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Invertible ideals are clearly stable, thus stability finds interesting applications in 
the setting of Priifer domains (i.e., domains in which nonzero finitely generated ide- 
als are invertible). Stable Noetherian domains are one-dimensional [52]. However, 
as showed by Olberding, a stable domain need not be coherent, nor one-dimensional, 
nor integrally closed [41, Sect. 3]. 

Weakening the notion of stability, in more recent years, other classes of domains 
were introduced, like Rutliff-Rush domains [33], quasi-stable domains [46], and 
Clifford regular domains [6]. All these notions coincide with stability in the 
Noetherian case, but not in general. 

In this short survey, leaving aside the module-theoretic point of view, we focus 
on some ideal-theoretic aspects of stability and discuss some unresolved problems. 

All the rings considered are commutative rings with unity that are not fields. A 
local ring is a ring with a unique maximal ideal and a semilocal ring is a ring with 
finitely many maximal ideals, not necessarily Noetherian. 

If R is a ring with total quotient ring K, an overring of R is a ring between R 
and K. If J, J are R-submodules of K, we set (J : J) := {x € K; xJ C I} and 
Tir J):={xe Ri xJ CT}. 


1 Stable Notherian Rings 


Stable ideals were introduced in 1971 by J. Lipman, in his paper [30] on Arf rings, 
which are local Noetherian rings satisfying certain conditions studied by Arf in [3]. 

Lipman worked in the setting of semilocal one-dimensional Macaulay rings, that 
is, semilocal one-dimensional Noetherian rings whose Jacobson radical contains a 
regular element. If R is such a ring, Lipman defined a regular ideal J C R to be 
stable if IR‘ = I or, equivalently, R' = Us: T) [30, Definition 1.3], where 
R! := U,s,(" : I") is the ring obtained by blowing up I. 

The main motivation for introducing this notion is that it furnishes a useful 
characterization of Arf rings. 

Recall that if 7 is an ideal of the ring R, an element x € R is said to be integral 
over I if there exist a positive integer n and elements a, € I k ,k =1,...,n, such 
that 


x” 4eayx” | + agx"? +--+ + ay_1x +a, = 0. 
The ideal J is called integrally closed if all the elements of R which are integral 


over I belong to J. 


Theorem 1.1 (([30, Theorem 2.2]). A local one-dimensional Macaulay ring is an 
Arf ring if and only if each integrally closed regular ideal of R is stable. 


To the extent of proving this result, Lipman gave several characterizations of 
stable ideals. In particular, he proved the following: 
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Proposition 1.2 ((30, Lemma 1.11]). Let R be a semilocal one-dimensional 
Macaulay ring and I © R a regular ideal. The following conditions are equivalent: 


(i) I is stable (i.e, IR’ = 1). 

(ii) There exists an element x € I such that I* = x1. 
(iii) There exists a regular element x € I such that I = xR’. 
(iv) There exists a regular element x € I such thatI = x(1: I). 


In order to solve a problem posed by Bass, the notion of stability was then 
extended to Noetherian rings by J. Sally and W. Vasconcelos in a paper that was 
published in 1973. They called an ideal J of a Noetherian ring R stable if I is 
projective over its endomorphism ring Endp(J/) and called R stable if each ideal is 
stable [51, Sect. 1], [52, Sect. 2]. 

Note that when J is a regular ideal of the ring R, Endp(J) is isomorphic to the 
overring E(J) := CU : J) of R, and so J is stable if and only if it is an invertible 
ideal of E(/). In particular, when R is a semilocal Noetherian ring, J is stable if 
and only if J is principal in E(/). It follows from Proposition 1.2 that this more 
general notion of stability coincides with the one introduced by Lipman for regular 
ideals of semilocal one-dimensional Macaulay ring [52, Proposition 2.2]. 

Nevertheless, a local one-dimensional Noetherian ring which is stable according 
to Sally- Vasconcelos need not be a Macaulay ring. For example, one can take R := 
k[[X, Y]]/(X?, XY), where k is a field and X, Y are indeterminates over k [52, 
page 324]. 


Proposition 1.3 ([52, Proposition 2.1]). Let R be a Noetherian ring. If R is stable 
(i.e., each ideal is projective over its endomorphism ring), then R has dimension at 
most equal to one. 


Stability is related to the 2-generator property. An ideal of R is 2-generated if it 
is generated by 2 elements, and R is 2-generated, or it has the 2-generator property, 
if each finitely generated ideal is 2-generated. The 2-generator property plays an 
important part in the decomposition of torsion-free modules [32]. 

Bass proved that if R is a one-dimensional reduced Noetherian ring whose 
integral closure is a finitely generated R-module, the 2-generator property implies 
stability [5, Proposition 7.1 and Corollary 7.3]. Sally and Vasconcelos showed that, 
as conjectured by Bass, also the converse holds. 


Theorem 1.4. Let R be a Noetherian ring. 


(1) [52, Theorem 3.4] Assume that R is a one-dimensional Macaulay ring whose 
maximal ideals are not minimal primes. If each regular ideal is 2-generated, 
then R is stable. 

(2) [51, Theorem 2.4] Assume that R is one-dimensional reduced and that its 
integral closure is a finitely generated R-module. If R is stable, then R is 
2-generated. 


However, even for Noetherian domains, the 2-generator property is strictly 
stronger than stability. The first example of a local Noetherian domain that is stable 
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and not 2-generated was given in [52, Example 5.4]; several other examples are 
collected in [44, Sect. 3]. 

The relationships among the 2-generator property, stability of finitely generated 
regular ideals, and decomposition of finitely generated torsion-free modules were 
further investigated by D. Rush in two papers published in 1991 and 1995 [49, 50]. 
In particular he extended Bass’ result to local rings. 


Theorem 1.5 ((50, Proposition 2.5]). Let R be a local ring. If R is 2-generated, 
each finitely generated regular ideal is stable. 


Rush gave also the following characterization of stability for Noetherian rings. 


Theorem 1.6 ([49, Theorem 2.4]). Let R be a one-dimensional Noetherian ring 
with integral closure R'. Then each regular ideal of R is stable if and only if the 
following conditions hold: 


(a) Each (or each finitely generated) R-submodule of R' containing R is a ring. 
(b) Each maximal ideal of R has at most two maximal ideals of R' lying over it. 


Together with other results of Rush, the last two theorems were later extended 
to general integral domains by B. Olberding in [40]. For an extension to rings, see 
Olberding’s paper in this volume. 

A notion weaker than stability, still useful to bound the number of generators of 
ideals, was introduced by P. Eakin and P. Sathaye in 1976. They observed that part 
of the Lipman’s result given in Proposition 1.2 can be extended in the following 
way: 


Proposition 1.7 ([15, Lemma, page 447]). Let R be a local ring and I a finitely 
generated regular ideal of R. The following conditions are equivalent: 


(i) There exists an element x € I such that I? = xI. 
(ii) There exists a regular element x € I such thatI = x(1: I). 


Thus Eakin and Sathaye defined an ideal J of a semilocal ring to be stable if 
there is an element x € J such that J? = x/ and say that J is prestable if some 
power of / is stable, that is, for some k > 1 there is an x € I such that Pk = xI* 
[15, Sect. 3]. 


Proposition 1.8 ({15, Corollary 1, page 446]). Let R be a local ring and I a 
finitely generated ideal. The following conditions are equivalent: 


(i) I is prestable (i.e., p* = xI*, for some k > 1). 
(ii) There is a positive integer b := b(1) such that I" has b generators, for each 
n>. 
(iii) There is a positive integer n such that I" has n generators, for some n = 1. 


Moreover, if I is regular and I" has n generators, then I?""—) = xI"", for some 
xel. 
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In a note of 1987, D.D. Anderson, J. Huckaba, and I. Papick considered the notion 
of stability for arbitrary integral domains [1]. Given a nonzero ideal J of a domain 
R, they say that J is Lipman-stable (for short, L-stable), if R'’ = (I : I) and say 
that I is stable according to Sally-Vasconcelos, or is SV-stable, if I is invertible 
in the overring E(J) := UJ : 1). The domain R is called L-stable (respectively, 
SV-stable) if each nonzero ideal of R is L-stable (respectively, SV-stable). 

As in [14, Sect. 7.4], one can also say that J is stable according to Eakin-Sathaye, 
or that I is ES-stable, if I7 = JI for some invertible ideal J contained in J. The 
ideal J is called ES-prestable (respectively, SV-prestable) if some power of I is 
ES-stable (respectively, SV-stable). 


Proposition 2.1 ({1, Lemmas 2.1 and 2.2]). Let R be a domain and I a nonzero 
ideal. Then 


I ES-stable => I SV-stable => I L-stable. 


If J is finitely generated, often all these notions coincide. 


Proposition 2.2 ({14, Corollary 7.4.2 and Proposition 7.4.3]). Let R be a domain 
and I anonczero finitely generated ideal. The following conditions are equivalent: 


(i) I is SV-stable. 
(ii) TRy is SV-stable, for each maximal ideal M C R. 
(iii) I Ry is ES-stable, for each maximal ideal M C R. 


In particular, if R is local, I is SV-stable if and only if I is ES-stable. 


A domain R is integrally closed if and only if R = (/ : 7) for each nonzero 
finitely generated ideal J. If R = (J : J) for each nonzero ideal J, R is called 
completely integrally closed. Hence, if R is completely integrally closed, R = (J: 
I) = R!, for each nonzero ideal; similarly, if R is integrally closed, R = (J: 
1) = R’, for each nonzero finitely generated ideal. This shows that for completely 
integrally closed domains L-stability is a trivial concept. 


Proposition 2.3. (1) Let R be a completely integrally closed domain and I a 
nonzero ideal of R. Then I is L-stable; in addition, 


IT is invertible < I is SV-stable. 


(2) [14, Proposition 7.4.4] Let R be an integrally closed domain and I a nonzero 
finitely generated ideal of R. Then I is L-stable; in addition, 


I is invertible < I is ES-(pre)stable <> I is SV-(pre)stable. 
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SV-stability implies L-stability (Proposition 2.1). The converse is not true, even 
in the Noetherian case. In fact, by the proposition above, any Noetherian integrally 
closed domain is L-stable, but is SV-stable only if it is Dedekind. More generally, 
we have : 


Proposition 2.4 ([1, Proposition 2.4]). A Noetherian domain is SV-stable if and 
only if it is L-stable and one-dimensional. 


Proposition 2.3(2) furnishes also a characterization of Priifer domains in terms of 
SV-stability. Recall that a domain R is called a Priifer domain if Rp is a valuation 
domain, for each nonzero prime ideal P; this is equivalent to say that each nonzero 
finitely generated ideal is invertible. A Priifer domain such that PRp is a principal 
ideal, for each nonzero prime ideal P, is called strongly discrete. 


Proposition 2.5. (1) R is a Priifer domain if and only if R is integrally closed and 
each finitely generated nonzero ideal of R is SV-stable (equivalently, ES-stable). 

(2) [1, Lemma 2.7] Each Priifer domain is L-stable. 

(3) [1, Proposition 2.10] A semilocal Priifer domain (in particular, a valuation 
domain) is SV-stable if and only it is strongly discrete. 


If the integral closure of R is a Priifer domain, R is called quasi-Priifer [14, 
Corollary 6.5.14]. Quasi-Priifer domains can be characterized by the property that 
each nonzero finitely generated ideal is locally ES-prestable. 


Theorem 2.6 ({15, Theorem 2]). Let R be a local domain with integral closure R’. 
The following conditions are equivalent: 


(i) R’ is a Priifer domain. 
(ii) Each nonzero finitely generated ideal of R is ES-prestable. 


A global version of Theorem 2.6 is the following. 


Theorem 2.7 ({14, Theorem 7.4.6]). Let R be a domain with integral closure R’. 
The following conditions are equivalent: 


(i) R’ is a Priifer domain. 
(ii) Each nonzero finitely generated ideal of R is SV-prestable. 
(iii) Each nonzero 2-generated ideal of R is SV-prestable. 


Since 1998, SV-stable domains have been thoroughly investigated by B. Olberd- 
ing in a series of papers [38, 40-42]. Olberding calls an SV-stable ideal of a domain 
R simply a stable ideal and he says that R is stable (respectively, finitely stable) if 
each nonzero ideal (respectively, finitely generated ideal) of R is stable. We keep 
this notation; thus from now on “‘stable” means “‘SV-stable.” 

Stability and finite stability transfer to overrings. In addition, their study can be 
reduced to the local case. 


Proposition 2.8 ([42, Lemma 2.4 and Theorem 5.1]). Let S be an overring of the 
domain R. If R is (finitely) stable, then S is (finitely) stable. 
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By the result above and Proposition 2.5, we get that finitely stable domains are 
quasi-Priifer. 


Corollary 2.9 ((50, Proposition 2.1]). [f the domain R is finitely stable (respec- 
tively, stable), its integral closure is a Priifer domain (respectively, a strongly 
discrete Priifer domain). 


Theorem 2.10. Let R be a domain. 


(1) [42, Theorem 3.3] R is stable if and only if Ry is stable, for each maximal 
ideal M, and R has finite character (i.e., each nonzero element is contained at 
most in finitely many maximal ideals). 

(2) [14, Proposition 7.3.4] R is finitely stable if and only if Ry is finitely stable. 


Since any Priifer domain is finitely stable, finitely stable domains need not have 
finite character. Also, finitely stable domains with finite character need not be stable. 
For example, any valuation domain with nonprincipal maximal ideal is finitely 
stable but not stable (Proposition 2.5). 


Theorem 2.11 ([41, Theorem 2.3]). A domain R is stable if and only if the 
following conditions hold: (a) R is finitely stable. (b) PRp is a stable ideal of 
Rp, for each nonzero prime P. (c) Rp is a valuation domain for each nonzero 
nonmaximal prime P. (d) R has finite character. 


Thus the semilocal case given in [1] (Proposition 2.5(3)) can be generalized in 
the following: 


Proposition 2.12 ((38, Theorem 4.6]). Let R be an integrally closed domain. Then 
R is stable if and only if it is a strongly discrete Priifer domain with finite character. 


A strongly discrete Priifer domain such that each noninvertible element has 
finitely many minimal primes is called a generalized Dedekind domain. These 
domains were introduced by N. Popescu in [47] and have very good ring-theoretic 
and ideal-theoretic properties; an overview is given in [18]. 

By the previous proposition, integrally closed stable domains are generalized 
Dedekind. More precisely, we have: 


Corollary 2.13. The following conditions are equivalent for a domain R: 


(i) R is a generalized Dedekind domain with finite character. 
(ii) R is integrally closed and stable. 


It is also interesting to observe that stability of nonzero prime ideals forces a 
Priifer domain to be generalized Dedekind. 


Theorem 2.14 ([17, Theorem 5], [38, Theorem 4.7]). The following conditions 
are equivalent for a domain R: 


(i) R is a generalized Dedekind domain. 
(ii) R is a Priifer domain and each nonzero prime ideal of R is stable. 
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However, a domain whose nonzero prime ideals are all stable need not be stable, 
as [41, Example 3.4] shows. An example of generalized Dedekind domain that is 
not stable is R := Z + XQJ|[X]]; in fact R does not have finite character. 

Olberding gave a complete characterization of stable domains [41]. In particular, 
he proved that each local stable domain is a suitable pullback of a local stable ring 
of dimension at most one. 


Theorem 2.15 ([41, Corollary 2.7], [43]). A local domain R is stable if and only 
if one of the following conditions is satisfied: (a) R is one-dimensional stable. (b) 
R is a strongly discrete valuation domain. (c) R arises from a pullback diagram of 
type: 


R — D 
L L 
ae 


where V is a strongly discrete valuation domain, I is an ideal of V, D is a local 
stable ring of dimension at most one having a prime ideal P such that P contains 
all the zero-divisors of D and P* = (0), and V/I is isomorphic to the total quotient 
ring of D. 


For example, let W be a one-dimensional discrete valuation domain with quotient 
field F and X be an indeterminate over F’. With the notations of Theorem 2.15(c), 
setting V := F[[X]], J := X?V, and D := W[[X]]/X?W[[X]], we get that R = 
W+XW + X?F[X]] is a stable domain [43]. 

A stable Noetherian ring is one-dimensional (Proposition 1.3). An example of a 
local one-dimensional domain which is stable and not Noetherian was constructed 
by Olberding in [41, Proposition 5.2]. Generalizing this construction, Olberding 
then exhibited a whole class of examples, as a particular class of one-dimensional 
domains whose integral closure is not a finitely generated module [45, Theorems 4.1 
and 4.4] (see also [44, Theorem 3.10]). In fact Theorem 1.4(2) can be extended in 
the following way: 


Theorem 2.16. Let R be a stable domain with integral closure R’. 


(1) [41, Proposition 4.5] If R is one-dimensional and (R : R’') 4 (0), R is 
Noetherian 2-generated and R’ is a finitely generated R-module. 

(2) [42, Corollary 4.17] If R is local and (R : R’') = (0), R’ is a one-dimensional 
discrete valuation ring (in particular R is one-dimensional). 


On the other hand, it is also possible for stable Noetherian domains, even 
Noetherian 2-generated domains, to have (R : R’) = (0) [44, Sect. 3]. 
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By using Theorem 2.16, M. Roitman and the author of this paper recently proved 
that a stable one-dimensional domain is Mori and is precisely a Mori finitely stable 
domain. 

Recall that if J is a nonzero ideal of the domain R, the divisorial closure of I 
is the ideal J, := (R: (R: J)) and that J is called divisorial if I = I,. A Mori 
domain is a domain satisfying the ascending chain condition on divisorial ideals. 
Clearly Noetherian domains are Mori. For the main properties of Mori domains, the 
reader is referred to [4]. 


Theorem 2.17 ((24], Theorem 2.34). The following conditions are equivalent for 
a domain R: 


(i) R is stable and one-dimensional. 
(ii) R is Mori and stable. 
(iii) R is Mori and finitely stable. 


In addition, under the previous conditions, for each nonzero ideal I of R, I, = 
(x, y),, forsome x,y € I. 


This result shows that the local one-dimensional domains that are stable and not 
Noetherian constructed by Olberding in [45] are new examples of Mori domains. 

It also shows that a one-dimensional stable domain R cannot arise a pullback 
like in Theorem 2.15, unless R = V is a discrete valuation domain. In fact, in 
a pullback of that type, R is Mori if and only if V is a one-dimensional discrete 
valuation domain and D is a field [35, Theorem 9]. 


3 Divisorial Domains 


The class of domains in which each ideal is divisorial has been investigated in the 
sixties of the last century by several authors and with different methods. Following 
S. Bazzoni and L. Salce, these domains are now called divisorial domains. If each 
overring of R is divisorial, R is called totally divisorial [12]. 

As for (finite) stability, the study of divisorial domains can be reduced to the 
local case. We recall that, with a terminology introduced by Matlis, a domain is 
called h-local if it has finite character and each nonzero prime ideal is contained in 
a unique maximal ideal. 


Proposition 3.1 ({[12, Proposition 5.4]). A domain R is divisorial if and only if it 
is h-local and Ry is divisorial, for each maximal ideal M. 


The local Noetherian case was independently studied by H. Bass [5] and 
E. Matlis [31]. 


Theorem 3.2 ({5, Theorems 6.2, 6.3], [31, Theorem 3.8]). Let R be a local 
Noetherian domain, with maximal ideal M. Then R is divisorial if and only if R 
is one-dimensional and (R : M) is a 2-generated R-module. 
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It was already known to W. Krull that an integrally closed domain such 
that each nonzero finitely generated ideal is divisorial is Priifer. The following 
characterization of integrally closed divisorial domains was given by W. Heinzer 
in [25]. 


Theorem 3.3 ({25, Theorem 5.1]). Let R be an integrally closed domain. Then R 
is divisorial if and only if R is an h-local Priifer domain with invertible maximal 
ideals. 


In the general case, local divisorial domains were studied in [12, Sect. 5], [7, 
Sect. 2], [20, Sect. 1]. Recall that a nonzero ideal J of a domain R is called 
m-canonical if (I : (I: J)) = J, for each nonzero ideal J of R. With this 
terminology, the domain R is divisorial if and only if R itself is an m-canonical 
ideal. 


Theorem 3.4. Let R be a local domain, with maximal ideal M. Then 
(1) [12, Lemma 5.5] Jf M is principal, R is divisorial if and only if it is a valuation 
domain. 
(2) [20, Theorem 1.2] Jf M is not principal and R is not a valuation domain, R is 
divisorial if and only if (R : M) = (M : M) is a 2-generated R-module and 
M is an m-canonical ideal of (M : M). 
Divisoriality and stability are strictly related. 


Theorem 3.5 ([40, Theorem 3.12 and Corollary 3.13]). The following conditions 
are equivalent for a domain R: 


(i) R is stable and divisorial. 
(ii) R is totally divisorial. 
(tii) R is h-local and Ry is totally divisorial, for each maximal ideal M. 


As always, the Noetherian case and the integrally closed case are of particular 
interest. 


Theorem 3.6 ({12, Proposition 7.1 and Theorem 7.3]). Let R be a Noetherian 
domain. The following conditions are equivalent: 


(i) R is stable and divisorial. 
(ii) R is totally divisorial and one-dimensional. 
(iii) R is 2-generated. 
Thus a Noetherian stable domain is divisorial if and only if it is 2-generated. It 
follows from Theorem 2.16 that 


Corollary 3.7. Assume that R is a one-dimensional stable domain whose integral 
closure is a finitely generated R-module. Then R is (totally) divisorial. 


By Proposition 2.5(3) and Theorem 3.3, a stable valuation domain is (totally) 
divisorial. Globalizing we obtain: 


Theorem 3.8 ([40, Theorem 3.1], [12, Proposition 7.6]). Let R be an integrally 
closed domain. The following conditions are equivalent: 
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(i) R is stable and divisorial. 
(ii) R is an h-local strongly discrete Priifer domain. 
(iii) R is a divisorial generalized Dedekind domain. 


In the local case, totally divisorial domains can be completely classified by using 
Theorem 2.15: they are either Noetherian 2-generated domains or strongly discrete 
valuation domains or arise from a suitable pullback diagram [40, Corollary 3.16]. 


4 Ratliff-Rush Domains 


In a paper published in 1978, L. Ratliff and D. Rush associated to a regular ideal 
T of a Noetherian ring, the ideal 7 := U,.)(/"t! :e I”) [48]. W. Heinzer, D. 
Lantz, and K. Shah called / the Ratliff-Rush ideal associated to I [27]. If I = 1, 
T is called a Ratliff-Rush ideal and we can say that R is a Ratliff-Rush ring if each 
regular ideal is Ratliff-Rush. 

Among other results, Ratliff and Rush proved that, for any regular ideal J of a 
Noetherian ring, there is a positive integer n such that, fork >n, I k — J* so that 
all sufficiently high powers of J are Rutliff-Rush. Indeed, if R is local with maximal 
ideal M and J is an M-primary ideal, / is the unique largest ideal containing J and 
having the same Hilbert polynomial as J [48]. Stable ideals and integrally closed 
ideals of Noetherian rings are Ratliff-Rush [27]. 

An early survey on Ratliff-Rush ideals is [28]. In the setting of integral domains, 
Ratliff-Rush ideals were studied by A. Mimouni in 2009 [33, 34]. 


Proposition 4.1 ([33, Proposition 2.3 and Theorem 2.5]). Let R be a domain. 
Then 
R stable => R Ratliff-Rush = R L-stable. 


In addition 


Proposition 4.2 ((27, Proposition 3.1 and Theorem 2.9], [33, Corollary 2.8]). 
A Noetherian domain is Ratliff-Rush if and only if it is stable. 


Ratliff-Rush domains are quasi-Priifer. 


Proposition 4.3 ((33, Lemma 2.4]). Let R be a domain. If each nonzero finitely 
generated ideal of R is Rutliff-Rush, R’ is a Priifer domain. 


Theorem 4.4 ((33, Theorem 2.6]). Let R be an integrally closed domain. The 
following conditions are equivalent: 


(i) I = I for each finitely generated nonzero ideal (respectively, each nonzero 
ideal) I of R. 
(ii) R is a Priifer domain (respectively, a strongly discrete Priifer domain). 
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Since any Priifer domain is L-stable (Proposition 2.5(2)), an L-stable domain 
need not be Ratliff-Rush. Also, by Theorems 2.12 and 4.4, we get 


Proposition 4.5. An integrally closed Rutliff-Rush domain is stable if and only if it 
has finite character. 


5 Quasi-stable Domains 


G. Picozza and F. Tartarone weakened the notion of stability in the following way. 
Observing that an invertible ideal of a domain is flat, they define a nonzero ideal J of 
a domain R to be quasi-stable if I is flat in its endomorphism ring E(/) := (J : I) 
and they say that R is quasi-stable if each nonzero ideal is quasi-stable [46, Sect. 2]. 

A stable domain is clearly quasi-stable. In addition, quasi-stable domains are 
finitely stable. More precisely 


Proposition 5.1 ([46, Proposition 2.4]). A domain R is finitely stable if and only 
if each nonzero finitely generated ideal of R is quasi-stable. 


Thus (finite) stability and quasi-stability coincide for Mori domains 
(Theorem 2.17). The next result says that if R is integrally closed, quasi-stability 
is equivalent to R being Priifer, so that a quasi-stable domain need not be stable 
(Proposition 2.5(3)). 


Proposition 5.2 ([46, Proposition 2.7]). The following conditions are equivalent 
for an integrally closed domain R. 


(i) R is quasi-stable. 
(ii) R is finitely stable. 
(iii) R is Priifer. 

A very tricky example of a finitely stable domain that is not quasi-stable is 
given in [46, Example 2.8]. Examples of local quasi-stable domains that are not 
integrally closed nor stable are constructed as pseudo-valuation domains in [46, 
Example 2.6(2)]. Precisely, let R be a pseudo-valuation domain with maximal ideal 
M and associated valuation domain V := (M : M) = (R: M) and assume that 
R+# V.If V is a 2-generated R-module, then R is quasi-stable and not integrally 
closed. If, in addition, M is not principal in V, then R is not stable. 

By Theorem 2.16, a one-dimensional stable domain such that (R : R’) 4 (0) is 
Noetherian. This result cannot be extended to quasi-stable domains. Indeed, let R 
be a one-dimensional pseudo-valuation domain that is quasi-stable and not stable, 
as above. Then R is necessarily not Noetherian (nor Mori), but V = R’ and (R: 
V)=M # (0). 

It is not clear whether quasi-stability passes to overrings. However this happens 
in several cases, for example, quasi-stability transfers to localizations and fractional, 
flat, and Noetherian overrings. More generally 
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Proposition 5.3 ([46, Corollary 3.7]). Let S be an overring of R and assume that 
each ideal of S is extended from a fractional ideal of R. If R is quasi-stable, then S 
is quasi-stable. 


Proposition 5.4 ([46, Corollary 3.8]). Let R be a quasi-stable domain with inte- 
gral closure R'. If (R : R’) 4 (0), each overring of R is quasi-stable. 


6 Clifford Regular Domains 


Let S be a multiplicative commutative semigroup. An element x € S is called von 
Neumann regular (for short, vN-regular), if there exists an element a € S such 
that x = x*a. Idempotent and invertible elements are vN-regular. By a well-known 
theorem of Clifford, S' is a disjoint union of groups if and only if all its elements are 
vN-regular: in this case, S is called a Clifford semigroup. 

The set Y(R) of nonzero fractional ideals of a domain R form a multiplicative 
semigroup, with unity R. The class semigroup of R is defined as the quotient 
semigroup of “(R) by the subgroup of nonzero principal ideals. A domain R is 
called a Clifford regular domain if its class semigroup is Clifford regular; this is 
equivalent to say that each nonzero fractional ideal is vN-regular in the semigroup 
F(R). 

Dedekind domains are trivial examples of Clifford regular domains. S. Bazzoni 
and L. Salce showed that all valuation domains are Clifford regular and gave a com- 
plete description of the structure of the class semigroup in that case [11]. P. Zanardo 
and U. Zannier investigated the class semigroups of orders in number fields and 
showed that all orders in quadratic fields are Clifford regular domains [55]. The 
study of Clifford regular domains was then carried on by S. Bazzoni [6, 8-10]. 

Clifford regular domains are between stable and finitely stable domains. 


Proposition 6.1 ({9, Proposition 2.3]). A stable domain is Clifford regular and a 
Clifford regular domain is finitely stable. 


Hence, Clifford regularity and (finite) stability are equivalent for Mori domains 
(Theorem 2.17). Also, an integrally closed Clifford regular domain is Priifer 
(Proposition 2.5(1)). 

S. Bazzoni proved that a Clifford regular domain has finite character [10, 
Theorem 4.7]. This property characterizes Clifford regularity inside Priifer domains 
and allows to show that the integral closure of a Clifford regular domain is still 
Clifford regular. 


Theorem 6.2 ({9, Theorem 4.5]). An integrally closed domain is Clifford regular 
if and only if it is a Priifer domain with finite character. 


Proposition 6.3 ({10, Corollary 4.8]). /f R is a Clifford regular domain, its 
integral closure is Clifford regular. 
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Even in the local case, Clifford regularity may not coincide with stability or finite 
stability. In fact, any valuation domain is Clifford regular [11, Theorem 3] but need 
not be stable (Proposition 2.5(3)). A local finitely stable domain that is not Clifford 
regular is exhibited in [9, Example 6.6]. 

The following result puts in relation stability and Clifford regularity. 


Proposition 6.4 ((53, Theorem 2.6]). Let R be a domain. The following conditions 
are equivalent: 


(i) R is stable. 
(ii) R is Clifford regular and each nonzero idempotent fractional ideal of R is a 
ring. 


Clifford regularity of overrings was investigated by L. Sega in [53]. Since ideals 
extended from vN-regular ideals are still vN-regular, the situation is similar to the 
one of quasi-stability. 


Proposition 6.5 ((53, Proposition 4.1]). Let S be an overring of R and assume 
that each ideal of S is extended from a fractional ideal of R. If R is Clifford regular, 
then S is Clifford regular. 


Proposition 6.6 ({[53, Theorem 4.6]). Let R be a Clifford regular domain with 
integral closure R’. If (R: R’) 4 (0), each overring of R is Clifford regular. 


7 Problems 


As we summarize in the two tables below, all the stability conditions introduced in 
this paper are well understood when R is integrally closed or Noetherian. But in 
general there are several questions still unanswered; in this last section we illustrate 
some of them (Table 1). 


Problem 7.1. A domain R is Archimedean, if (Ves r”R = (0), for each nonunit 
r € R. Since Mori domains satisfy the ascending chain condition on principal 
ideals, they are Archimedean. The class of Archimedean domains includes also 
completely integrally closed domains and one-dimensional domains. 


Question. Is a stable Archimedean domain one-dimensional? 


This question has a negative answer. An example of a stable Archimedean 
domain of dimension 2 has been given in [24, Example 3.9]. 

The answer is positive in the semilocal case [24], so that a semilocal 
stable Archimedean domain is Mori (Theorem 2.17). However, in general the 
Archimedean property does not pass to localizations. For example, the ring of 
entire functions is an infinite-dimensional completely integrally closed (hence 
Archimedean) Bezout domain [14, Sect. 8.1] which is not locally Archimedean, 
because an Archimedean valuation domain is one-dimensional. Hence, a way of 
approaching this problem is trying to understand if the Archimedean property 
localizes under the hypothesis of stability (Table 2). 
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Table 1 The integrally closed case 


Stable <>  Priifer strongly discrete with finite character 
Y Y 

Clifford regular <>  Priifer with finite character 

Y Y 

Quasi-stable =  Priifer 

t t 


Finitely stable >  Priifer 


Stable <>  Priifer strongly discrete with finite character 
Y Y 

Ratliff-Rush <>  Priifer strongly discrete 

Y Y 

Finitely stable >  Priifer 

als 

L-stable 


Table 2 The Noetherian case 


Stable <=  Cliffordregular <>  Quasi-stable <>  Finitely stable 
<> ~~ Ratliff-Rush <> __L-stable one-dimensional 


Problem 7.2. A (one-dimensional) Mori domain whose nonzero finitely generated 
ideals are L-stable is not necessarily (finitely) stable. In fact if R is a local one- 
dimensional integrally closed Mori domain, each nonzero finitely generated ideal [ 
of R is L-stable (Proposition 2.3(2)); but if R is (finitely) stable it must be a discrete 
valuation domain (Proposition 2.5(1)). Example of local one-dimensional integrally 
closed Mori domains that are not valuation domains can be constructed by means of 
pullbacks [4, Theorem 2.2]. Does Proposition 2.4 extend to Mori domains? That is 


Question. Is a one-dimensional L-stable Mori domain stable? 


Problem 7.3. For Noetherian domains, the Ratliff-Rush property is equivalent to 
(finite) stability and in the one-dimensional case also to L-stability (Propositions 2.4 
and 4.2). Since stable domains are Ratliff-Rush, a Mori Ratliff-Rush domain need 
not be Noetherian (Sect. 2). 


Question. Is a Mori Ratliff-Rush domain one-dimensional? 


Apart from the Noetherian case, the answer is positive if either (R : R’) 4 (0) 
or R is seminormal [33, Corollary 2.10]. 


Problem 7.4. If R is a Mori stable domain (equivalently, a one-dimensional stable 
domain) and J is a nonzero ideal of R, we have J, = (x, y),, for some x,y € I 
(Theorem 2.17); thus we can say that in a stable Mori domain each divisorial ideal is 
2-v-generated. Since a divisorial Mori domain is Noetherian, this result generalizes 
(i) => Gii) of Theorem 3.6. 
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Question. Assume that R is a one-dimensional Mori domain such that each 
divisorial ideal is 2-v-generated. Is it true that each divisorial ideal is stable? 


Note that the answer to this question is negative if R has dimension greater 
than one. For example, let R be a Krull domain. Then each divisorial ideal of 
R is 2-v-generated [37, Proposition 1.2] and stability coincides with invertibility 
(Proposition 2.3(1)). Hence each divisorial ideal of R is stable (i.e., invertible) if 
and only if R is locally factorial [13, Lemma 1.1]. 

Recall that a nonzero ideal J of a domain R is v-invertible if (I(R : 1)), = Rand 
that J is called v-stable if I, is v-invertible as an ideal of E(/,), that is, (,\(E(4) : 
1,)), = E(,). Clearly, v-invertibility implies v-stability. If each nonzero ideal of R 
is v-stable, we say that R is v-stable [21]. 

Each nonzero ideal of a Krull domain is v-invertible, thus a Krull domain is 
v-stable. However, a Krull domain is stable if and only if it is a Dedekind domain, 
that is, it has dimension one (Proposition 2.3(1)). An example of a one-dimensional 
Mori domain that is v-stable but not stable is given in [22, Example 2.6]. 


Question. Assume that R is a Mori domain such that each divisorial ideal is 
2-v-generated. Is it true that R is v-stable? 


Problem 7.5. The ¢-closure of a nonzero ideal J is defined by setting 
[= Ltn J finitely generated and J C /}, 


for each nonzero ideal J of R. If J = J,, I is called a t-ideal. Invertible ideals are 
divisorial and divisorial ideals are t-ideals. 

Olberding proved that R is a stable domain if and only if each nonzero ideal 
T is divisorial in E(/) [42, Theorem 3.5]. When R is finitely stable, each finitely 
generated nonzero ideal J is a t-ideal of E(/), being invertible. Does the converse 
hold? 


Question ([46, Question 2.5]). Assume that each (finitely generated) nonzero ideal 
T is at-ideal of E(/). Is it true that R is finitely stable? 


The answer is positive when, for each finitely generated nonzero ideal /, the ideal 
(E(Z) : 1) is finitely generated in E(/) [46, Proposition 2.4]. 


Problem 7.6. It is well known that if R has finite character, a locally invertible ideal 
is invertible. Conversely, if each locally invertible ideal is invertible R need not have 
finite character (e.g., a Noetherian domain need not have finite character). However, 
a Priifer domain such that each locally invertible ideal is invertible does have finite 
character. This fact was conjectured by S. Bazzoni [6, p. 630] and proved by W. 
Holland, J. Martinez, W. McGovern and M. Tesemma in [29]. (A simplified proof 
is in [36]). F Halter-Koch gave independently another proof, in the more general 
context of ideal systems [26]. Other contributions were given by M. Zafrullah in 
[54] and by C.A. Finocchiaro, G. Picozza and F. Tartarone in [16]. 

Following D.D. Anderson and M. Zafrullah, for short we call R an LPI-domain 
if each locally principal nonzero ideal of R is invertible [2]. 
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Since a Priifer domain is precisely a finitely stable integrally closed domain, one 
is lead to ask the following more general question. 


Question ([10, Question 4.6]). Assume that R is a finitely stable LPI-domain. Is it 
true that R has finite character? 


The answer is positive if and only if the LPI-property extends to fractional 
overrings [19, Corollary 15], in particular when R is Mori or integrally closed. For 
an exhaustive discussion of this problem see [19]. 


Problem 7.7. By Proposition 5.3, a quasi-stable domain is locally quasi-stable. 
What about the converse? Note that a locally quasi-stable domain, being locally 
finitely stable, is finitely stable. 


Question ([46, Sect. 3]). Is it true that a domain which is locally quasi-stable is 
quasi-stable? 


The answer is positive for integrally closed or Mori domains. Other than that, 
also when R is h-local [46, Corollary 3.13]. 


Problem 7.8. A similar question can be addressed for Clifford regular domains. 
Bazzoni proved that any localization of a Clifford regular domain is Clifford regular 
[9, Proposition 2.8] (Proposition 6.5) and that a Clifford regular domain has finite 
character [10, Theorem 4.7]. But it is not known if the converse is true in general. 


Question ([9, Question 6.8]). Is it true that a domain which is locally Clifford 
regular and has finite character is Clifford regular? 


We know that the answer is positive in the following cases: (a) When R is 
integrally closed. (This follows from Theorem 6.2.) (b) When R is Mori. In this 
case, each localization of R is Mori and Clifford regular, hence (finitely) stable. 
Thus R is locally stable and the finite character implies that R is stable. (c) When 
each nonzero prime ideal of R is contained in a unique maximal ideal, for example, 
if R is one-dimensional [23, Proposition 5.5]. 


Problem 7.9. A quasi-stable domain need not have finite character; thus a quasi- 
stable domain need not be Clifford regular. 


Question. Is a Clifford regular domain quasi-stable? 
The answer is positive when R is integrally closed or Mori. 


Problem 7.10. It is easy to see that a vN-regular ideal is L-stable [9, Lemma 2.6], 
so that Clifford regular domains are L-stable. However, an L-stable domain need 
not be finitely stable; thus neither quasi-stable nor Clifford regular. For example, a 
Noetherian integrally closed domain is always L-stable, but it is stable if and only if 
it is a Dedekind domain (Proposition 2.3(2)). 


Question. Is a finitely stable domain, or a quasi-stable domain, L-stable? 


Again, the answer is positive when R is integrally closed or Mori. 
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Abstract Hochster and Barger were the first to introduce notions of grade for 
non-Noetherian rings. Their work laid the foundation for Alfonsi’s work which 
unified and generalized these earlier definitions. The various notions of grade have 
played an important role in the development of the theory of coherent rings. This 
paper looks at the historical development of non-Noetherian grade, as well as its 
applications. 
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1 Introduction 


The question of how to define grade in the context of non-Noetherian rings centers 
around the poor behavior of the classical notion of grade in the non-Noetherian 
context. Using Hochster’s terminology [8], given a ring R and an R-module M, a 
sequence X1,...,X, forms a possibly improper M -sequence if for eachi,0 <i < 
n— 1, X;41 is anon-zero-divisor on M/(x1,...x;)M.If (x1,...x,)M 4 M, then 
X1,...,X, forms an M-sequence. Given an ideal J of R such that 1M 4 M, the 
classical grade of J on M is defined 


grader (J, M) = sup{n|there exists a regular M-sequence x1,...,X, € I}. 


If (R, m) is a local ring, we denote gradep(m, M) by depthy M. 


L. Hummel (54) 
University of Indianapolis, 1400 East Hanna Avenue, Indianapolis, IN 46227, USA 
e-mail: hummell @uindy.edu 


M. Fontana et al. (eds.), Commutative Algebra: Recent Advances in Commutative Rings, 195 
Integer-Valued Polynomials, and Polynomial Functions, DOI 10.1007/978-1-4939-0925-4_11, 
© Springer Science+Business Media New York 2014 


196 L. Hummel 


For a Noetherian ring R, an ideal J, and a finitely generated R-module M with 
IM # M, gradeg(J, M) > 0 if and only if (0 : 1) = 0. However, the following 
example presents a non-Noetherian ring with an ideal P that contain only zero- 
divisors such that (0 :r P) = 0. As indicated in [16], Hochster appears to be the 
first to notice this pathological behavior of classical grade in the coherent case. 


Example I ([24]). Let R = k[[x, y]] be the power series ring in x and y over a 
field k. Let M be the R-module M = ©) > k(P) where k(P) is the quotient field 


height P=1, 
P prime 


of R/P. Let A = R ® M, where addition is component-wise and multiplication is 
given by 


(r,m) -(s,n) = (rs,rn + sm). 


M is an ideal of A, M* = (0), and A is a local ring with maximal ideal P = 
A(x,0) + A(0, y). As shown in [24] and [16] (page 117), (0 :r P) = 0 and P 
contains only zero-divisors. 


Hamilton and Marley [7] provide another example of a ring demonstrating this 
pathological behavior (see Example 3). 

This observation led Hochster [8] to define the notion of polynomial grade, 
sometimes known as true grade, in the early 1970s. In his work, Barger [4] 
also investigated several different definitions of grade, seeking to understand the 
conditions and limitations under which these definitions were equivalent. McDowell 
[13] used homological definitions of grade, referred to in this paper as M. depth and 
PN. depth, in his exploration of a class of coherent rings called pseudo-Noetherian 
rings. (In his paper, McDowell attributes this definition of depth to Auslander and 
Bridger [2].) In 1981, Alfonsi [1] generalized and unified these notions of non- 
Noetherian grade. 

Since the development and refinements of the notion of grade in the non- 
Noetherian context, the work of Alfonsi, Barger, and Hochster has played an 
important role in the development of the theory of coherent rings. Recall that an 
R-module M admits a finite n-presentation if there is an exact sequence 


F, > Fy-1 2 ++: 2 Fo ~ M > 0 


of finitely generated free R-modules. Finitely presented modules are those modules 
that admit a finite 1-presentation. A ring R is called coherent if every finitely 
generated ideal is finitely presented. A ring is called stably coherent if every 
polynomial ring in a finite number of variables over R is a coherent ring. Alfonsi 
was able to prove the most general version of the Buchsbaum-Eisenbud Exactness 
Criteria for complexes over rings that aren’t necessarily Noetherian. He also was 
able to simplify results in stable coherence [6]. Iroz and Rush [10] used grade 
in the context of associated prime ideals. More recently, Hamilton and Marley 
[7] have used polynomial grade in the theory of non-Noetherian Cohen-Macaulay 
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rings. Hummel and Marley [9] generalized the Auslander-Bridger formula to the not 
necessarily Noetherian context, which provided the foundation for non-Noetherian 
Gorenstein rings. 

In this paper we will look at the variety of definitions of grade within the 
non-Noetherian context, summarize their connections in the context of Alfonsi’s 
unification, and present the applications of grade in non-Noetherian rings. In 
what follows all rings are commutative and not assumed to be Noetherian unless 
otherwise stated. In the naming of the various definitions of grade presented here, 
usually either the original notations or those used widely in the literature are chosen. 
In some cases (as in the notation for A.depth) we use the naming convention of 
[15] and mimic this convention in notating other definitions (such as PN. depth) 
that previously were notated no differently than from classical grade or depth. 


2 Polynomial, Rees, and Koszul Grades 


Hochster’s original definition of polynomial grade relies upon the notion of 
admissible ideals. 


Definition 1 ((8]). Let R be a ring, let be J an ideal, and let M be an R-module. 
The pair (J, M) is admissible if for each faithfully flat R-algebra S, and each 
possibly improper (VM @r S)-sequence x1,...,%, € I @p S, it follows that 
X1,...X, isan (M @®p S)-sequence. 


Hochster shows that for M finitely generated, (7, M) is admissible if and only if 
IM #M [8]. 


Definition 2 ((8]). Let R be a ring, let J be an ideal, and let M@ be an R-module 
such that (J, M) is admissible. Then 
p. grader(/, M) = sup{grades(J @r S, M ®r S)|S is a faithfully flat R-algebra}. 

However, in recent literature ([7, 9, 15, 16]) the notion of polynomial grade is 
commonly defined using the following equivalent characterization. 
Proposition 1 ([8]). Let R be a ring, let I be an ideal, and let M be an R-module. 
Then 

p. grader, M) = jim grade(I R[x1,...,%;], R[x1,...,X,] @r M). 
—>0o 

As a consequence of Definition 2 and Proposition 1, polynomial grade has the 

following properties. 


Proposition 2 ([8, 16]). Let R be a ring, let I be an ideal, and let M be an 
R-module. Polynomial grade has the following properties: 
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1. gradep(J, M) < p. gradep(/, M). 

2. p.grader(IR[x1,...,Xn], MR[x1,...,Xn]) = p. gradeg(I, M) foralln > 0. 

3. If J CI, then p. gradep(J, M) < p. grader(/, M). 

4. If R is Noetherian, M is finitely generated, and IM # M, then 
gradep(1, M) = p. gradep(/, M). 

5. Given a faithfully flat R-algebra S, p.grades(I] @r S,M @r S) = 
p. gradep(I, M). 

6. p. gradep(1, M) = 0 if and only if every finitely generated subideal I of I has 
an element x € M such that Ix = 0. 

7. p.grader(/, M) = sup{p. gradep(J,M)|J C I is finitely generated}. 

If x is a regular sequence on M contained in I of length £(x), then 


Go 


p. gradep(J, M) = p. gradep(I, M/xM) + €(x). 


9. p. gradep(I,M) = p.gradep(P, M) for some prime ideal P containing I. In 
particular, p. grader(I, M) = p. grade, (JT, M). 
10. If I is generated by n elements, and IM # M, then p.gradep(U, R) < n. 
Furthermore, 


p. grader(/, M) = grade(/R[t,..., tn], Rit, ....tn] @r M). 


Note that in light of Proposition 2(6), in Example 1, we now see that 
p. gradep(P, M) > 0 even though gradep(P, M) = 0. 

When (R, m) is a local ring with R-module M, p. gradep(m, M) is denoted by 
p. depth M. In Northcott [16] we see a generalization of the Auslander-Buchsbaum 
formula to the non-Noetherian setting. First we recall the original formula. 


Theorem 1 ({3](Auslander-Buchsbaum Formula)). Let (R,m) be a _ local 
Noetherian ring, and let M be an R-module with pdg M <_ ow. Then 
pd, M + depth, M = depth, R. 


Northcott [16] retains projective dimension, but replaces classical grade with 
polynomial grade. 


Theorem 2 ([16]). Let (R,m) be a local ring and let M be an R-module with 
a finite length resolution of finitely generated free modules. Then pdp M + 
p. depth, M = p.depth, R. 


Hochster’s primary concern was grade sensitivity in the non-Noetherian case. 
Let R be a ring, let J = (r,...,7), and let M be a finitely generated R- 
module with 1M +4 M. When R is Noetherian and .% is the Koszul complex 
of M with respect to the generators of /, “grade sensitivity” corresponds to being 
able to recover the classical grade by counting the number of vanishing homology 
groups of the Koszul complex from the left [8]. Let A = Z[x,,...x,], where 
X1,...,X, are indeterminants over Z, and let .% be the Koszul complex of A with 
respect to x),...,X,. Define “@ = % ®,4 M, treating M as an A-module via 
the homomorphism A — R that takes x; to r;. Since .% is a free resolution of 
N =A/(xX1,...,Xn); 
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gradep(I,M) = n — dim“(N, M) = Tordim“ N — dim4(N, M), 


where dim“(N, M) is the greatest integer 7 such that Tor? (N. ,M) # 0 (or -1 if 
there is no such integer). Define Tordim4 N = SUP dim4 (N, E) for E finitely 
generated. 

To investigate grade sensitivity in the non-Noetherian case, termed “G- 
sensitivity” in [8], Hochster proves the following results. In the following, given 
a ring R and an R-module M, define a(M) = {r € R|M, = 0} where 
M, = R, ® M. 


Theorem 3 ([8](Tor Inequality)). Let R be a ring, let M be an R-module, and let 
I =a(M). Let A be any R-algebra, and let N be any A-module. If dim*® (M,N) = 
0, then (IA, N) is admissible and 


p. grade (1A, N) + dim®(M, N) < Tordim’ M. 


Corollary 1 ({8](Extended Rees Inequality)). Let R be a ring, let M 4 0 be an 
R-module, and let I = a(M). Then p. grader (I) < Tor dim’ M. 


Theorem 4 ([8](Characterization of G-sensitivity)). Let R be a ring and let 
M # 0 be an R-module such that 1 < n = Tordim® M < oo. Then M is G- 
sensitive if and only if the following conditions hold: 


1. M is perfect, that is, p. grade(a(M)) = n. 

2. a(M) is the radical of a finitely generated ideal. 

3. For every prime ideal P of R containing a(M), and each ideal J of Ap with 
JJ = PRp, Tor®(M, Rp/J) #0. 


Proposition 2 (7) is a consequence of Hochster’s G-sensitivity results. 

According to [8], Hochster advised Barger to implicitly use the notion of 
polynomial grade to relate what are known as the classical, Koszul, and Rees grades. 
Barger’s definitions follow below: 


Definition 3 ((4]). Let R be a ring, let J be an ideal, and let M@ be an R-module 
with IM # M. For x,...,X, € I, define g(x1,...,x,|M) = n —t, where ¢ is 
the largest integer such that the t-th homology module of the Koszul complex over 
M determined by x),..., xX, is not zero. The Koszul grade of J over M is defined 


K. gradep(J, M) = sup{g(x1,...,Xn|M)|x1,...,Xn € Th. 


Barger proves the following properties of Koszul grade: 


Proposition 3 ([4]). Let R be a ring, let I and J be ideals, and let M be an R- 
module with JM #4 M. 


1. If I C J, then K. gradep(I, M) < K. gradep(J, M). 
2. If x is a non-zero-divisor, K. gradep(J,M) = K. gradep(J, M/xM) + 1. 
3. If (%1,...,Xn) = J, then K. grade(J, M) <n. 


200 L. Hummel 


4. If S is a faithfully flat extension of R, then 


a. (J @r S)\(M @rS)A(M @xS). 
b. gradep(J, M) = K. grader(J @r S,M Sr S). 
c. If I CJ CVT, then K. gradep(I,M) = K. gradep(J, M). 


The following properties of Koszul grade appear in [15]: 
Proposition 4 ([15]). Let R bearing, let I be an ideal, and let M be an R-module. 
1. Let f : R= S bea flat ring homomorphism; then 


K. grade], M) < K. grade S, M @p S). 
2. Let f : R > S bearing homomorphism and let N be an S-module. Then 
K. gradep(J, N) = K. gradeg(JS, N). 


The classical and Koszul grades are related in the following ways: 
Proposition 5 ([4]). Let R be a ring, let I be an ideal, and let M be an R-module. 


1. gradep(J, M) < K. gradep(/, M). 
2. If gradep(I, M) < K. gradep(J, M) = n, then there is a positive integer t such 
that for S = R[x,,..., Xz], 


gradeg(] @r S,M @rS) = K. grades @rS,M Or S) =n. 
Barger’s definition of Rees grade is based upon Rees’ ([{18, 19]) characterization 


of Noetherian classical grade by the vanishing of Ext. 


Definition 4 ([4]). Let R be a ring, let J be an ideal, and let M be an R-module. 
Then the Rees grade is given by 


r. gradep (I, M) = inf{n| Extp(R/I, M) # 0}. 


The following properties of Rees grade were first proved by Rees in [18]: 
Proposition 6 ([4]). Let R be a ring, let I be an ideal, and let M be an R-module. 


1. gradep(J, M) <r. grader(/, M). 
2. Ifx € I is anon-zero-divisor, thenr. grader(1, M) = 1 +1. gradergU, M/xM). 


A proof of the following characterization of r. grade can be found in [23]. 
(Azgharzadeh and Tousi [15] refer to this cohomological characterization as 
H. grade.) Let x = x),...X, be a finite sequence of elements in R. Given an R- 
module M and an ideal J, let H;(M) be the i-th local cohomology of M. 


Proposition 7 ({[23]). Let R be a ring, let I be an ideal of R, and let M bean R- 
module. Then r. gradep(I, M) = inf{i > 0|H}(M) = limExt'g(R/I", M) F Of. 


n 
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The following properties characterize the relationship between Rees and Koszul 
grades: 


Proposition 8 ([4]). Let R be a ring, let I be a finitely generated ideal, and let M 
be an R-module. 


1. The following statements are equivalent: 


a. r. gradep(J, M) = 0. 
b. K. gradepn(I, M) = 0. 


c. there exists a nonzero element m € M such that Im = 0. 


2. If M™ is the direct sum of countably many copies of M, then 
K. gradep(J, M) = inf{n| Extp(R/T,M©) 


and K. gradep(1, M) < r. gradep(J, M). 
3. If K. gradep(J, M) = 1, thenr. gradep(J, M) = 1 as well. 
4. If R is coherent and K. grader(I,M) =n, thenr. grader(I, M) = n. 


Barger provides an example for when the first property fails when J is not finitely 
generated. 


Example 2 ([4]). Let k be aciteld, Vet Kt oa. psa ol te Re sense ewes 
and let J = (x1,...,Xn,...). Then gradeg(J, R) = K.gradep(J, R) = 0, but 
r. gradep(J, R) > 0. 


3 Grade and Pseudo-Noetherian Rings 


While attempting to extend Noetherian algebraic and homological results to the 
non-Noetherian context, McDowell [13] defined pseudo-Noetherian rings in 1976. 


Definition 5 ((13]). A ring R is called pseudo-Noetherian if 


1. R is coherent. 

2.If M # Oisa finitely presented R-module and / is a finitely generated ideal of 
R contained in the zero-divisors of M, then there exists m € M,m 4 0 such 
that Jim = 0. 


Note that by Proposition 8 (1), if R is pseudo-Noetherian, J is a finitely 
generated ideal, and M is a finitely presented R-module, r.gradepn(J,M) = 
K. gradep(J, M) = 0. Hence, McDowell uses the following definition of M. depth, 
as defined by [2]. 


Definition 6 ((2]). Let R be a ring and let M and N be R-modules. Define 
M.depthN = inf{n|Extp(M,N) # O}. If there is no such integer such that 
Extp(M, N) # 0, then M. depthy N = ov. 


McDowell connects M. depth to the length of M -sequences. 
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Lemma 1 ([13]). Let R be a pseudo-Noetherian ring, let I be a finitely generated 
ideal, and let M be a finitely presented R-module with IM # M. Then the length 
of any maximal M -sequence in I is equal to (R/1).depthr M. 


In fact, this result provides a characterization for local coherent rings that are 
also pseudo Noetherian: a local coherent ring is pseudo-Noetherian if and only if 
the above lemma holds [13]. 

In addition, if J C J are finitely generated proper ideals of a local pseudo- 
Noetherian ring, (R/J).depthy, M < (R/J).depthp M for any finitely presented 
R-module M. 

This leads to the definition of depth for pseudo-Noetherian rings. 


Definition 7 ({13]). Let (R,m) be a local pseudo-Noetherian ring and let M 4 0 
be a finitely presented R-module. Define 


PN.depth M = sup{(R/J).depthg MJ a proper finitely generated ideal}. 


If R is Noetherian, PN. depth, M = (R/m).depthM. 
Consequently, McDowell generalizes Lemma 1. 


Theorem 5 ([{13]). Let (R,m) be a local pseudo-Noetherian ring and let M # 0 
be a finitely presented R-module. Then the lengths of maximal M sequences are the 
same and equal to PN. depth. 


If R is pseudo-Noetherian and / is a finitely generated ideal, then it follows that 
R/T is pseudo-Noetherian. Hence PN. depth also has the following properties: 


Proposition 9 ([13]). Let (R,m) be a local pseudo-Noetherian ring, let M 4 0 
be a finitely presented module, and let x € m be a non-zero-divisor of M. Then 
PN. depthp j(.)(M/xM) = PN. depthy M — 1. 


Theorem 6 ([13]). Let (R,m) be a local pseudo-Noetherian ring. The following 
integers are equivalent: 


1. PN. depthp R 
2. The length of any maximal R-sequence 
3. sup{pde M|M a finitely presented R-module with pdp M < oo} 


4 Early Applications of Polynomial Grade 


Sakaguchi [20] connected polynomial grade to the valuative dimension introduced 
by Jaffard [11]. We begin with the definition of valuative dimension. 


Definition 8 ({11]). If R is an integral domain, then the valuative dimension of R 
is defined 


dim, R = sup{dim V|V is a valuation overring of R}. 
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In general, if R is a commutative ring, 
dim, R = sup{dim,(R/p)|p € Spec(R)}. 


If R is aring and M + 0 is an R-module, the valuative dimension of M is 
defined by 


dim, M = dim, R/(0:p M). 


If R is Noetherian, then it can be shown that dim, M = dim M [20]. 
With these definitions, along with the notion of polynomial height (see [20] for 
details), Sakaguchi proves the following result: 


Theorem 7 ([20]). Let (R,m) bea local ring and let M # 0 be afinitely generated 
R-module. Then p. gradea(m, M) = p.depthp R < dim, M. 


Iroz and Rush [10] made connections between associated primes and polynomial 
grade. First, we start with some definitions. 


Definition 9 ({10]). Let R be a ring, let P be a prime ideal of R, and let M be an 
A-module. 


1. If P is minimal over (0 :z m) forsomem € M, then P is called a weak Bourbaki 
prime of M. The set of weak Bourbaki primes of M is denoted Ass ¢(M). 

2. P is called a strong Krull prime of M if for every finitely generated ideal J 
contained in P, there exists anm € M such that J C (0:p m) C P. Denote the 
set of strong Krull primes of M by sK(). 


Iroz and Rush use the following result as a basis to connect polynomial grade to 
weak Bourbaki and strong Krull primes. 


Proposition 10 ((8,12]). Let R be a ring, let I be an ideal, and let M be an R- 
module. The following statements are equivalent: 


1. p. gradep(J,M) = 0. 
2. Each finitely generated ideal J C I is contained in a member of Ass ¢(M). 
3. Each finitely generated ideal J C I is contained in a member of sK(M). 


The following result of Northcott [17] also connects polynomial grade and strong 
Krull primes. 


Theorem 8 ([17]). Let R be a ring, and let I be an ideal with p. gradep(I, R) > 0. 
Then I is projective if and only if 

1. I has a finite length resolution by finitely generated projective modules. 

2. Every P € sK(R/A) has p. gradep(P, R) = 1. 


By means of the following lemma, Iroz and Rush prove that Northcott’s 
theorem remains true if Ass ¢(R/J) is replaced by sK(R/TJ). 
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Lemma 2 ([{10]). Let R be a ring, let I 4 R be an ideal, and let M be an R- 
module. Then 
p.gradep(/,M) = inf{p. gradep(P,M)|P € Ass¢(R/1)} 
= inf{p. gradep(P, M)|P is minimal over A}. 


Finally, Iroz and Rush connect polynomial grade to projective ideals. 


Theorem 9 ([10]). Let R be a ring and let I be an ideal of R with 
p. gradep(I, R) > 0. Then I is projective if and only if the following conditions 
hold: 


1. p. gradep(P, R) = 1 forall P € Ass (R/T). 
2. I has a finite length resolution by finitely generated projective R-modules. 


5 Alfonsi’s Generalization of Grade 


This section will look at Alfonsi’s [1] definition of grade and its connection to the 
previously presented definitions of grade and depth. 


Definition 10 ([1]). Let R be a ring, let MW be a finitely presented R-module, and 

let N be an R-module. Define A. gradep(M, N) = n if for every finite complex 
Pe = Py, > Ph-1) 2+: > Pp > M0 

of finitely generated projective modules P; (0 < i <n), there exists a finite complex 


QO. = On > On-1 > 7 OO 7M > 0 


of finitely generated projective modules Q; (0 < j < n) and a chain map 
P. — Q. of complexes over M such that the induced maps H; (Homr(Qe, N)) > 
H;(Homa(Pe, N)) are zero for0 <i <n. 

Define A. gradep(M, N) as the largest integer satisfying the above conditions; 
let A. gradep(M, N) = oo if no such integer exists. 


If M admits a finite n-presentation (for instance, if R is coherent), then [1] 
A. grader(M, N) = sup{n| Ext,(M, N) = 0,0 <i <n}. 


Hence we immediately have the following connection between McDowell’s notion 
of grade, Rees grade, and the grade of Alfonsi. 


Proposition 11. Let R be a ring, let I be a finitely generated ideal, let M be 
an R-module admitting a finite n-presentation, and let N be an R-module. Then 
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M.depthy N = A.grader(M,N). If M = R/I, then r.gradepn(M,N) = 
A. gradep(M, N). 


Alfonsi’s definition of grade has the following properties: 


Proposition 12 ([1]). Let R be a ring, let M be a finitely presented R-module, and 
let N be an R-module. 


1. If X1,..., Xn are finitely many variables over R, then 
A. grade pry, x,](M @r Rix1,.--. Xn], N @r R[x... Xn]) = A. gradep(M, N). 


2.If X = X,,...,X, is a regular N-sequence contained in (0 :p M), then 
A. gradep(M, N) =n + A. grader(M, N/(x)N). 


Proposition 13 ([1]). Let R be a ring, let M be a finitely presented R-module, let 
N be an R-module, and let n = 0 be an integer. The following are equivalent: 


1. A. grader(M, N) =n. 

2. There exists a faithfully flat R-algebra S, and a sequence V,,...,V, € (0 :s 
M ®r 8S) which forms an N @p S-regular sequence. 

3. There exists a faithfully flat R-algebra S, and a sequence of elements v,,...,V; € 
(0:5 M @pr S) satisfying Hj(Ke(v1,...,¥1,N @r S)) = Ofori >t —n. 

4. For every sequence of elements v,,...,v; of R satisfying (0 :r (0 :r M)) = 
(Ozer (Y1,.-.,V¢)), we have H;(K.(v1,...,44,N)) = Ofori >t—n. 

5. Extier,..x,J]M @r R[x.....Xr],N @r Rix1,...,X,]) = Ofori <n and an 
integerr > n. 


Corollary 2 ({1]). Let R be a ring, let M be a finitely presented R-module, let N 
be an R-module, and let S be a flat extension of R. Then A. grades(M @r S,N @r 
S) > A. gradep(M, N). If S is faithfully flat over R, then A. gradeg(M @rS,N@pr 
S) =A. gradep(M, N). 


Proposition 14 ([1]). Let R be a ring, let N be an R-module, and let I and J be 
two finitely generated ideals of R. 


1. If I C J and A. gradep(R/1I, N) = n, then A. gradep(R/J,N) =n. 
2. If A.gradep(R/I,N) > n and A.gradep(R/J,N) > n, then A. gradep 
(R/IJ,N) =n. 


Proposition 15 ({1]). Let R be a ring, let I be an ideal, and let M and 
N be R-modules. If M is finitely presented, then A.gradepn(M,N) = 
inf{A. grader, (Mp, Np)|P € SuppM}. 


Thus Proposition 14 leads to an extension of Alfonsi’s definition of grade that 
does not require M to be a finitely presented module. 


Definition 11 ({1]). Let R be a ring, and let M and N be R-modules. Then 
A. grader(M, N) => n if for every x € M, (0 :r x) contains a finitely generated 
ideal /, satisfying A. gradep(R/Ix, N) > n. 
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Alfonsi also shows that the two different definitions of grade he has presented 
are equivalent over finitely presented modules. 


Theorem 10 ([1]). Let R be aring, let M be a finitely presented R-module, and let 
N be an R-module. Then Definitions 10 and 11 agree. 


Finally, we have the following connections between most of the notions of grade 
previously presented. 


Proposition 16 ((15]). Let R be a ring, let I be an ideal, and let M be an R- 
module. The following relations hold: 


grade(/, M) < p. grade(/, M) = K. grade(J, M) = A. grade(/, M). 


In addition to the Buchsbaum-Eisenbud Exactness Criteria (stated in Theorem 13 
below), Alfonsi [1] also made connections between small finitistic projective 
dimension and A. grade. We begin with the definition of small finitistic projective 
dimension and its relevant properties. 


Definition 12. Let R be a ring, let M be an R-module, and let n be an integer. The 
small finitistic projective dimension of M is at most n, denoted fPdimr M < n, if 
for every complex 


Ps =0— Pro > Py > ++ > Po 


of finitely generated projective R-modules P; such that the sequence 


@1 
0 P41 @xM >" P, @RM >---> Py @rM 


is exact, then the map P,,4,; — P,, is left invertible (i.e., there exists a homomor- 
phism ¢ : P, — P,+1 such that ¢p = Ip,,,). 
fPdimr M is the smallest integer satisfying the above conditions; if no such 


integer exists, fPdimr M = oo. 


Theorem 11 ([1]). Let R be a ring, let M and N be R-modules, and let n be an 
integer. The following are equivalent: 


1. A. gradep(M, N) > n. 
2. For every flat R-algebra S with fPdims(N @r S) <n, M @r S = 0. 


It follows that 
A. gradep(M, N) = inf{fPdims(N @p S)|S is a ring that is a flat R-module and M @r S # 0}. 


This last characterization of A. grade can be further generalized. 


Theorem 12 ([1]). Let R be aring, let M be a finitely presented R-module, and let 


N be an R-module. Then A. gradep(M,N) = inf — {fPdime, N>}. 
peSupp(M) e 
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Alfonsi defines the depth of a module in the following manner: 


Definition 13 ({1]). Let (R,m) be a local ring, and let M be an R-module. We 
define the A.depth of M as A.depthr, M = A. grader(R/m, M). 


Alfonsi [1] proves several results analogous to their Noetherian depth counter- 
part. The first such result is similar to the result of Auslander. 


Proposition 17 ({1]). Let (R,m) be a local ring, let N be an R-module, let 


L=0-> Ly & tee 4 Lo be a complex of finite free R-modules, and let 
Q = Coker(d). Suppose that the coefficient ideal of d, is contained in m and 
that the complex Le ®r N is exact. Then we have the equality A.depthy(N) = 
A. depthp(NV @r Q) +n. 


The following results, several which are well known in the Noetherian case, 
follow: 


Corollary 3 ({1]). Let (R,m) be a local ring, and let M be an R-module. Then the 
following statements hold: 


1. A.depth, M = fPdimr M. 

2. Let A be a finitely presented R-algebra, let N be an A-module that is also a finite 
R-flat module, let Q be a prime ideal of A, and let P be its image in Spec R. Then 
we have the equality 


A. depth 4, ((N @r M)g) = A.depthy, (Mp) +A. depth 4,.@ pep) (No @rk(P)). 


Alfonsi [1] uses his notion of grade to further generalize the Buchsbaum- 
Eisenbud Exactness Criterion first proved in the Noetherian case in [5] and 
generalized to non-Noetherian rings by Northcott [16]. 


Theorem 13 ({1](Buchsbaum-Eisenbud Exactness Criterion)). Let R be a ring 
and let Fy = 0 > F, = Fy) >: = Fo be a complex of finitely generated free 
R-modules. Let r; = rank F; —rank(F;4; +--:+ (—1)"7! rank F,,), and denote the 
ideal generated by all the r; x r; minors of the matrix u; by c(A"u;). Then the com- 
plex F. is exact if and only if for every 1 <i <n, A. gradep(R/c(A"u;), R) = i. 


The Buchsbaum-Eisenbud Exactness Criterion allowed Alfonsi to prove the 
following result, which simplified the proofs of many results in stable coherence (see 
[6]). Recall that an R-module has weak dimension n if n is the smallest nonnegative 
integer such that there is an exact sequence 0 > F, > ---—> Fi ~ ly > M > 0 
of flat R-modules. The weak dimension of a ring is the supremum of the weak 
dimensions of the modules of R. 


Theorem 14 ({1]). Let R be a coherent ring of finite weak dimension. Then the 
polynomial ring R[x1,..., Xn] is coherent if and only if Rp[x1,..., Xn] is a coherent 
ring for every prime ideal P of R. 
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6 Grade and Coherent Cohen-Macaulay and Gorenstein 
Rings 


The results of this section arose out of the work of Hamilton and Marley [7] to 
define Cohen-Macaulay rings in the non-Noetherian context as well as the work 
of Hummel and Marley [9] to define the non-Noetherian Gorenstein counterpart. 
While Proposition 16 showed the equality of Alfonsi’s grade and polynomial grade, 
in a nod to historical precedence, the following section will use the notation of 
polynomial grade. However, Alfonsi’s characterization of grade was used to prove 
several of the following results. 

We begin with additional characterizations of polynomial grade. Let x = 
X1,...X, bea finite sequence of elements in R. Given an R-module (M), let Ht (M) 
be the i-th Cech cohomology of M with respect to x. 


Proposition 18 ([7]). Let R be a ring, let x be a finite sequence of elements of R 
with length € = €(x), let I = (x)R, and let M be an R-module. The following 
integers are equivalent: 


1. p.gradep(J, M) 
2. K. gradep(I, M) 
3. sup{k > 0|Hi(M) = O for alli <k} 


Moreover, IM 4 M if and only if any one of the above integers is finite. 


Asgharzadeh and Tousi [15] refer to part (3) of Proposition 18 as Cech grade, 
denoted C. gradep(J, M). Hamilton and Marley prove an additional connection of 
polynomial depth and weak Bourbaki primes. 


Lemma 3 ([7]). Let M be an R-module and pé Ass 7 (M). Then p. depth, M,=0. 


Hamilton and Marley [7] show that a ring may contain ideals of polynomial grade 
j > 1 but no ideals of polynomial grade i, where 0 < i < j. This is one of the 
distinctions between classical and polynomial grades. 


Proposition 19 ((7]). Let (R,m) be a local ring of dimension d. For a fixed integer 


i>0,letM;= © _ k(p), where k(p) is the residue field of R,. Let S = Rx M; 
p€Spec R 


height p<i 
be the trivial extension of R by Mj, let j : S — R be the natural projection, and let 
I bea finitely generated ideal of S. Then height I = height j(1) and 


0 if height I <i 


p. gradep(J, R) = 
. p.grader(j(/), R) if height >i. 
In fact, applying this proposition provides an additional example of a ring 
displaying the pathological grade behavior first noticed by Hochster, as mentioned 
in the Introduction. 
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Example 3 ([7], Example 2.10). Let (R,m) be a Cohen-Macaulay local ring of 
dimension d > 0. Using the notation of Proposition 19, let S = R® My_,. Then S 
is a local ring of dimension d with maximal ideal n = m x Mq_, with the following 
properties: 


1. p.depth S$ = dim S. 

2. p. grade J = 0 for all ideals J of S such that /7 ¥ n; in particular, n consists 
entirely of zero-divisors. 

3. p.depth S, = 0 for all P € Spec S \ {n}. 


Polynomial depth also plays an important role in the characterization of not 
necessarily Noetherian Cohen-Macaulay rings. To define Cohen-Macaulay rings, 
Hamilton and Marley use the definition of strong parameter sequences introduced 
by Schenzel (see [21] or [7] for details), which play the role of systems of parameters 
in the non-Noetherian context. Hamilton and Marley thus define Cohen-Macaulay 
rings in the following manner: 


Definition 14 ([7]). A local ring is Cohen-Macaulay if every strong parameter 
sequence of R is a regular sequence. 


Both classical and polynomial grade correspond to the length of strong parameter 
sequences in Cohen-Macaulay rings. 


Proposition 20 ([7]). Let R be a ring; the following statements are equivalent: 
1. R is Cohen-Macaulay. 
2. grade((x)R, R) = £(x) for every strong parameter sequence x. 
3. p. grader ((x) R, R) = €(x) for every strong parameter sequence x. 
Hummel and Marley [9] use the notion of Gorenstein dimension as the foun- 


dation for the theory of not necessarily Noetherian Gorenstein rings. Let M* = 
Homa(M, R). 


Definition 15 ((2]). Let R be a ring and let M be a finitely generated R-module. 
1. M is in the class G(R) if 


a. Ext'g(M, R) = Extp(M*, R) = 0 for alli > 0. 
b. The canonical map M — M** is an isomorphism. 


2. M has Gorenstein dimension n, denoted Gdim M = n, if there exists a minimal 
length exact resolution 0 > G, > --- > Go ~ M — O such that G; € G(R) 
for each 7. If no finite resolution exists, then Gdim M = oo. 


Gorenstein rings are defined in the following manner: 


Definition 16 ((9]). A local ring R is Gorenstein if Gdim R/I < oo for every 
finitely generated ideal /. 


The proof connecting Gorenstein and Cohen-Macaulay rings requires a gen- 
eralization of the Auslander-Bridger formula to non-Noetherian rings. In the 
Noetherian context, the Auslander-Bridger formula provides a link between depth 
and Gorenstein dimension. 
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Theorem 15 ([(2]). Let R be a local Noetherian ring and let M be an R-module 
with Gdim M < oo. Then Gdim M + depth M = depth R. 


The Auslander-Bridger formula was first extended to pseudo-coherent rings by 
McDowell [14]. 


Theorem 16 ([14]). Let R be a local pseudo-Noetherian ring, and let M be 
a nonzero finitely presented R-module with GdimM < _ oo. Then GdimM + 
PN.depth M = PN. depth R. 


Hummel and Marley [9] provided the final generalization of the Auslander- 
Bridger formula in the coherent case. There is a version of this formula that doesn’t 
require the ring to be coherent, but rather assumes additional conditions on the 
R-module (see [9] for details). 


Theorem 17 ([{9]). Let R be a local coherent ring and let M be a finitely presented 
R-module with Gdim M < oo. Then Gdim M + p.depth M = p. depth R. 


Using the Auslander-Bridger formula, Hummel and Marley [9] were able to show 
that coherent local Gorenstein rings are Cohen-Macaulay. 

With this definition of Gorenstein rings, Hummel and Marley [9] provide a one- 
directional analogy of a well-known Noetherian characterization of Gorenstein rings 
in the coherent context. 


Proposition 21 ([9]). Jf R is a local coherent Gorenstein ring with p.depthR = 
n < 00, then every n-generated ideal generated by a regular sequence is irreducible. 


Polynomial grade also provides another characterization of coherent Gorenstein 
rings involving the FP -injective dimension introduced by Stenstrém. 


Definition 17 ((22]). Let R be a ring and let MW be an R-module. 


1. M is called FP-injective if Exth(F ,M) = 0 for all finitely presented 
modules F. 
2. The FP -injective dimension of M is defined as 


FP-idr M = inf{n > 0| Ext, |(F , M) = 0, for every finitely presented R-module F}. 


The following relation between polynomial depth and Gorenstein dimension seen 
in [9], 


p. depth R < sup{Gdim(R/J)|J a finitely generated ideal} 
sup{n| Ext’g(R/I, R) = 0, Vi =n, finitely generated ideal 7}, 


II 


leads to the following characterization of Gorenstein rings. 
Theorem 18 ([(9]). Let R be a local coherent ring. The following conditions are 
equivalent forn = 0: 


1. FP-idp R <n. 
2. R is Gorenstein with depth R = n. 
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Stable Homotopy Theory, Formal Group Laws, 
and Integer- Valued Polynomials 


Keith Johnson 


Abstract In this survey we describe some ways in which algebras of integer-valued 
polynomials arise in stable homotopy theory and in the study of formal group 
laws. For several generalized homology theories certain values of the theories 
have a natural description as such algebras and since these values are the ones 
arising in the construction of the Adams-Novikov spectral sequence for computing 
stable homotopy groups these algebras and their homological properties are of 
considerable interest. 


Keywords Integer-valued polynomial * Stable homotopy theory * Formal group 
law ¢ Hopf algebroid * Adams-Novikov spectral sequence 


MSC(2010) classification: [2010]16S36 (13F20,11C08) 


1 Introduction 


The study of algebras of integer-valued polynomials is usually thought of in ring 
theory primarily as a source of examples and counterexamples of algebras with 
unusual properties ({11]). Such algebras do arise naturally in other branches of 
mathematics, however, and in this survey we will describe two related examples of 
this. The first is algebraic topology where values of certain generalized homology 
theories sometimes carry this structure. In the examples we will describe these 
algebras are the algebras of natural transformations of the homology theory to itself. 
These play an important role in computations in stable homotopy theory. The other 
area in which we will describe examples is the study of formal group laws which 
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are 2-variable power series with certain group-like properties. Here the algebra of 
self-isomorphisms of such series sometimes carries the structure of an algebra of 
integer-valued polynomials. 

The survey is organized as follows. We begin with a sketch of some background 
and terminology from algebraic topology, followed by a description of how the 
algebra Int(Z) of rational integer-valued polynomials on Z arises naturally in 
complex K-theory. This is followed by two sections giving some of the facts 
about formal group laws and stable homotopy theory which we will need. We then 
describe some of the algebras of integer-valued polynomials arising in these two 
areas. 


2 Some Algebraic Topology 


In broadest generality algebraic topology can be described as the study of 
topological spaces by algebraic means, and it proceeds by finding correspondences 
(functors in modern categorical language) from topological spaces and continuous 
maps to algebraic structures such as groups and homomorphisms. A familiar 
example of this is the fundamental group 2, : Top — Grp which associates to a 
space the equivalence class of loops in the space beginning and ending at a fixed base 
point, the equivalence relation being continuous deformation (homotopy) and the 
group product being concatenation. In complex analysis, for example, this is useful 
when you need the winding number in Cauchy’s integral formula (which is really 
an isomorphism between z;(C\ pt) and Z), and there is an efficient algorithm for 
its computation for most spaces of interest using Van Kampen’s theorem. One can 
generalize this to define higher homotopy groups z,,(X, xo) which are equivalence 
classes of maps of the n-dimensional sphere, S”, into the space X. These are 
important in that many problems of fundamental interest, in differential geometry 
in the large, for example, reduce to their calculation; however, these groups are not 
computable in the same way as z,. Heinz Hopf showed, in the 1930s ([21]), that 
these groups are more complicated than you expect even for a space as simple as the 
2-dimensional sphere, S*. In fact computing z,(S”) for all n and a given m > 1 is 
one of the central unsolved problems in algebraic topology. 

To try and get around this problem of non-computability topologists formulated 
the definition of homology groups H,,(X) and H,(X,A) for A C X. There 
is a geometric and combinatorial construction of these objects and its essential 
feature is that for tractable spaces such as simplicial or cell complexes these are 
efficiently computable. Under the influence of Emmy Noether during the 1930s 
this was recast in an algebraic form and the computability was described in terms 
of a long exact sequence relating H,,(X), H,(X, A), and H,,(A). This algebraic 
approach also prompted the construction of a dual version, cohomology, denoted 
H"(__), which had the virtue of having the structure of a ring rather than just 
an abelian group, making it capable of detecting more topological phenomena. 
This was studied during the 1930s and 1940s and was axiomatized by Eilenberg 
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and Steenrod ([18, 19]) with a set of 7 axioms, one of which was a “normalization” 
condition which asserted that for the one point space, pt, the group H,,(pt) was Z 
ifn = 0 and 0 forn ¥ 0. These became quite powerful tools, leading, for example, 
to J.P. Serre’s 1951 thesis in which he showed that z,,(S”) is finite unless n = m or 
n=2n+1, 

A significant advance in the 1960s was the discovery that there were other 
homology and cohomology theories besides H,( ) and H"(_) satisfying all of 
the axioms of Eilenberg and Steenrod except the “normalization” axiom. This means 
in particular that they have long exact sequences connecting F(X), E,(X, A), and 
E,,(A) if A C X. In fact there are lots of these theories. A theorem of E.H. Brown 
([9]) says that any one of these arises as E"(X) = [X, E,], i-e., homotopy classes 
of maps from X to a representing space F,, and if you pick a collection of spaces 
E, and maps FE, > QE,,+, from E,, to the space of loops in F,,4; which are all 
homotopy equivalences, then you always get one. In spite of this there are only a 
few families of such theories which are used in practice, all of which originate with 
specific geometric constructions. 

One family is the various sorts of K-theory defined using equivalence classes 
of vector bundles on the space X. This was originally constructed for algebraic 
varieties by A. Grothendieck and extended to general topological spaces by Atiyah 
and Hirzebruch ([5]). Since the only variant of this we will be interested in uses 
complex vector bundles, we will denote it and the associated homology theory by 
K*( +) and K,(__). Some specific values of this theory are, first, for the one point 
space 


Z if * =2n 
K* (pt) = Kx(pt) = 
POS EAD) ae 
(note here that n may be negative) and, next, for the infinite projective space, CP™, 
which is the direct limit lim,,—.o9 CP” of the finite-dimensional complex projective 
spaces with respect to the usual inclusion maps: 


K*(CP™) = K*(pd tee = | ee a 

(the computation of the ordinary cohomology of complex projective space as a 
truncated polynomial algebra is a standard exercise in algebraic topology. Passing 
to the direct limit gives H*(CP°) = Z|[x]] and there is a spectral sequence, 
due to Atiyah and Hirzebruch ([6]), which computes the generalized cohomology 
of a space in terms of its ordinary cohomology and the value of the generalized 
cohomology theory at the one point space. In this case it has no nontrivial 
differentials and so reduces to a tensor product). 

The second family of homology and cohomology theories is constructed by 
taking equivalence classes of manifolds with the equivalence relation of cobordism, 
i.e., two manifolds are equivalent if their disjoint union is the boundary of a manifold 
of one dimension higher. These equivalence classes form the elements of F.,.(pf) 
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and for E,,(X) one takes equivalence classes of maps from n-manifolds into X 
modulo a pair of these being equivalent if the map the pair defines over the disjoint 
union of the manifolds can be extended to m + 1-manifold with this disjoint union 
as boundary. That this defines a homology theory is due to Rene Thom ([33]), 
as are many of the early calculations in this area. A general reference for this 
area is [31]. One gets a variety of different homology theories in this way by 
imposing restrictions on the sort of manifolds considered (oriented, unoriented, 
complex, symplectic, framed, etc.). The one we will be interested in future is 
“almost complex,” i.e., manifolds with a stably complex structure on their tangent 
spaces. The resulting homology theory is denoted MU,(X) and called complex 
cobordism. Two values of interest to us are: 


MU, (pt) = Z[m; :i = 1,2,...] 
(The degrees of the generators are deg(m;) = 2i.) 


MU*(CP®) = MU,(pt)[[x]] 


3 Formal Group Laws 


In fact the construction of the previous section works for any generalized cohomol- 
ogy theory, E*( _), for which E*(CP™) = Ex (pt)[[x]] and this is fairly common 
(such cohomology theories are called complex oriented). For such theories the map 
ju induces a map 


E,(pt)|[x]] = E*(CP®) > E*(CP© x CP©) 
= E,(pt)[[x]] ® Ex(pol[x]] = E«(Potlx, yl] 


and so {1x (x) is a power series in two variables with coefficients in E,(pt): 
p(x) = Do ai jx'y! = F(x,y). 
i,j>0 


Because yu is a classifying map for the tensor product of line bundles this power 
series has certain group-like properties reflecting those of the tensor product: 


Fy) = )oayxtyi =xtyt Do aijx'y! 
ij>l 

F(x, j=x 

Fil,y)=y 
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F(x, y) = F(y, x) 
F(x, F(y,2)) = F(F (x, y),2) 


A power series with coefficients in a commutative ring R with these properties 
is called a (one-dimensional, commutative) formal group law over R and the study 
of these predates their occurrence in algebraic topology. The original definition is 
due to Bochner ([8]). A general reference for this topic is [20]. For the cohomology 
theories we have encountered so far these can be calculated: 


For H*(_) the associated formal group law is Fy (x, y) = x+y, called the additive 
formal group law, defined over H,.(pt) = Z. 

For K*(_) the associated formal group law is Fy (x, y) = x + y + txy, called the 
multiplicative formal group law, defined over K,(pt) = Z[t, t~'] ((4)). 

For MU*(_ ) the associated formal group law is denoted F(x, y) and is the 
universal formal group law, defined over the ring L = MU,(pt) = Z[m; : 
i = 1,2,...]. This formal group law is universal in the sense that if F(x, y) 
is a formal group law over a ring R, then there is a unique ring homomorphism 
L — Rsuch that F = ¢$,(F,) = > $(a;,;)x' y/. That such a universal formal 
group exists, and the computation of the structure of the ring L, is due to Lazard 
({29]). That the formal group law associated to M U is this universal formal group 
law is a theorem of Quillen ({30)]). 


Bochner’s original definition of a formal group arose from the study of Lie 
groups and they arise naturally in many other areas besides cohomology theory, in 
particular in the study of elliptic curves. An elliptic curve over C, being in particular 
a 1-dimensional Lie group, has both a group product and a differentiable structure, 
meaning that the group product can be developed as a power series in 2 variables. 
The fact that this power series comes from a group product implies that it satisfies 
the axioms of a formal group. Thus an elliptic curve has associated to a formal group 
for which there is an explicit formula. If the elliptic curve is given in Jacobi form as 
y? = 1— 28x? + ex* = S;-(x), then the associated formal group law is given by 


F5.(x, 9) = (xV'S5.c(y) + yV'S5.e(x))/(C + €x7y’). 


For any formal group law, F,, defined over a torsion-free ring R with quotient 
field K, there is a power series f(x) € K[x], called the logarithm of F’, with the 
property that 


F(x,y) = f "(f@) + f(y) 


The name comes from the special case of the multiplicative formal group law, 
F x(x, y), for which 


fa (x) = log(l + tx) € Ott. IEA 
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and so 


fe'(a) = 3% - D. 


More generally, an isomorphism between formal groups F(x, y) and G(x, y) is 
a power series f(x) with the property that f(F(x,y)) = G(f(x), f(y)) and 
in this language a logarithm is an isomorphism between F(x, y) and the additive 
formal group. The multiplicative formal group Fx (x, y) depends on a unit, ¢, and 
different choices for this unit will give different, isomorphic, formal groups. The 
isomorphism is the power series fi. | © fxu(x) which we may compute explicitly: 


1 
fro tei = . exp(v fiu(x) — 1) 


: exp (- log(1 + ux) — 1) 


II 


* exp(log((1 + ux)"!") =1) 


= (Payee a 
Vv 


eae By 

5,5 > ( / ux” 

v n 
n=1 

The occurrence of binomial polynomials in the coefficients of this general isomor- 

phism between different multiplicative formal groups suggests a connection with 

integer-valued polynomials. In fact these coefficients generate an algebra of Laurent 


polynomials determined by an integrality condition that is of considerable interest 
to topologists. We describe this and its generalizations in the next section. 


4 Some Stable Homotopy Theory 


The coefficients of the power series fx | o fkxu(x) generate a subalgebra of 
Qlu, v, u~!, v~!] over the ring Z[u, v, u~!, v-!] which plays a critical role in the study 
of the homology theory K.(__). This algebra is usually denoted Ky K and is called 
the Hopf algebra of stable cooperations for K -theory. (Actually this is more properly 
called a bilateral Hopf algebra or a Hopf algebroid since the left and right counits 
don’t coincide.) Before discussing the topological significance of this algebra let us 
note two different descriptions of it. First 


K,K = {f(u.v) €Qlu,u!,v,v! : f(kt, £t) € Z E | a 


for all k, £ € Z} 
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This description is due to J.R. Adams, R.M. Switzer, and A.S. Harris [3]. Also, 
letting w = v/u, there is the description 


KK = Z[t,t~'] ® {f(w) € Ql]: w" fw) € Int(Z) for some n} 


also due to Adams et al. although published later in [1]. Further details about its 
structure are given in [2,7,12,13,17] and [23]. It is because of this second description 
that elements of K,.K of degree 0 are sometimes referred to as stably integer-valued 
polynomials. 

The topological significance of the Hopf algebra K, K stems from a general 
result of J.F. Adams giving a method for using generalized homology or cohomol- 
ogy theories to compute homotopy groups in a certain range. It has been known 
since the 1930s, by a theorem of H. Freudenthal, that the homotopy groups of 
spheres, z,,(.S”"), had the stability property that if m < 2n — 1, then z,,(S”) is 
isomorphic to ,41(S "+l) Therefore the limit group limg—+o0 Hn+K(S ie = aS (S) 
always exists and is called the nth stable homotopy group of spheres (or, more 
properly, of the sphere spectrum). Adams constructed a spectral sequence that 
begins with F term depending on the Hopf algebra E,.F for E,( ) a generalized 
homology theory, and converges to a certain localization (also dependent on F) 
of 73(S'). The E> term is the (bigraded) Ext group 


Exts! ,(Ex(pt), Ex(pt)). 


Here these extension groups are computed with respect to the coalgebra structure 
of E,E over which E,(pt) is a comodule. Almost all of our current knowledge 
of the stable homotopy groups of spheres derives from this spectral sequence for 
various choices of F,( _). Usually things are arranged so that most of the work is 
in computing the Ext groups and the higher differentials in the spectral sequence 
vanish for dimensional reasons. 

How is the description of K,K in terms of integer-valued polynomials useful 
here? The aim is to compute E'xtx, «(K(pt), Kx(pt)) and this is an Ext group 
with respect to the comodule structure. The action of the coproduct in K, K on the 
elements u and vis very simple: A(u) = u@1 and A(v) = 1 ®v and this determines 
A completely when the elements of K,K are expressed as Laurent polynomials in 
u and v. (If K,K is described in terms of generator and relations the expression 
is much more unwieldy.) This allows a complete resolution of K,(pt) as a KK 
comodule to be constructed. For example, if one uses the cobar resolution, then the 
nth stage is @"_,K+K C Q[m,uj'.v1,v7',.--,¥n,V, |], which can be described 
as Laurent polynomials in 2n variables satisfying an integrality condition, and the 
differentials can be given explicitly so that one obtains results such as the following: 


Ext!" = {ce € Q: c(w" — 1) € Int(Z\ pZ) for all primes p}/Z 
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and 


Ext" ={f € Ql]: fQviws) — fi) — wi f(w2) € Int((Z\ pZ) x (Z\pZ)) 
for all primes p}/Int(Z) 


The first of these is of the form Z/m(n)Z and the condition concerning 
membership in Jnt(Z\ pZ) determines the integer m(n). If p is an odd prime then 
the largest integer, 0, for which (wt (P-) —1)/p* € Int(Z\ pZ), is € = k + 1 and 
this gives the p-component of m(n) if p*(p — 1) divides n exactly. The Clausen— 
von Staudt theorem implies that m(n) is also related to the denominator of the nth 
Bernoulli number. The second group is 0 ifn 4 0 and is Q/Z ifn = 0. It is 
generated by the polynomials (wr? —) — 1)/p°?**), which are not integer valued 
but lie in the numerator of the quotient. Details and further information about the 
structure of Kg K are contained in [2, 14,26] and [32]. 

To proceed further with this we need a bit more stable homotopy theory. We have 
so far the cohomology theories H*( ), K*(_), and MU*(__), each represented 
by homotopy classes of maps into a sequence of spaces (a spectrum) H = {H, : 
n=0,1,2...},K = {K, :n =0,1,2,...}, and MU = {MU, :n =0,1,2,...}. 
Using this representation topologists have constructed other cohomology theories 
by making geometric constructions on these representing spaces. For example 
there is a geometric construction whose effect on ordinary homology groups is 
localization at a prime number p. If this construction is applied to each of the 
spaces in the spectrum MU, then these spaces each decompose as one-point unions 
of simpler spaces, all of which are similar. Taking one of these in each dimension 
yields a spectrum which represents a new cohomology theory called Brown- 
Peterson cohomology and denoted BP*(__) with BP, (pt) = Zyp)[v1, v2,...] and 
degree(v;) = 2(p' — 1). (This theory was originally built by Brown and Peterson 
({10]) using a direct construction; however, part of Quillen’s work connecting 
MU, (_) with formal group laws gives an algebraic construction of this theory and 
identifies BP, (pt) with the representing Z,,)-algebra for p-typical formal group 
laws.) An advantage of this theory is that since the degrees of the generators grow 
exponentially the nonzero groups in the FE, term of the Adams spectral sequence 
based on this theory are much more sparsely distributed making computations easier 
in many cases. 

One may also perform constructions on the spaces of the spectrum BP to make 
some of the classes of the generators vy; homotopically trivial or to make others 
homotopically invertible. There are conditions restricting when such operations will 
result in a useful homology theory, called the Landweber exact functor theorem 
((27]). One case of interest for us to which this theorem applies is that of making one 
of the generators, v,, invertible and making all of the v;’s fori > n trivial. The result, 
originally constructed by D. Johnson and W.S. Wilson ([22]), is denoted E(n)4(_ ). 
By construction E(n)«(pt) = Zp[v1. v2... atav ik For small values of n 
this is related to theories we have already seen: E(0)4( _) is ordinary homology 
localized at the prime p, and E(1)4( ) is related to K theory. When localized 
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at the prime p the theory K.( ) decomposes as a direct sum of p — | copies of 
E(1)%(_). These theories all are complex oriented and so have formal group laws 
associated to them. The conditions of the exact functor theorem may also be used 
to construct a complex-oriented cohomology theory, denoted E//*(__) and called 
elliptic cohomology, whose associated formal group is that of the Jacobi elliptic 
curve described in the previous section. Its coefficient ring is given by 


Ell.(pt) =Z 5 | [86.8 4] 


5 More Algebras of Integer- Valued Polynomials 


The occurrence of integer-valued polynomials in the description of K,K carries 
over to some of these new homology theories [15, 16, 24,28]. Let A denote the ring 
of integers in a degree n unramified extension of Q. The Hopf algebra E'(n), E(n) 
is torsion-free and the polynomials in its image under the natural map 


E(n)xE(n) > E(n)xE(1) @ Q= E(n)x(pt) ® E(n)«(pt) @ Q 
= Qim,..., Un, Ws Views iVnsV ve] 


satisfy the integrality condition ((24]) f(ai,...,4n,b1,...,0n) € A if a;,b; € A, 
An, Dn = 1 (mod p), and a;,b; = 0 (mod p) fori <n. 

In the case of elliptic cohomology there are two related occurrences of integer- 
valued polynomials in the description of E/1, E11. To see these first note that the 
logarithm of the Jacobi elliptic formal group law, which is given by 


2n+1 


* dt x 
lo (Xx =i (= )e n/2 
BY= | Tw oe Je}” n+l 


where P,,(__) is the nth Legendre polynomial, contains the parameters 6 and € and 
that, as in the case of the multiplicative formal group law, different choices for these 
parameters give different, isomorphic formal groups with the isomorphism given by 


oe) 


logy, ', logs, cg(X)) = >) mi (br. Sr. €1.€R)x! 


i=1 


The coefficients m;(5,,6r,€L,€R) are polynomials in 4 variables and give a set 
of generators for Ell, E// as a module over Z[1/2][5,,5r, €x,€R]. They can be 
computed recursively using the formula for log; .(x). The first few are: 
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—d, + dR 
3 
67 + 1055p + 108% + 3€, — 3€R 
30 
—53 + 3587552595 ,52 + 4553, — 335,€, + 105€,5p + 635,€R — 1355RER 


630 


As in the case of K-theory the fact that these polynomials are coefficients of an 
isomorphism of formal group laws implies that they satisfy an integrality condition. 
In this case it is that the polynomials m; (ku, kv’, Cu*, £v4) € Q{u, v] are stably 
Z{1/2]-integer valued for any integers k and £. Since these polynomials arise as 
coefficients of isomorphisms associated to elliptic curves they satisfy in addition a 
stronger integrality condition for certain values of k, £, namely those for which the 
Jacobi elliptic curve y? = 1 — 2kx? + ¢x* has complex multiplication. For those 
values the polynomials are stably integer valued for a ring which is an order in a 
quadratic number field, namely the endomorphism ring of the elliptic curve. Values 
for which this occurs are given in [25]. 

In addition to this type of integrality condition for these polynomials there is 
another which stems from their relation to elliptic curves and to the fact that the 
coefficient ring E//,(pt) = Z[1/2][d, €, (6? — €)~'] can be identified with a ring 
of modular forms, namely the ring of modular forms with respect to the congruence 
subgroup [0(2) of SL2(Z) whose q-series lie in Z[1/2]|[[q]]). This identification 
is made by identifying 6 and € with two specific q-series. When the polynomials 
m; (61, 6r, €L, €r) are evaluated at these q-series the resulting series in Q|[q¢z, ¢r]l 
in fact lie in the subring Z[1/2][[¢z, qpr]] and this condition characterizes elements 
of Ell, Ell ({15,28]). 
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How to Construct Huge Chains of Prime 
Ideals in Power Series Rings 
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Abstract Let R be a commutative ring with identity. It is well known that if each 
chain of prime ideals in R has length at most n, then each chain of prime ideals in 
the polynomial ring R[X] has length at most 2n + 1. For the power series ring R[X], 
there is however no similar upper bound on lengths of chains of its prime ideals. In 
fact, in some special cases, there may exist chains of prime ideals in R[X] with 
huge lengths (e.g., 2®') even if each chain of prime ideals in R has length at most 
one. The purpose of this work is to give a brief review on known constructions of 
chains of prime ideals in R[X’] in those cases. By taking into account the techniques 
which are used in the constructions and possibly by applying some new tools, we 
hope to construct huge chains of prime ideals in RX] in more general cases. 
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1 Countably Infinite Ascending Chains of Prime Ideals 
in Power Series Rings over Non-SFT Rings 


1.1) Krull Dimension 


In this paper, a ring R always means a commutative ring with identity and Spec(R) 
denotes the spectrum of R (the set of all prime ideals of R). A chain of prime ideals 
in R is anonempty subset @ of Spec(R) such that for any two prime ideals P, Q in 
@ either P C QO or Q C P. The length of a chain @ of prime ideals is defined by 
|@| — 1, where |@| denotes the cardinality of @. The Krull dimension of a ring R, 
denoted by dim R, is a “measure” of the lengths of chains of its prime ideals. It is 
the largest cardinal number a (if any) such that there exists a chain of prime ideals in 
R whose length is equal to wa. We write dim R > a if there is a chain of prime ideals 
in R with length > a. We also write dim R = oo if there is no finite upper bound 
on lengths of chains of prime ideals in R. Note that dim R = oo does not imply 
dim R = No or dim R > No. This happens when every chain of prime ideals in R 
has finite length and there is no finite upper bound for the lengths of those chains. 


1.2. Krull Dimension of Polynomial Rings 


In 1953, Seidenberg showed in [14] that if R is a ring with dim R = n, then 
n+1<dim R[X] <2n+1. (1) 


He also showed that all intermediate values can be obtained by appropriately 
choosing R. More precisely, if m and n are nonnegative integers withn + 1 < 
m < 2n +1, then there exists a ring R such that dim R = n and dim R[X] = m 
[15]. Therefore, the possibilities for dim R[X] were completely determined. 


1.3 Krull Dimension of Power Series Rings 
over Non-SFT Rings 


In the late 1960s, Gilmer and some of his students started to work on Krull 
dimension of the power series ring R[X]. While it is easy to show thatn + 1 < 
dim R[X] if dim R = n, dim R[X] can be infinite even if dim R is finite. This 
result was shown by Arnold (one of Gilmer’s students) in 1973 [1]. In his paper, 
Arnold proved that dim R[X] = co when the ring R is not an SFT ring (the term 
SFT stands for “strong finite type”). He defined a ring R to be an SFT ring if for 
each ideal J of R, there exist a finitely generated ideal J of R with J C J and 
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a positive integer k such that a* € J for each a ¢€ J. In fact, he constructed a 
countably infinite ascending chain of prime ideals in R[X], i-e., dim R[X] > Xo, 
when R is a ring which is not an SFT ring. Note that R being an SFT ring does not 
imply the finiteness of dim R[X]. In 2002, Coykendall gave an example of an SFT 
domain V; with dim V; = 1 such that dim V; [X] = co [3]. 


1.3.1 Arnold’s Construction 


A ring R is called a non-SFT ring if R is not an SFT ring. We outline Arnold’s 
construction of an infinite ascending chain of prime ideals in R[X] when R is a 
non-SFT ring. For more details, see [1]. 

If R is anon-SFT ring, then we can choose a sequence {q; }?".9 such that 


k+l 
a4 ¢ (a0, 41,..-,Qk), (2) 
for each integer k > 0. For each positive integer m, choose a sequence {dj }P29 as 
follows. Form = 1, take a,; = a;. Inductively, take a,j; = a,_)j24,.Letm,n, w,r 


be integers such that m > n > 1 andr > 0. For f = yar b;X' € RX], the 
tuple (f, m, 4, 1r) has property (7) if fori > r there exists an integer ¢; such that the 


following hold (where am; = Qn; = 1,5; ): 
1. by, = ae (mod As,-1). 
2. ti < Lk;. 


3. bj E Ag =i for0 <j < fj. 


Set S, = {f € R[X] | (4m, ,1r) has property (7) for some m, jz, and r}. 
Then S, is a multiplicatively closed subset of RX]. Furthermore, ifn > n,, then 
S;, C S,,. Hence, there exists a chain of multiplicatively closed subsets of RLX], 


S, D$2D+:-DS,D-s:. (3) 


Let A = (a0, 41,...,@n,...). Then AR[X] M S; = @. Hence, there exists a prime 
ideal P; in R[X] such that AR[X] C P, and P; N S; = O. Suppose that exists 
achain P; C Py, C --- C P, of prime ideals in R[X] such that P NS; = @ 


fori = 1,2,...,n. Let CG, = Pa + (fp), where fay = Sopp G@niX’. Then 
Cr OM Sn+1 = O. Therefore, there exists a prime ideal P,,+, such that P, C C, © 
Py4, and P,+) OM S,+1 = @. By induction, there is an infinite ascending chain of 


prime ideals in RX], 
Pi CP, C+ Py Crs. (4) 


Therefore, we have the following theorem. 


Theorem 1. /f R is a non-SFT ring, then dim R[X] = oo. In fact, in this 
case, there exists an infinite ascending chain of prime ideals in R|X] and hence 
dim R[X] = Xo. 
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1.3.2 Coykendall’s Example 


Note that the converse of Theorem | does not hold. Coykendall gave an example of 
an SFT domain V; such that dim V; |X] => &o. The construction of V; is as follows. 
Let V be a one-dimensional nondiscrete valuation domain with value group Q and 
residue field F, (the choice of the value group and the residue field is in fact not 
important). Then V can be written as 


V = FLX" La, (5) 


where F,[x] = {)-"_9 x” | €; © Fo,a; € (Q* U {0})} and @ C F,[x°] is the 
maximal ideal of F,[x*] generated by the monomials. Let 


Vi = Fo + xV. (6) 
Then V; is a one-dimensional SFT domain. An infinite chain of prime ideals in 


V|[X] is obtained from an infinite chain of prime ideals in V[X]. Consider an 
infinite descending chain of prime ideals lying over (0) in VX], 


Pi DPD: DP Dee. (7) 


For the existence of the chain of prime ideals, see Theorem 4 below. The choice of 
V, ensures that P, 1 YV,[X] 4 P41 0 Vi X] for all n. Hence, we get an infinite 
descending chain of prime ideals in V [X], 


PiNVX] > AVX] D---D P,A YX] D---. (8) 


Thus, we have the following theorem. 


Theorem 2. There exists an SFT domain V, such that dimV,[X] > Xo, i.e., the 
converse of Theorem 1 does not hold. 


1.4 The Finite Case 


Theorems | and 2 say that dim R[X] is generally large. This still holds when it is 
finite (comparing to the polynomial ring case). Indeed, even when dim R[X] < co, 
it is not always true that dim R[X] < 2n + 1. In 2009, Kang and Park showed that 
there exists a ring R with dim R = n such that 2n + 1 < dim R[X] < oc [9]. 
Note that R must be an SFT ring. The construction of R is from mixed extensions. 
A mixed extension is an extension of the form 


R[X,] [Xo] --- [Xn]. (9) 
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where [X;] can be either [X;] or |X; ]. Kang and Park showed the following formula 
for Krull dimension of mixed extensions. 


Theorem 3. /f R is an m-dimensional SFT Priifer domain, then 


mn+1 if [Xi] = [Xi] for some 1 <i <n 


dim(R[X 0] Xn) = m+n __ otherwise. 


(10) 


Corollary 1. Let R be a commutative ring with identity. Then dim R[X] < co does 
not imply that dim R[X] < 2dim R + 1. 


Proof. For an integer n > 2, let V be a discrete valuation domain with dimV = 
d > 2(n—1)/(n—2). Put R = V[X),..., X,—1]. Then dim R = d + (n—1) since 
V is an SFT Priifer domain. We have dim R[X,] = dim V[X,]---[Xn—-1][Xn] = 
dn+1=2d+4+(n—2)d+1>2d+2(n—1)+1=2dimR+1. Oo 


2 Countably Infinite Descending Chains of Prime Ideals 
in Power Series Rings over Valuation Domains 


A valuation domain V is called a discrete valuation domain if every primary ideal 
of V is a power of its radical. Suppose that V is a one-dimensional valuation 
domain. Let V* = V \ {0}. If V is discrete, then it is a Noetherian ring (in fact 
a PID) and hence dimV[X] = 2. By the result of Arnold [1], dimV[X] = oo 
if V is nondiscrete (note that a finite-dimensional valuation domain is nondiscrete 
if and only if it is non-SFT [2]). Note that Krull dimension of the ring of entire 
functions is uncountable (in fact 2%! under the continuum hypothesis [7]) and 
there are similarities between V [X ]y* and the ring of entire functions. For example, 
one can define zeros and multiplicities for elements in V[X]y* (or V[X]) if V 
is a one-dimensional nondiscrete valuation domain. Indeed, in 1999, using these 
concepts and introducing the concept of infinite product of power series, Kang and 
Park showed that dim V[X]y* = oo for a one-dimensional nondiscrete valuation 
domain V [8]. In fact, they constructed a countably infinite descending chain of 
prime ideals in V[X] which do not contain any nonzero elements of V. In their 
paper, the chain of prime ideals P} D P) D> --: D P, D --+ comes from a chain 
I, DhD-::D1I, D--- of ideals in V[X], where each J, is a collection of 
all power series that have the prescribed zeros and multiplicities. By induction, the 
existence of the chain of prime ideals follows from the fact that a prime ideal P,, 
minimal over J, is never minimal over J,,41, which allows them to get a smaller 
prime ideal P,,,. We now show the construction the ideals /,, and the existence of 
the prime ideals P,,. 

In the remaining of this section, V always denotes a one-dimensional nondiscrete 
valuation domain with maximal ideal M. 
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Definition 1 (Zeros). Let f be a power series in V[X], an element b € M is 
called a zero of f provided that X — b divides f in V[X]. 


For each f € V[X], let Z(/) be the set of zeros of f. By definition, Z(/) is a 
subset of the maximal ideal M of V. 


Definition 2 (Multiplicities). Let f be a nonzero power series in V[X] and b be 
an element in M. The multiplicity of f at b, denoted by m({f,b), is the largest 
nonnegative integer n such that (X — b)” divides f. If f = 0, then we set 
m(f,b) = oo forallb € M. 


For a power series f = )°°2,)a;X' in V[X], we denote by 5(f) the smallest 
index n > 1 such that a, 4 0 (if f is just a constant in V, then we set 6(f) = oo), 
and we say 6(/) is the initial degree of f. We say that a sequence of power series 
{fi = yo ajj X/}°, is upper triangular (resp. echelon) if 5(f,) = n for all n 
(resp. lim;—+00 6( fn) = 00). 


Definition 3 (Infinite product of power series). Let {fi = )°72.9 aij X/}72, be 
an upper triangular sequence of power series in V[X] such that )°7°, v(aio) < 
v(a) < 00 for some a € V. Define an infinite product f = )°72,.a;X' of all f; by 


aj=— a, 
a 
a, = a\;—, 
a0 


a a 
a2 = a\2— + a22—, 
a10 a20 


a a a 
a3 = a43 + a3 + a33 + a72411 , 
a0 20 30 410420 


a 


an = (Afro Ine 


Tian TS Usa oe 
0420 °** no 


where (f1 fo--- fi)n means the coefficient of X” in the product f, fo--- f,. The 
resulting product f is denoted by ([]>—, fi:a). 


For an echelon sequence, we can define f similarly. For more information about 
infinite product of power series, we refer the readers to [8]. 

Let v be the valuation associated with V. Using infinite product of power 
series, Kang and Park showed that there exist 21, 22,...,&%,--. in V[X] and 
by, bo,...,b,,...in M such that 


1. v(b,) > v(bo) > +++ > vV(by) > +, 
2. {by,bo,...,bn,...} © Z(g;) for each i, 
3. m(g;,b,) = n' for eachn and i. 
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Let 


Ax = {(b;, i") | j € Nh. (11) 


Write f((b;, j*)) = 0 or (b;, j*) € Z(/) if b; is a zero of f with multiplicity 
> j*. Let 


I, ={f € V[X] | f = 0 almost everywhere on A;}. (12) 
Then we get a chain of ideals 
TDbhDs:DIn De. (13) 


Take a prime ideal P; minimal over /;. Then P; M V = (0). By the construction 
of the ideals 7;, P, is never minimal over /7. Hence, there exists a prime ideal 
P» properly contained in P; and minimal over />. By induction, suppose we can 
chose prime ideals P} D Pz D -+: D P, such that P; is minimal over J; for 
i — ane (ee n. Then P,, is not minimal over /,,+;. Thus, we can find a prime 
ideal P, 4+, minimal over J,,4; such that P,, D P,+1. Therefore, we get an infinite 
descending chain of prime ideals 


Pi DP2D+:-DP,D-. (14) 


Note that J, C M[X]. By shrinking M[X] to a prime ideal minimal over /;, we 
can choose from the beginning that P) C M[X]. This completes the proof of the 
following theorem. 


Theorem 4. Let V be a one-dimensional nondiscrete valuation domain with max- 
imal ideal M. Then dim V |X ]y* = oc. In fact, there exists an infinite descending 
chain of prime ideals inside M |X ] which do not contain any nonzero elements of V. 


3 Uncountable Chains of Prime Ideals in Power Series 
Rings over Valuation Domains 


In 1982, Eakin and Sathaye posed the question whether dim V |X ]y« is uncountable 
for a one-dimensional nondiscrete complete valuation domain V [5]. In 2013, Kang 
and Park gave an affirmative answer to this question without using the assumption 
that V is complete [10]. They showed that if V is a one-dimensional nondiscrete 
valuation domain, then there exists a chain {Qu}, ep+ of prime ideals in V[X] such 
that O,NV = (0) foreach a € R™, and hence dim V[X]y* > &; [10]. This result 
also gives an answer to the conjecture posed by Coykendall that there is a chain of 
prime ideals in V [X] that is order-isomorphic to the positive half-line [4]. 
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While prime ideals in [8] are obtained by picking ones among prime ideals 
minimal over some given ideals, prime ideals in [10] are in a different way. The 
fact that was used in [10] is [6, Theorem 19.6], which says that if P is a prime 
ideal of a domain D, then there exists a valuation domain W containing D such that 
MQ D = P, where M is the maximal ideal of W. Note that in a valuation domain 
W,, the radical of any proper ideal is a prime ideal. Hence, instead of constructing 
a chain of prime ideals in V[X], one can construct a chain of prime ideals (by 
taking the radical of any chain of ideals) in a valuation domain W containing V [|X ] 
and then take contractions of them to V[X]. The chain {Qa}, eR+ of prime ideals 
exactly comes in this way. Of course, some technical things needed to be done to 
guarantee that the prime ideals obtained from taking contractions are all distinct. 
Even though their main interest was in the one-dimensional case, Kang and Park 
were able to show that dim WX] is uncountable for any nondiscrete valuation 
domain W [10]. 

Let V be a one-dimensional nondiscrete valuation domain with maximal ideal 
M and let v be the valuation associated with V. Since the value group of V is a 
dense subgroup of R, we can choose b, € M so that v(b,) < n-" le" For each 
a € Rt, define 


I, ={f €V[X] | there exists a constant c € R* such that m(f,b,) > cen [na] 
(15) 
Let 0 4 dy € V such that °°°,, nl"“!+!y(b,) < v(dq). Let 


i= (Fe — pny; ‘| (16) 


i=1 


Then m( fu, bn) =n lve] for each n > 1. Thus tu € Ty and hence J, is nonempty. 
In fact, Iy is a proper ideal of VX]. We have a chain {Jy} yep+ of proper ideals of 
VX]. We now want a valuation domain W containing VX] such that /7,W 
VX] 4 VlpW OV[X] whenever a ¥ f. For this purpose let D = VX] and let 


S= {g/h | g,h € D, there exists a € Rt such that g € J, and 


h ¢ Pz for any B > o and any prime ideal Pg minimal over / pt . (7) 
An important fact is that SD[S] is a proper ideal of D[S]. Hence, we can 
choose a prime ideal P of D[S] containing SD[S]. By [6, Theorem 19.6], there 


exists a valuation domain W containing D[S] with maximal ideal Q such that 
OQ D[S] = P. For eacha € R*, put 


Ou = VIlaW ND. (18) 
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Then {Qu} ver+ is chain of prime ideals in D = V[X]. Suppose that a < 6. We 
have fy € Qa. We show that fy ¢ Qg. Suppose on the contrary that fy € Og = 
JV1IpW 2 D. Then fie IpW for some / > 1. Then fie gpW for some gg € Ig. 
So f. /gp € W. However, gp/ pe e § C P C Q, a contradiction. Therefore, 
{Qutwvert is chain of prime ideals in V[X] with length |IR*|. Thus we have the 
following. 


Theorem 5. Jf V is a one-dimensional nondiscrete valuation domain, then 
dim V [X] = the cardinality of the continuum. Hence, dim V[X] > Xi. 


By changing J, to {f € V[X] | there exists a constant c € R* such that 
m(f.bn) = enl"“! for n >> 1}. Kang and Park could manage to show that the 
obtaining QO, satisfies Og C M[X] and QgN V = (0). 


Theorem 6. Let V be a one-dimensional nondiscrete valuation domain with 
maximal ideal M. Then there exists an uncountable chain { Qu} yeR+ of prime ideals 
inside M[X] such that 04NV = (0) for eacha € R*. Hence, dimV[X]y* > &. 


For arbitrary nondiscrete valuation domain W, Kang and Park showed that 
dim WX] is still uncountable. 


Theorem 7. If W is a nondiscrete valuation domain, then dimW|X] is 
uncountable. 


4 Uncountable Chains of Prime Ideals in Power Series Rings 
over Non-SFT Rings 


In 2013, Kang, Loper, Lucas, Park, and Toan showed that dim R[X] is uncountable 
if R is a non-SFT ring [11], ie., dim R[X] > Ni, a one-step improvement 
of Arnold’s result in the sense that &, is the very next cardinal number to No. 
To construct an infinite ascending chain of prime ideals in R[X], Arnold first started 
with a chain of multiplicatively closed subsets $; D S2 D---D S, D--- in R[X]. 
Then, using induction, he constructed a chain of prime ideals P} C Py C +--+ C 
P, C +++ in REX] such that P, NS, = @ for each n. Here prime ideals P,, are 
obtained by extending ideals, missing the mutiplicatively closed subsets S, using 
Zorn’s Lemma. In this construction, the chain of multiplicatively closed subsets is 
indexed over N (and hence is countable). The authors of [11] generalized this result 
by showing that there exists an uncountably infinite chain of prime ideals in R[X] 
when R is a non-SFT ring. They constructed a chain of multiplicatively closed 
subsets {7;}se07 in RX] (where . is an uncountable set). Then they showed that 
there exist an uncountable subset {7;}seg of {Ts}secz and an uncountable chain of 
prime ideals {P;}s;eg in R[X] such that P; NM T; = @ for each s € &. Since the 
chain of prime ideals is uncountable, the mathematical induction does not work. The 
existence of the chain of prime ideals was proved by using a nice property of the set 
& (which was called the fathomless property). 
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We first give the construction (without proof) of the fathomless set <7. Let N = 
{1,2,...} be the set of positive integers, and let Y be the set of all subsets U of N 
such that U = {n,n+1,...} forsomen € N. For two strictly increasing sequences 
s = {s,}andt = {t,} of positive integers, we set s >> t (we also write t <_s) if for 
each positive integer k, there is a set U € YW (depending on k) such that s, > kt, 
for eachn € U,i.e., 8, > kt, for all large n. Let Y be the collection of all <& such 
that <7 has the following properties: 


1. & is anonempty collection of strictly increasing sequences s = {5,,} of positive 
integers. 

2. If s € &, then s > b, where b is the sequence defined by b, := n for all n. 

3. Ifs,te Wands At, thens >tort>s. 


If u is the sequence defined by u, := b? for each n, then it is easy to see that u is a 
strictly increasing sequence of positive integers and that u >> b. It follows that the 
set Y is nonempty. We order .” by set-theoretic inclusion. By Zorn’s Lemma, there 
exists a maximal element in .7. 


Definition 4. A totally ordered set (Y¥, <) is called a fathomless set if for every 
countable nonempty subset @ of Y, there exists an element y € Y suchthaty <c 
for allc € @. 


Theorem 8. The set (./, <) is a fathomless set. 
Let R be a non-SFT ring. There exists a sequence {a;}?°,) of elements of R such 
that a” ¢ (ao, a1,...,@m—1) for each m > 1. For each m, let 
Tin — (ao, 4,,...,4m). (19) 
For each s = {s,} € &, define a power series a,s) in R[X] by 
As) = do + ayx*! +++ + ayx™ ee. (20) 


Definition 5. For s € /, we say that a power series g = )°7°.9 gj; X/ has the 
property (s) if there exist a sequence {q,,} of positive integers, a positive integer jz, 
anda set U € Y such that the following hold for each m € U. 


l. dm < MSm- 
2. Lam = a (mod J,,—;) forsome 1 <k < wp. 
3. gj © Im-1 forall 7 < dn. 


For s € &, let T; denote the set of power series in R[X] having the property (s). 
It is easy to see that ays) € Ts (with {gn} = s, 4 = 1, and U = N). Hence, T, 
is nonempty. In fact, 7; is a multiplicatively closed subset and {7;}seo is a chain 
of multiplicatively closed subsets since if s < v, then JT; C T, (see [11]). For a 
multiplicatively closed set T in R[X], let Q(T) be the set of prime ideals P in 
R[X] that are maximal with respect to missing T (i.e., PM T = Q). In particular, 
for s € &, O(T;) is the set of prime ideals in R[X] that are maximal with respect 
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to missing 7;. It was shown that O(7;) is nonempty and if v < s, then each prime 
ideal in Q(7;) is properly contained in some prime ideal in Q(T,). Let F be the set 
of elements E = {(P;,5;)}ie7 (for some nonempty set /) satisfying the following: 


1. s; € Mand P; € O(T;,) for eachi € I. 
2. {P;} is a strict chain of prime ideals, ie., {P;} is a chain of prime ideals and 
P,; = P; if and only ifi = j. 


Order # by set-theoretic inclusion. By Zorn’s Lemma, there exists a maximal 
element in Y. Let E = {(P;, 8;)}iex be a maximal element in Y. We show that the 
chain of prime ideals { P;};<7 is uncountable. Suppose on the contrary that { P; ie, is 
countable. Hence, the set {s;};<7 is countable. Since the set (<7, <) is a fathomless 
set, there is a sequence v € & such that s; >> v for each i. By Zorn’s Lemma, 
one can find a prime ideal N’ € Q(T,) such that N’ > P; for alli € J. The set 
{(P;,8;)}ier U{(N'’, v)} properly contains the set {(P;, s;)};e7 in A, a contradiction. 
This proves the following theorem. 


Theorem 9. /f R is anon-SFT ring, then there exists an uncountably infinite chain 
of prime ideals in R[X], i.e., dim R[X] = &1. 


5 Huge Chains of Prime Ideals in Power Series Rings 
over Almost Dedekind Domains 


Another technique of constructing chains of prime ideals in power series rings 
appeared in Loper and Lucas’s papers [12, 13]. Their constructions are great 
applications of (nonprincipal) ultrafilters. With the aid of some set theory, it was 
shown that dim R[X] > 2®' if R is a one-dimensional nondiscrete valuation domain 
or a non-Noetherian almost Dedekind domain. In each paper, a totally order >> on 
R[X] was given and a prime ideal in R[X] is obtained by collecting all power series 
f such that f > g for all g € S (where S is given). For an ultrafilter Y over a 
set X, if A U B = X, then either A € Y or B € Y. This property of ultrafilters is 
extremely important in showing that the constructed ideals are prime (if ab belongs 
to the constructed ideal, then either a or b belongs to that ideal). 

Because of the same approach of the two constructions, we are not going to 
elaborate one-dimensional nondiscrete valuation domain case [13]. We however 
note that in [13], for a one-dimensional nondiscrete valuation domain V (with 
maximal ideal M), each prime ideal in the constructed chain is between MV |X] 
and M[X], which contrasts to the result of Kang and Park, where the prime ideals 
in the chain all contract to zero. 

Let D be an almost Dedekind domain. If D is Dedekind, then D is Noetherian 
and hence dim D[X] = 2. So in this section we always assume that D is an almost 
Dedekind domain that is not Dedekind. The construction of chains of prime ideals 
in D[X] is based on two countably infinite set {M,}°2 , and {pn }°° ,, satisfying the 
following conditions: 
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1. Each M,, is a maximal ideal of D and each p,, is an element of D. 
2. For each n, p, belongs to every M,, except M,. 


For a power series f = )°°, f, X” € D[X], let ¢¢ be the function defined by 
by (n) = minti | fi ¢ Mn}. (21) 


If f ¢ M,[X], then define ¢;/ (1) = oo. Let Y be a nonprincipal ultrafilter on N. 
For two power series f and g in D[X], define 


l. f~xw gif brs ~y og, ie., there exist a positive integer m anda set W ¢ YW 
such that mg (n) = g(n) and md¢,(n) = Pf (n) for eachn € W. 

2. f >w gif bdr >w dg, ie., for each positive integer m, there exists a set 
U € & such that ¢ s(n) > m@g(n) foreachn € U. 


Let Y* = {f € D[X] |0 >a f >~w X}. For each nonempty subset S of 
J *, {et 


Ps := {f € D[X] | f >a s foreachs € S}. (22) 


Using the fact that @rg(n) = of(n) + be(n) and df+g(n) > min{ds (1), dg(m)}, 
we can show that Ps is a prime ideal of D[X]. Let A(_Y*) be the set of all prime 
ideals of the form Ps. Then A(_Y*) is a chain of prime ideals in D[X]. The 
following Sierpinski restrictions hold: 


1. For each f €  Y%*, there are power series k,h € (Y* such that 
k >a f >ah. 

2. For fh € Y* with f > hand g € D[X], if either f ~x gor f >yx 
g>axyh,thenge 9%". 

3. If {fr} and {g,,} are countable subsets of .4* with f, >av 8m for all f, and 
8m, then there is a power series b € _Y* such that f, >y b >wx Bm for all 
Jn and gm. In particular, for fg € Y£* with f > g, there is a power series 
b € D[X] such that f >xv b >y g. 

4. If {fn} © Y* is a countably infinite sequence such that fr41 >a fn for all n, 
then there is a power series k € Y* such thatk >>z ff, for alln. 

5. If {fi}  Y* is a countably infinite sequence such that f, >a fn+i for alln, 
then there is a power series h € _Y* such that f, >> h for all n. 


These Sierpinski restrictions play an important role in showing that the cardinality 
of A(_¥*) is at least 2®', 


Theorem 10. Jf D is almost Dedekind domain that is not Dedekind, then 
dim D[X] > 2®', ie, there exists a chain of prime ideals in D[X] with 
length > 2®', 


Note that 2®! is the best lower bound for dim D[X] that one can get (under the 
continuum hypothesis 28° = &,) since if D is countable, then D[X] has the size 
280 — &; and hence the power set of DX] has cardinality 28', which implies that 
every chain of prime ideals in D[X] has length at most 2". 
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6 Problems 


Two typical examples of non-SFT rings R are finite-dimensional nondiscrete 
valuation domains and non-Noetherian almost Dedekind domains. For these classes 
of rings R, dim R[X] > 2®'. We conjecture that this still holds for the larger class 
of rings, the class of non-SFT rings. 


Conjecture I. If R is anon-SFT ring, then dim R[X] > 2®'. 


If R is a non-SFT ring, then dim R[X] = ov. However, the converse does not 
hold. At this moment, it seems to be very difficult to answer the following question. 


Question 1. If dim R[X] = oo, then is it true that dim R[X] > 2*'? 


7 Conclusion 


While the possibilities for the Krull dimension of polynomial rings are completely 
determined, those for power series rings have not yet been answered in general. 
The Krull dimension of a power series ring R[X] is generally large (when it is 
either finite or infinite). For the finite case, this was shown by Kang and Park 
in [9]. For the infinite case, after the work of Arnold [1], a lot of constructions 
have been made ranging from using the famous Zorn’s Lemma (to extend an ideal 
disjoint from a multiplicatively closed subset to a prime ideal) to picking up a prime 
ideal minimal over a given ideal or inventing nice tools that make use of zeros, 
multiplicities, infinite products of power series, ultrafilters, etc. We hope that these 
skillful techniques could be used in construction of (large chains of) prime ideals in 
RX] in more general cases (e.g., when R is a non-SFT ring). 
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Localizing Global Properties to Individual 
Maximal Ideals 


Thomas G. Lucas 


Abstract We consider three related questions. Q;: Given a global property G of a 
domain R, what does a particular maximal ideal M of R “know” about the property 
with regard to the ideals J C M and elements t € M? Suppose P is such a property 
corresponding to G. Q2: If each maximal ideal knows it has property P, does R have 
the corresponding global property G? Q3: If at least one maximal ideal knows it has 
property P, does R have the global property G? We assume that if J C M, then M 
can tell when a particular element t € M is contained in J and when it isn’t. Thus 
for a pair of ideals J and J contained in M, M knows when J C J. In addition, 
this allows M to understand the intersection of ideals it contains. In some cases, if 
a single maximal ideal knows P, then R will satisfy G. For example, there are such 
Ps for Ge {PIDs, Noetherian domains, Domains with ACCP, Domains with finite 
character}. 
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1 Introduction 


Throughout this paper, R represents an integral domain that is properly contained in 
its quotient field K. We let Max(R) denote the set of maximal ideals of R. For each 
nonzero ideal J we let Max(R, /) denote the set of maximal ideals that contain J 
and let O(1) := (\{Rw | N € Max(R)\Max(R, J)} with O(M) = K when J is 
contained in the Jacobson radical of R. 


T.G. Lucas (<) 

Department of Mathematics and Statistics, University of North Carolina Charlotte, 
Charlotte, NC 28223, USA 

e-mail: tglucas @uncc.edu 


M. Fontana et al. (eds.), Commutative Algebra: Recent Advances in Commutative Rings, 239 
Integer-Valued Polynomials, and Polynomial Functions, DOI 10.1007/978-1-4939-0925-4_ 14, 
© Springer Science+Business Media New York 2014 


240 T.G. Lucas 


The original inspiration for this work was from the papers “Overrings of 
Priifer domains. IT” by Robert Gilmer and Bill Heinzer [6] and “Globalizing local 
properties of Priifer domains” by Bruce Olberding [8]. In [4], Gilmer introduced 
the notion of an integral domain R being a #-domain meaning that for each pair 
of distinct sets of maximal ideals .@ and .V,(\{Ru | M € .@} 4 [(){Rn | 
N € WV}, the sets /@ and .¥ are not required to be disjoint. Gilmer and Heinzer 
declared R to be a ##-domain if each overring of R is #. If R is a Priifer domain, 
they showed that R is a ##-domain if and only if each nonzero prime P contains 
an invertible ideal J such that each maximal ideal that contains J also contains P. 
They also showed that for an individual prime Q of R, again with R Priifer, Ro 
does not contain ©(Q) if and only if Q contains an invertible ideal J such that 
each maximal ideal that contains J also contains Q. A nonzero prime ideal P is 
(now) said to be sharp if Rp does not contain O(P) (see, for example, [2]). If P 
is sharp, then necessarily, O(P) properly contains R and for each t € O(P)\Rp, 
P contains (R :r t) but no maximal ideal that is comaximal with P contains this 
ideal. Conversely, if there is an element s € K\R such that P contains (R :r s) but 
no maximal ideal that is comaximal with P contains this ideal, thens € O(P)\Rp. 
In the Priifer case, each ideal of the form (R :z 5) is an invertible (two-generated) 
ideal of R. In Theorems 3.13 and 3.14, we show that a maximal ideal M can “know” 
when it is sharp. 

One of the main topics considered in [8] is characterizing when a Priifer domain 
is h-local (each nonzero prime is contained in a unique maximal ideal and each 
nonzero nonunit is contained in only finitely many maximal ideals). Matlis proved 
that a domain R is h-local if and only if O(M)- Ry = K for each maximal ideal M 
of R (see [7, Theorem 8.5]). We define a maximal ideal M to be h-local if O(M) - 
Ru = K (see [3, Sect. 6.1]) and proceed to characterize when M is h-local based 
solely on what M can know about the nonzero ideals it contains [Theorem 3.12]. 

A more recent inspiration comes from the craft of writing fiction. Authors 
of fiction employ various types of narrators. Most common are some type of 
third person narrator (almost always singular) with some degree of omniscience. 
A somewhat distant second is a first person singular narrator. On rare occasions, 
an author makes use of a first person plural narrator. Rarer still is a second person 
narrator. A common exercise in a creative writing class is to rewrite a short story 
using a different narrator and then analyze the changes this makes to how the 
characters and story are perceived. 

So what happens if we change the “narrator” of the story about a particular 
integral domain? Specifically, imagine we have found a collection of books, each 
written about a single domain where the narrator of each chapter is a single maximal 
ideal M of the domain, each maximal ideal writing one chapter. All that M can 
write about is what it knows about the ideals (of that particular domain) and the 
elements it contains, with absolutely no knowledge of the ideals and elements it 
does not contain (not even of the existence of such things). Our job is to read one 
of the books and deduce as many global properties for that particular domain from 
what its maximal ideals have written. An underlying idea is that we, the readers, 
can deduce more about the domain than the authors/narrators = Max(R) (at least 
individually) seem to know. 
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A basic assumption is that each maximal ideal M of R not only knows (in some 
way) what it means for a nonempty subset X C M to be an ideal of R (and can 
write about it). In addition, we make a pair of related assumptions with regard to 
what a particular maximal ideal can know about containment properties among the 
ideals and elements it contains. Also, we assume M has at least some ability to 
factor products. 


(Al) Ift € M andTJ C M isan ideal of R, then M knows when ¢ is in J and when 
tis notin /. 

(A2) If 7 and J are ideals contained in M, then M knows when / is contained in 
J and when / is not contained in J. 

(A3) M can “factor” nonzero products of principal ideals provided each factor is 
contained in M: if (0) 4 tR C aR C M, then M knows if there isa b € M 
such that tR = aRbR or that no such b exists. 


Later we add the assumption that each M © Max(R) can distinguish between 
finitely many elements (ideals) and infinitely many elements (ideals). 


(A4) M can tell the difference between “finitely many things” and “infinitely many 
things.” 


Using only (Al) and (A2), it is possible to discover when R is a PID 
[Theorem 2.2]. Also, each maximal ideal M can understand what is meant by 
intersecting a family of ideals contained in M — such an intersection ( ] Jy is simply 
the ideal J that is both contained in each J, and contains each ideal J that is 
contained in each J, [Theorem 2.1]. When we add (A3), it is possible to discover 
that the domain in question is a Priifer domain [Theorem 2.8]. We can also discover 
when R is local [Theorem 2.9]. Perhaps somewhat surprisingly, it is possible for us 
to determine when a given nonzero ideal Q is primary (or not) [prime, or not] based 
solely on what a single maximal ideal that contains Q knows about Q (and some 
related ideals) [see Theorems 3.8 and 3.9]. With all four, we can discover when R is 
Noetherian, when it satisfies ACCP (ascending chain condition on principal ideals), 
when it has finite character, and even when it is h-local [Theorems 3.1, 3.2, 3.6 
and 3.10, respectively]. 


2 Using (A1), (A2) and (A3) 


For this section we assume only (A1), (A2) and (A3) for each maximal ideal 
M & Max(k). 


(Al) Ift € M andTJ C M isan ideal of R, then M knows when ¢ is in J and when 
t isnotin /. 

(A2) If J and J are ideals contained in M, then M knows when / is contained in 
J and when J is not contained in J. 

(A3) If (0) 4 tR C aR C M, then M knows if there is ab € M such that 
tR = aRbR or that no such b exists. 
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For a nonzero ideal J C M, M recognizes a generating set for J as a nonempty 
set X C J such that each ideal J C M that contains X also contains J. 


Theorem 2.1. Let M be a maximal ideal of R. 


1. If I is anonzero ideal contained in M, then I is principal if and only if there is 
an element t € I such that each ideal J © M that contains t also contains I. 

2. If {Jy} is a family of ideals with each Jy © M, then M knows ()\ Jy as the 
only ideal that is both contained in each Jy and contains every ideal I that is 
contained in each Jy. 


Proof. Let I be a nonzero ideal that is contained in M. If t € J is such that each 
ideal J C M that contains ¢ also contains J, then we know that J = tR. 

For the second statement, let J = (Jy. Since J is an ideal and each Jy is 
contained in M, M would know that each J, contains J by (A2). Also by (A2), if 
I C J, for each a, then certainly 7 C M andso M would know J C J by (A2).0 


Theorem 2.2. The following are equivalent for the domain R. 


I. Risa PID. 

2. For each maximal ideal M € Max(R), M knows that each ideal I © M 
contains an element t such that each ideal J © M that contains t also 
contains I. 

3. There is a maximal ideal M € Max(R) that knows that for each ideal I C M, 
there is an element t € I such that each ideal J © M that contains t also 
contains I. 


Proof. Itis clear that (1) implies (2) and that (2) implies (3). 

Suppose there is a maximal ideal M € Max(R) such that for each ideal J C M, 
there is anelementt € J such that eachideal J C M that contains ¢ also contains J. 
We know that ¢R is one such ideal. Hence J = ¢R and at least each ideal that is 
contained in M is principal. For a generic ideal A of R, simply multiply A by a 
nonzero s € M to obtain an ideal sA C M. We have sA = xR for some x € M 
and from this we see that A = (x/s)R is principal. Hence R is a PID when at least 
one maximal ideal satisfies (3). oO 


Using the factoring property (A3), it is also possible for M to know enough that 
we can interpret this knowledge as R is integrally closed. The key is that for nonzero 
nonunits a,b € R, a/b is integral over R if and only if there is a positive integer n 
such that (a/b)a" € I where I = a"R+a"'!bR+---+b"R. 


Theorem 2.3. Let M be a fixed maximal ideal of R and let a,b € M\{0}. 


1. a/b € R if and only if M knows a € bR. 
2. a/b € K\R is integral over R if and only if M knows a ¢ bR and there is a 
positive integer n such thata"*! € I where I = a"bR+a""|b?R+---+b""!R, 


Proof. It is clear that a is in bR if and only ifa/b € R. 
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Suppose a/b € K\R. Then a is not in bR. For each positive integer n, let [,, = 
a"bR+a"'b?R+---+b"t!R and A, =a"R+a"'bR+---+b"R. For M, 
I, is the ideal that contains the set X, := {a"b,a"'b?,...,b"*!} and each ideal 
J C M that contains X,, contains J,. 

It is trivial that (a/b)a'b/ = a'*!b/—! € A, forl < j <nandi+j =n. Also 
a"*! € J, if and only if (a/b)a" € A,. Thus for integrality, all we need to consider 
is whether there is an n such that a”t! € J,,. Hence the following are equivalent. 


(i) a/b integral over R. 
(ii) There is a positive integer n such that (a/b) A, © An. 
(iii) There is a positive integer n such that ae y,. oO 


We have two corollaries. In the first we give necessary and sufficient conditions 
for R to fail to be integrally closed and in the second, necessary and sufficient 
conditions for R to be integrally closed. 


Corollary 2.4. The following are equivalent for an integral domain R that is not 
a field. 


1. R is not integrally closed. 

2. For each maximal ideal M, there is a pair of nonzero elements a,b € M such 
that aR is not contained in bR, and there is a positive integer n such that a"t! € 
I, where I, = a"bR + a"~'b?R +--+ "TR, 

3. There is a maximal ideal M and a pair of nonzero elements a,b € M such that 
aR is not contained in bR, and there is a positive integer n such that a"*! € I, 
where I, = a"bR +a" '!b?R+---+b"T!R., 


Corollary 2.5. The following are equivalent for an integral domain R that is not 
a field. 


1. R is integrally closed. 

2. For each maximal ideal M, if a,b € M\{0} are such that a"*! is in the ideal 
I, = a"bR+a""b?R+---+b"*'R for some positive integer n, thena € bR. 

3. The statement in (2) holds for at least one maximal ideal M of R. 


For each nonzero nonunit x of R, let. A(x) = {yR | (0) | yR C xR} be the set 
of nonzero principal ideals that are contained in xR. For each maximal ideal M that 
contains x, the set A(x) can be split into two disjoint sets, Ay (x) = {zR | zR= 
xRwR for some w € M} and %y(x) = {tR | tR C xR and there is nob € M 
such that tR = xRbR}. By (A3), M knows which ideals are of the type in -Fiy (x) 
and which are of the type in -%y (x). In particular, it knows that x7R € Fy (x) and 
xRE Ny (x). 


Theorem 2.6. Let M be a maximal ideal of R and let 1 = xR+ yR where x and y 
are nonzero elements of M. Then M does not contain II if and only if M knows 


at least one of Ny (x) () Ay) and Ny (y) (1) A(x) is nonempty. 


Proof. Suppose M does not contain J]~!. Then without loss of generality we may 
assume there is an element f ¢ J~! such that fx ¢ M.Leta = fx andb = fy; 
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both of these elements are in R. Hence the ideal bxR = ayR is contained in both 
A(x) and A(y). Sincea € R\M,ayR € Ny(y)() A(x). 

Suppose -%y (x) (| A(y) is nonempty, equivalently, M knows there is an ideal 
that is in both %y(x) and A(y). Each ideal in M%y(x) has the form wR = dxR 
for some d € R\M. If wR is also in A(y), thenwR = fyR for some f € R. 
It follows that dx = gy for some g € R. Since dx/y = g € R, we see that 
d/y € I~" is such that (d/y)y =d € II\M. Oo 


Corollary 2.7. Let M be a maximal ideal of the domain R. If 1 = xR + yRisa 
nonzero ideal such that M is the only maximal that contains I, then I is invertible 
if and only if M knows at least one of P(x)(\Nu(y) and Ply) (\-NMu (x) is 


nonempty. 


Recall that if each nonzero two-generated ideal of a domain is invertible, then the 
domain is Priifer. From the previous theorem we have a way for the maximal ideals 
of R to provide us enough information to conclude that R is a Priifer domain. We say 
that M knows Prul if for x, y € M\{0}, M knows at least one of A(x) () Mu (y) 
and Y(y) ()-Vu (x) is nonempty. An alternate characterization of a Priifer domain 
is an integrally closed domain such that for each pair of elements a,b € R\{O}, 
ab € a?R + b’R [5, Theorem 24.3]. We say that M knows Pru2 if for each pair 
of elements a,b € M\{0}, ab € a?R + b’R and whenever there is a positive 
integer n such that a’*! € a"bR +.a"'b?>R+---+ b"*'R, then it is also the case 
that a € DR. 


Theorem 2.8. The following are equivalent for an integral domain R. 


1. Ris Priifer domain. 

2. Each maximal ideal of R knows Prut holds. 

3. Each maximal ideal of R knows Pru2 holds. 

4. There is a maximal ideal of R that knows Pru2 holds. 


Proof. If R is a Priifer domain, then each two-generated ideal is invertible. Thus 
by Theorem 2.6 each maximal ideal of R knows Prul. Conversely if each maximal 
ideal knows Pru, then no maximal ideal contains J7~! when J is a nonzero two- 
generated ideal. It follows that each such ideal / is invertible and thus R is a Priifer 
domain. 

By Corollary 2.5, if at least one maximal ideal knows Pruz2, then R is integrally 
closed. If R is integrally closed, then a two-generated ideal rR + sR is invertible if 
and only if rs € r?>R + s?R [5, Proposition 24.2]. Thus if M knows Pru2, then R 
is integrally closed and each two-generated ideal contained in M is invertible. For 
a two-generated ideal rR + sR, simply multiply by a nonzero c € M and note that 
we will then have cr,cs € M with (cr)(cs) € (er)?R + (cs)?R. Simply cancel c? 
to obtainrs €r7R+s7R. o 


The factoring property can also be used to establish that a particular domain has 
a unique maximal ideal. 
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Theorem 2.9. For an integral domain R, R is local if and only if at least one M € 
Max(R) knows that for all (some) x € M\{0}, xR is the only ideal of the type 
in Nu (x). 


Proof. Suppose R is local. Then it has a unique maximal ideal M. In this case if 
x,y € M\{0} with yR © xR, then y = xz for some nonunit z which must be 
in M. Hence xR is the only ideal of the type in .%y (x). 

For the converse, suppose M is a maximal ideal and there is an element z € 
M\{0} such that zR is the only ideal of the type in -%y(z). If w € R\M, the 
principal ideal wzR is in .%4(z) and thus wzR = zR. Since z £ 0, wis a unit of R 
and we have R is local. Oo 


3 Finiteness 


In this final section we add the “finite” assumption to the other three. We do not 
assume M can count, only that it can distinguish between finitely many things and 
infinitely many things where the “things” are either elements or ideals. 


(A4) If X is a set of elements that are contained in M, then M knows when the 
set is finite and when it is not finite. It can make a similar distinction for any 
collection of ideals it contains. 


Property (A4) gives us a way to see when R is Noetherian based on the 
knowledge of a single maximal ideal. 


Theorem 3.1. The following are equivalent for a domain R that is not a field. 


I. Ris Noetherian. 

2. For each maximal ideal M, M knows that for each ideal I contained in M, 
there is a finite set of elements X C I such that each ideal J © M that contains 
X contains I. 

3. For each maximal ideal M, if I, © In © 13 C++: is a chain of ideals contained 
in M, then M knows the chain is finite. 

4. There is a maximal ideal M such that M knows that for each ideal I contained 
in M, there is a finite set of elements X C I such that each ideal J C M that 
contains X contains I. 

5. There is a maximal ideal M such that if I, © In © Iz © +--+ is a chain of ideals 
contained in M, then M knows the chain is finite. 


Proof. The equivalence of (1), (2) and (3) is clear. Also, (2) implies (4), and (3) 
implies (5). The implications (4) = (2) and (5) = (3) follow from cancellation. 
For an ideal J that is comaximal with M, choose any nonzerot ¢ M.ThentJ C 
M is a nonzero ideal. If tJ is finitely generated, say by ta, faz,...,ta,, then by 
cancellation, J is generated by a, d2,...,a,. Similarly for a chain of ideals not 
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necessarily contained in M, multiplying each ideal by ¢ gives a chain of ideals 
contained in M. The original chain stabilizes in R if and only if the new chain in M 
stabilizes. Oo 


A similar characterization can be given for ACCP (ascending chain condition on 
principal ideals). For nonzero principal ideals xR C yR, xR = yR if and only 
if txR = tyR for each nonzero t € R. Thus, if each ascending chain of principal 
ideals contained in a particular maximal ideal M stabilizes, each ascending chain of 
principal ideals stabilizes in R. 


Theorem 3.2. The following are equivalent for an integral domain R that is not 
a field. 


I. R satisfies ACCP. 

2. Each maximal ideal M knows that if x; R © x2R C x3R C-: is an ascending 
chain of principal ideals contained in M, then the chain is finite. 

3. There is a maximal ideal M that knows each ascending chain of principal ideals 
contained in M is finite. 


We next consider finite character. The goal is to describe how a given maximal 
ideal can recognize what we know as finite character without mentioning any other 
maximal ideals. 

First we introduce the idea of a “M-closed set” and then an “(/, M)-complete 
set.” The latter will allow us to provide a way for M to know a property for a 
particular nonzero ideal J C M that we can interpret as J being in only finitely 
many maximal ideals. 

For a given maximal ideal M, let 2 be a finite list (set) of ideals each contained 
in M. We say that 2 is M-closed if M knows the following about 2’. 


1. M is included in the list 2°. 
2. The ideal J that is contained in each ideal in 2 and contains each ideal that is 
contained in each ideal in 2’, is an ideal in 2. 
. Each ideal that contains J and is contained in M is in the list 2. 
4. For comparable ideals A ¢ B where both A and B are in 2, if d € B\A, then 
no power of d is in A. 


Theorem 3.3. Let M be a maximal ideal of a domain R. If 2 = {J\,...Jn} 
is M-closed with M = J, and J, = (\{J; | 1 < i < n}, then there is an 
integer k > 0 such thatn = 2 and there is a finite set of k maximal ideals Y = 
{N,, No,...,Ng} such that (i) M is not in Y, (ii) J, = (\{N; | 0 <i < k} where 
No = M, (iii) each ideal in & is the intersection of M and finitely many maximal 
ideals in the set Y, and (iv) each finite intersection of maximal ideals in the set Y 
with M is an ideal in 2. 


WwW 


Proof. Suppose 2 = {Ji,...J,} is an M-closed set with M = J, and Jy = 
(\{Ji | 1 <i <n}. We first show that each minimal prime of J; is a maximal ideal 
of R. For this suppose P is a prime ideal that is properly contained in M, then for 
each t € M\P, the family {t/R + P | j > 1} is an infinite set of distinct ideals 
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such that each properly contains P. As each ideal that contains J; is listed in 2 
(and 2 is finite), M is minimal over J,. If N 4 M is another maximal ideal that 
contains J; and P’ is a prime ideal that is properly contained in N, then for each 
s € N\P’, the family {s/R + P’ | j > 1} is an infinite set of distinct ideals such 
that each properly contains P’. If P’ C M, then P’ does not contain J;. In the case 
P' £ M, the family {M ()(s/R + P’) | j = 1} is an infinite set of distinct ideals 
each properly containing M (\ P’. Hence P’ does not contain J;. Therefore each 
minimal prime of J; is a maximal ideal of R. 

If Qi, Q2,..., Om are maximals ideal that contain J), then J) C O := (\{Q; | 
1 <i < m}. Hence J; C M()Q and we have M(\Q € 2. As & is finite and 
each such Q is a finite intersection of maximal ideals, only finitely many maximal 
ideals contain J,. Thus we have a finite set Y’ = {No, Nj,..., Ng} which consists 
of all maximal ideals that contain J;. Without loss of generality we may assume 
No = M, in which case Y = {Nj, No,..., Ny}. The set {0,1,2,...,k} has 2* 
subsets that contain 0. Each such subset A gives rise to a distinct radical ideal Jy = 
(\{N; | i € A} that is in 2 (since each of these ideals contains J; and is contained 
in M). In particular the intersection of all the Njs is in 2. This ideal is simply the 
radical of J;. Note that if A C B, then the only ideals between J, and Jz are the 
ideals of the form Jc where A C C C B. Moreover Jz ¢ Jy if and only if A ¢ B. 

To complete the proof we show that J; = (\{N; | 0 <i < k}. From above, we 
have that &’ is the complete set of minimal primes of J). So for each b € (){N; | 
0 <i <k}, there is a positive integer j such that b/ € J;. But this implies b € J; 
since 2 is M-closed. Therefore J; = (){N; | 0 <i < k} and & contains gk 
ideals, each an ideal of the type J4 for some (unique) subset A of {0,1,..., k} that 
contains 0. oO 


For a nonzero ideal J C M we say that a finite list 2° is (7, M)-complete if M 
knows the following about 2°: 


1. & is M-closed, 

2. I C A foreach A in the list 2°, and 

3. if! C H C M, there is a (unique) A in the list 2 such that H C Aand H C B 
for some B in the list 2 implies A C B. 


The notion of an (J, M@)-complete list provides a way for M to know enough for 
us to conclude that J is contained in only finitely many maximal ideals. 


Theorem 3.4. Let I C M be nonzero ideals with M maximal. Then I is 
contained in only finitely many maximal ideals if and only if M knows there is 
an (I, M)-complete list 2 such that for each (I, M)-complete list Y, each ideal 
in the list Y is also in the list 2. 


Proof. If No = M, Ni,..., Nx is the complete list of maximal ideals that contain 
T, then the list 2° of ideals {J4 = (){N; |i € A} | A C {0,1,...,k} with 0 € A} 
is (J, M)-complete and no (J, M)-complete list contains an ideal not in the list 2”. 
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For the converse, if X is an (J, M)-complete list, then there is a finite set of 
maximal ideals .V = {No = M,N,..., Ng} such that 2 = {Jy = (){N; |i € 
A}| AC {0,1,...,k} with 0 € A}. If Y is an (J, M)-complete list for which each 
ideal in Y is in 2, then the underlying set of maximal ideals corresponding to Y 
is a subset of -/. It follows that if each (J, M)-complete list is a sublist of 2’, then 
WV consists of the complete set of maximal ideals that contains /. oO 


While we have not assumed M can count, at least it can recognize when there is 
only one of something. 


Corollary 3.5. For a nonzero ideal I contained in a maximal ideal M, M is the 
only maximal ideal that contains I if and only if M knows that {M} is the only 
(I, M)-complete set. 


Recall that a domain R is h-local if it has finite character and each nonzero 
prime ideal is contained in a unique maximal ideal. By the previous theorem, it 
is possible for use to deduce that R has finite character based on the knowledge of 
single maximal ideal. 


Theorem 3.6. The following are equivalent for a domain R. 


1. R has finite character. 

2. For each maximal ideal M, M knows that for each nonzero ideal I it contains, 
there is an (I, M)-complete list 2 such that each (I, M)-complete list is a 
sublist of 2. 

3. There is a maximal ideal M that knows that for each nonzero ideal I © M, 
there is an (I, M)-complete list 2 such that each (I, M)-complete list is a 
sublist of 2. 


Proof. The implications (1) = (2), and (2) => (3) follow easily from Theorem 3.4. 
To see that (3) implies (1), simply start with a nonzero ideal B of R. Then for each 
nonzero t € M, ¢B is a nonzero ideal contained in M. By Theorem 3.4, tB and 
thus B are each contained in only finitely many maximal ideals. Hence R has finite 
character. oO 


By Corollary 3.5, if we know that P is a prime ideal, then we can determine when 
it is contained in a unique maximal ideal. The challenge in getting a characterization 
for h-local domains based solely on what the maximal ideals know about the ideals 
of R is to find a way for a given maximal ideal to know enough about a particular 
nonzero ideal that we can tell exactly when the ideal is prime. 

We say that a nonzero subideal QO of a maximal ideal M is an M-prime if for 
elements x,y € M, xy € Q implies at least one of x and y is in Q. Certainly a 
prime ideal that is contained in M is M-prime, but so is M (| N for any maximal 
ideal N # M. We define MP -primary ideals in a similar manner. A nonzero ideal 
J © M isan MP-primary ideal if there is an M-prime P such that i) J C P C 
M, (ai) for each t € P, there is a positive integer m such that t” € J, and (iii) for 
elements a,b € M,if ab € J anda ¢ P, then b € J. As with M-primes, it 
is possible to have an MP-primary ideal that is neither a primary ideal of R nor 
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an M-prime. For example, if J is a proper N-primary ideal where N # M isa 
maximal ideal, then J = M()J is a proper MP-primary ideal for the M -prime 
P = M()N. Clearly J is neither a primary ideal of R nor an M-prime. Note that 
both definitions are such that M can know when an ideal is an M -prime and when 
an ideal is an M P-primary ideal. 

For a nonzero ideal J C M, we let [(y) = {x € M | yR € -%y(x) for some 
y € I} and VT = {x € M | yR € -%y(x") for some y € J and positive 
integer n}. The first set is the same as TRy (| R and the second is the same as 
JTRu()R = VIRv ()\R. The advantage in using these definitions is that M 
can understand both ideals (without needing to know what “localization” is). 


Theorem 3.7. Let I be a nonzero ideal that is contained in the maximal ideal M. 


Then Im) = IRu(\Rand VT = J/TRu ()R. 


Proof. Suppose x € I) and let y € J be such that yR € -%y(x). Then yR = 
xRaR for some a € R\M. Without loss of generality we may assume y = xa. It 
follows thatx = y/ae IRy()R. 

The argument is reversible. If z € [Ry () R, then we have z = w/b for some 
w éJandbe€ R\M. It follows that wR = zRbDR € -%y(z). Hence z € [(y). 

For each element s of 4/7, there is a positive integer n such that s” € I, (mu). Thus 
s" € IRy and we have s € /IRy ()\R. Conversely, if t € /TRu (| R, then 
t” € IRy for some n and we have t” € I:y). It follows that t € WT. oO 


Theorem 3.8. Let M be a maximal ideal of a domain R. Then the following are 
equivalent for a nonzero ideal Q C M. 


1. Q isa prime ideal of R. 
2. (M knows) Q = Q,my is an M-prime. 
3. (M knows) OQ = YQ is an M-prime. 


Proof. In general we have Q C Qi) C ‘VQ. Thus Q = “Y/Q implies 
Q = Q.y). Also, if Q is a prime ideal, then. /ORy = QRy and QRy(\R=Q. 
Thus it suffices to show that (1) and (2) are equivalent. 

If Q is a prime ideal of R, then QRy (| R = O and certainly Q is M-prime. 

For the converse assume Q is an M-prime and Q = Qyy). To see that Q is a 
prime ideal of R, suppose x, y € R are such that xy € Q. Since M is a maximal 
ideal, at least one of x and y is contained in M. If both are, we simply use that Q 
is an M-prime to get that at least one of x and y is contained in Q. Thus we may 
assume x € M and y € R\M. Since w = xy € Q,wR € -%y(x) and so we have 
x € Q(m) = Q. Therefore Q is a prime ideal of R. Oo 


Theorem 3.9. Let M be a maximal ideal of a domain R. Then the following are 
equivalent for a nonzero ideal Q C M. 


1. Q is aprimary ideal of R. 
2. M knows there is an M-prime P such that Q is MP-primary and Q = Q\m). 
3. M knows there is an M-prime P © M such that Q is MP-primary and 
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Proof. It is clear that (1) implies both (2) and (3). 

To see that (2) implies (1), assume there is an M-prime P such that Q = Q,y) 
is MP-primary. To see that QO is a primary ideal of R, let x, y € R be such that 
xy € Q.Ifx ¢ M, then we have y € Q(y) = Q. Similarly x € QO if y € M. Thus 
we may assume both x and y are in M. Since P is an M-prime, at least one of x 
and y is in P. If both are, then a power of each is in Q since Q is MP-primary. On 
the other hand, if x € P and y € M\P, then x € Q. Thus Q is a primary ideal 
of R. 

To finish the proof we show (3) implies (1). For this, we again assume Q is M P- 
primary, but replace the assumption that Q = Q jy) by P = Py). By Theorem 3.8, 
P is a prime ideal of R. We also have ./O = P.If P = M, then Q is M-primary 
as its radical is a maximal ideal. 

On the other hand, if P is properly contained in M, then there is an element 
m € M\P.Let x,y € R be such that xy € QO. Then xy € P.Ifx ¢ M, then 
y € P. We also have mx € M\P with mx ¢ P and (mx)y € Q. Thus y € Q. 
Similarly,x ¢ OQ ify €M. 

Finally if both x, y € M, then we use the definition of M P-primary to conclude 
that either some power of both x and y is in Q or at least one of the two is in Q. 
Therefore Q is a primary ideal of R (with ./O = P). Oo 


We now have enough to characterize when R is h-local based entirely on what 
its maximal ideals know. 


Theorem 3.10. Let R be a domain. Then R is h-local if and only if each maximal 
ideal M knows the following: 


1. for each nonzero ideal I C M, there is an (I, M)-complete list 2 such that 
each (I, M)-complete list is a sublist of 2, and 

2. if P © M is a nonzero ideal such that P = Py) and P is an M-prime, then 
{M} is the only (P, M)-complete list. 


Proof. If Ris h-local and M is a maximal ideal, then M knows (1) for each nonzero 
ideal it contains. If P C M is a nonzero prime ideal of R, then P = Pyy) is an 
M-prime (Theorem 3.8) and {M} is the only (P, M)-complete set (since M is the 
only maximal ideal that contains P). 

Next assume each maximal ideal knows that both (1) and (2) hold for the ideals 
it contains. 

Let O be a nonzero prime ideal of R and let M be a maximal ideal that 
contains Q. Then Q = Q,y) and Q is an M-prime. Hence M knows that {M} 
is the only (0, M)-complete set. We deduce that M is the only maximal ideal that 
contains Q. 

For finite character, we simply apply Theorem 3.6. Thus R is /-local. oO 


We will make use of the following lemma in the proof of the next theorem. 


Lemma 3.11. Let I be anonzero ideal of a domain R. Then for each maximal ideal 
M containing I, each minimal prime of I(y) is contained in M. 
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Proof. Let M be a maximal ideal that contains J and let P be a minimal prime 
of I(). Then for each g € P, there is a positive integer n and an element a € R\P 
such that ag” € I). If q is not in M, then we havea € IRy()R = Icy, a 
contradiction. Oo 


Recall from above that R is h-local if and only if @(M)- Ry = K for each 
maximal ideal M of R [7]. Based on this characterization, the notion of an h-local 
maximal ideal was introduced in [3] as a maximal ideal M of R such that O(M) - 
Ry = K. Next we show that M can know enough that we can deduce exactly when 
it is h-local. The characterization below is related to the fact that R is h-local if and 
only if each nonzero prime ideal contains an invertible ideal that is contained in a 
unique maximal ideal (see [1, Corollary 3.4]). 


Theorem 3.12. Let M be a maximal ideal of a domain R. Then M is h-local if and 
only if M knows the following: 


(a) for each nonzero ideal I © M, {M} is the only (Im), M)-complete set, and 

(b) if P is anonzero M-prime such that P = Py), then there is a pair of nonzero 
elements x, y € P such that {M} is the only (J, M)-complete set of the ideal 
J = xR-+ yR and at least one of P(x) (\Nu(y) and P(y) ()\ Vu (x) is 


nonempty. 


Proof. Assume M knows both (a) and (b). If P C M is anonzero prime, then P = 
Pc) is an M -prime (Theorem 3.8), so M is the only maximal ideal that contains P. 
For the ideal J = xR + yR, the fact that {M} is the only (J, /) complete set tells 
us that M is the only maximal ideal that contains J. By Corollary 2.7, we see that 
J is invertible. 

By way of contradiction, suppose S = @(M)- Ry is properly contained in K 
and let Q be a nonzero prime ideal of S. Then Q (| Ry is a nonzero prime ideal of 
Ry, necessarily contained in M. Hence P = Q()R is a nonzero prime ideal 
of R that is contained in M. By the above, there is a two-generated invertible 
ideal B = aR + DR that is contained in P such that M is the only maximal 
ideal that contains B. Hence B™! is contained in Ry for each maximal ideal 
N € Max(R)\{M}. It follows that B~' C O(M), but this implies 1 € BO(M) C 
BS C Q, acontradiction. Hence M is h-local. 

For the converse assume M is h-local. There is nothing to prove if M is the 
only maximal ideal of R so we may assume R is not local. We first show that if 
P is a nonzero prime ideal that is contained in M, then M is the only maximal 
ideal that contains P. By way of contradiction assume N 4 M is another maximal 
ideal that contains P. Then Rp D Ry and Rp D Ry implies Rp D Ry - Ry D 
@(M)- Ru = K, which is impossible since P is not zero. Thus M is the only 
maximal ideal that contains P. 

Next we show that PO(M) = ©(M). By way of contradiction, assume PO(M) 
is a proper ideal of O(M) and let Q’ be a prime of @(M) that contains PO(M). 
Then Q = Q’() Risa prime ideal of R that contains P. It follows that M is the 
only maximal ideal of R that contains Q and thus Ry C Ro © O(M)g C K 
which implies Ry -O(M)go © K = Ry - O(M), acontradiction. 
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By Lemma 3.11, if J is a nonzero ideal that is contained in M, then each minimal 
prime of (jy) is contained in M. It follows that M is the only maximal ideal 
that contains /(,7). In addition we have that [(4y)0(M) = O(M) for otherwise a 
minimal prime of [(47)@(M) will contract to prime ideal of R that is not contained 
inM. 

Continuing with P a nonzero prime contained in M, let x be a nonzero 
element contained in P. Then from above, the ideal J = xR y) blows up 
@(M) and M is the only maximal ideal that contains J. Thus there is a finite 
subset {x,@1,d2,...,d,} of J and elements s,51,52,...,5, € O(M) such that 
SX + 81a, + S242 +--+ + Syd, = 1. We have JRy = xRy and JRy = Ry 
is generated by {x,a1,d2,...,@,} for each maximal ideal N 4 M. Hence J = 
xR+a,R-+---+a, R is invertible. To complete the proof we show that J = xR+yR 
for some y. 

For each | <i <n, there are elements b; € R and t; € R\M such that a; = 
b;x/t; € Rm. Since there are only finitely many a;s, we may assume f; = t; = f¢ 
for alli and j. As in the proof of Theorem 2.6, t/x € J~!. Since t ¢ M and M is 
the only maximal ideal that contains J, there is an element y € J and an element 
w € Rsuchthat wt+ y = 1. Foreacha; we havea; = ajwt +a; y = bjxwtajy € 
xR+yRC J. Hence J =xR-+ yR. oO 


The next two results provide ways for a given maximal ideal to know enough 
that we can characterize it as being sharp. We start with the general case and then 
provide a simpler characterization for the case R is a Priifer domain. 


Theorem 3.13. Let M be a maximal ideal of a domain R. Then M is sharp if and 
only if M knows there is a pair of nonzero elements a,b € M and a corresponding 
ideal J © M where a is not in bR, aRcR C bR for each c € J and {M} is the 
only (J, M)-complete set. 


Proof. Assume M is sharp and let t € O(M)\Ry.Thent € Rw for each maximal 
ideal N # M and thus M is the only ideal that contains J = (R tz t) = (R: 
R+tR). It follows thatt = a/b forsomeb € M anda € R. We may further assume 
a € M since ba/b? = t. We have J = (R: R+¢R) = (bR: bR + aR) with 
{M} the only (J, M)-complete set. Also, (by definition) J is the set of elements 
{f © R|aRfRCbR}={f €M |arfR CHR}. 

For the converse, suppose M knows there is a pair of nonzero elements a,b € M 
and a corresponding ideal J C M where a is notin bR,aRcR C bR foreachc € J 
and {M} is the only (J, M)-complete set. For the element t = a/b we have that 
J Cc (Rigt) C M. It follows that t € Ry for each maximal ideal VN 4 M, butt 
is not in R. Thus t € O(M)\ Ry and therefore M is sharp. Oo 


As noted in the Introduction, if R is a Priifer domain and s € K\ R, then the ideal 
(R :p S) is a two-generated invertible ideal of R. 


Theorem 3.14. Let M be a maximal ideal of a Priifer domain R. Then M is sharp 
if and only if M knows it contains a pair of nonzero elements x and y such that 
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{M} is the only (I, M)-complete set where I © M is the ideal that contains both 
x and y and is contained in each ideal J © M that contains both x and y. 


For a nonzero ideal /, if 1 ¢ I, # R, there may be a maximal ideal M that 
contains J but not /,. To investigate divisorial ideals and divisorial closure from 
the perspective of the maximal ideals, we first need a way to provide an internal 
description of (R : 7). For this, start with a maximal ideal M and let J be a nonzero 
ideal that is contained in M. Next let Xj be the set of ordered pairs (a,b) where 
a,b € M\{0} are such that a ¢ bR andal C bR. Routine calculations show that 
(a,b) € Xy(J) if and only if there isa t € (R: J)\R such that t = a/b. Note 
that fort € (R: J), we can always write t = c/d = mc/md for somed é€ 1, 
c € R and arbitrary m € M\{0}. Clearly, the set Xy(/) is empty if and only if 
(R: I) = Rf J CM and Xy(J) = Xu), then XyU + J) = Xu). 
It follows that there is a largest ideal B C M such that Xy(B) = Xy(J/). We 
refer to this ideal as the M-divisorial closure of I. While M relies on its ability 
to determine containment relations between the ideals and elements it contains to 
obtain B, we see that B = I,,(| M. In the case Xy(/) is empty, B = M. Note that 
we also have B = M inthe case J, = M. 


Lemma 3.15. Let I be a nonzero ideal of a domain R. 


1. If I is not maximal, then it is divisorial if and only if it is M -divisorial for each 
maximal ideal M € Max(R, 1). 
2. If I is maximal, then it is divisorial if and only X1(1) is nonempty. 


Proof. If I is maximal, then either X;(/) is empty in which case J, = R or 
X7;(/) is nonempty in which case J = J,. For the nonmaximal case, it is clear 
that J is M-divisorial for each M € Max(R,J) when J is divisorial. For the 
converse in the nonmaximal case, suppose J is M -divisorial for each maximal ideal 
M €é€ Max(R, /). Then from the discussion above, 7 = I, (| M for each maximal 
ideal M € Max(R,/). Since J is not a maximal ideal, having J = I, (| M tells 
us that J, is properly contained in at least one maximal ideal N. It follows that 
T=L(\N=M,. o 


Recall that a domain is a Mori domain if ACC holds for divisorial ideals. We say 
that M © Max(R) is Mori maximal if ACC holds for M -divisorial ideals. 


Theorem 3.16. The following are equivalent for a domain R. 


1. Ris a Mori domain. 
2. Each maximal ideal of R is Mori maximal. 
3. Atleast one maximal ideal of R is Mori maximal. 


Proof. Obviously, (2) implies (3). To see that (1) implies (2), assume R is a Mori 
domain. Let M be a maximal ideal of R and let J; C J, C Iz; C --+ bean ascending 
chain of M-divisorial ideals. Then we have (J,), © (2), © U3), C +--+. Since R 
is a Mori domain, there is ann such that (/,,), = U,), for all k => n. We also have 
I; = U;),(\M for each j. It follows that J, = J; for all k > n. 
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Finally, suppose M € Max(R) is Mori maximal and let Ay € Az C Az C--- be 
an ascending chain of divisorial ideals of R. Let t €¢ M\{0} and consider the chain 
tA, C tA, CtA3 C-::. Each?tA; is a divisorial ideal that is contained in M and so 
each is M -divisorial. Hence there is an integer n such that tA, = tA, forallk > n. 
By cancellation, we have A, = A, for all k > n. Hence R is a Mori domain. oO 
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Prime Ideals That Satisfy Hensel’s Lemma 


Stephen McAdam 


Abstract Nagata proved that (R, P) is a Henselian domain if and only if every 
integral extension domain of R is quasi-local. We explore, with partial success, how 
to generalize that result. 
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1 Introduction 


Notation. Throughout, R will be a commutative domain with integral closure R’ 
and Jacobson radical J(R). P will be a nonzero prime ideal of R. 


Definition 1. We call P an H-prime if the following holds. For any non-constant 
monic polynomial f(X) € R[X], if there exist non-constant monic polynomials 
g(X) and h(X) in R[X] such that f(X) = g(X)h(X) mod P and such that g(X) 
and h(X) are comaximal (i.e., g(X)R[X] + h(X)R[X] = R[X]), then f(X) is 
reducible in R[X]. 


The following crucial result is proven in [1, (2.2)]. 
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Theorem 1. Let P C J(R). The following are equivalent. 


(i) P is an H-prime. 

(ii) For all non-constant monic polynomials f(X) € R[X], if there exist non- 
constant monic polynomials g(X) and h(X) in R[X] such that f(X) = 
g(X)h(X) mod P and such that g(X) and h(X) are comaximal, then there are 
monic polynomials g’(X) and h'(X) in R[X] such that f(X) = g'(X)h'(X) 
and g(X) = g'(X) mod P and h(X) = h'(X) mod P. 


Remark 1. 1. We do not know whether some version of Theorem | (i) => (ii) 
holds when P is not contained in J(R), although (ii) > (1) is trivially true. 

2. Hensel’s lemma says that if R is complete in the P-adic topology, then P 
satisfies condition (ii) of Theorem | and so is an H-prime. (Hence, H-primes 
do exist.) 

3. We will see that when P is not contained in J(R), it is in some sense unlikely 
for P to be an H-prime. In particular, we will see that if R is Noetherian, and 
P isan H-prime, then P C J(R). 

4. In the above, when we wrote g(X) and h(X), we assumed they were comax- 
imal. In some references, that is modified to say, PR[X] + g(X)R[X] + 
h(X)R[X] = R[X]. However, the bulk of our interest here will be in the case 
that P C J(R), and when that is true, the two conditions are equivalent. This 
is easily seen, using the fact that if M is a maximal ideal of R[X] and M 
contains a monic polynomial k(X), then MM R is maximal in R. That fact, [5, 
Lemma 1.1(v)], is an easy consequence of the fact that the integral extension 
RC R[X]/k(X)R[X] satisfies going up. 


Lemma 1. Let P C Q be prime ideals of R. If Q is an H-prime, then so is P. 


Proof. Suppose P is not an H-prime. Then there is an irreducible non-constant 
monic f(X) € R[X] and non-constant monic polynomials g(X) and h(X) in R[X] 
such that f(X) = g(X)h(X) mod P and such that g(X) and h(X) are comaximal. 
However, we also have f(X) = g(X)h(X) mod Q, and that implies Q is not an 
Hf -prime. Oo 


The inspiration for this paper is the following well-known result of Nagata 
[6, (43.12)]. 


Theorem 2. Let (R, P) be a quasi-local domain. Then, P satisfies condition (ii) of 
Theorem I (i.e., an H-prime) if and only if every integral extension domain of R is 
quasi-local. (When those equivalent conditions hold, (R, P) is called a Henselian 
domain.) 


The goal of this paper is to try to globalize that and to see if some similar result 
holds for H-primes that are not the sole maximal ideal their ring R. The first guess 
might be that P is an H-prime if and only if for every integral extension domain T 
of R, there is a unique prime of T lying over P. However, when R is Noetherian, 
that guess is hopelessly wrong, as we now show. 


Prime Ideals That Satisfy Hensel’s Lemma 257 


By [2, Theorem 1.1(ii)], if R is Noetherian and if in every integral extension 
domain of R only one prime ideal lies over P, then R is local and P is its 
maximal ideal. Hence, if our above guess were correct, it would imply that if P 
is an H-prime (with R Noetherian), then P would be maximal. However, Lemma 1 
shows that is not always the case for H-primes. As our first guess is wrong, we need 
a more appropriate (possible) extension of Nagata’s result. That leads us to our next 
definition. 


Definition 2. We call P a K-prime if there does not exist an integral extension 
domain T of R such that exactly two primes of T lie over P and those two primes 
are comaximal in T. 


Question 1. How closely related are H-primes and K-primes? Specifically, if 
P C J(R), are the concepts of H-prime and K-prime equivalent? 


We will prove the following two propositions. 


Proposition 1. Jf R is integrally closed, then P is an H-prime if and only if it is a 
K-prime. 


Proposition 2. Suppose that for all nonzero non-units y € R’, there is a prime 
ideal Q' of R’ containing y such that either Q' 4 Q”, or R'/Q' is not integrally 
closed, or the quotient field of R'/Q' is not algebraically closed. If P is a K-prime 
of R, then P © J(R) and P is an H-prime. 


Proposition 2 shows that in a very large class of domains, K-primes are 
H-primes, considerably strengthening the work in [5], in which R’ was the 
integral closure of Noetherian domain. Much less is known about the converse of 
Proposition 2, Proposition | being the most significant case in which it is known 
to hold. 


Example I. If P is a prime in a Henselian domain (R, Q), then P is both an 
H-prime and a K-prime. Since every integral extension of R is quasi-local, P must 
be a K-prime. Since Q is an H-prime, Lemma | shows P is an H-prime. 


Example 2 (Heitmann). Let T is Noetherian integrally closed non-Henselian 
domain, and (with Y an indeterminate) let R = T[[Y]] and P = YR. Hensel’s 
lemma shows that P is an H-prime. Also, Proposition | shows that since R is 
integrally closed, P is also a K-prime. Finally, [6, (43.4)] shows R is not Henselian. 


The present paper constitutes a streamlining and extension of Sects.2 and 3 
of [5]. The improvement of this work over the earlier work is due to the availability 
of Theorems | (above) and 4 (below), both proved in [1] (as well as a new 
construction given in Sect. 5 below). Section | of [5] contains some related facts 
of interest. Specifically, [5, (1.5) < (ii)] shows that if R is Noetherian and if P is 
not a K-prime, then for any m => 1, there is an integral extension domain T of R 
in which there are exactly m primes lying over P and those m primes are pairwise 
comaximal. 
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Definition 3. Recall that if Q is a prime ideal in a ring R, then a prime q in the 
polynomial ring R[X] is called an upper to QO ifg MN R = Q, butg 4 OR[X]. 
Furthermore, if g is an upper to Q and g contains a monic polynomial, then q is 
called an integral upper to Q. (AIl of the facts we use about uppers and integral 
uppers are easily proven and can be found in [5, Lemma 1.1].) 


Lemma 2. Let R C T be rings, and let P be a prime ideal of R. Let Q be a prime 
ideal of T with OQ R= P, and lett € Q. Then Q 1 Rit] = (P,t) RIE]. 


Proof. One inclusion is obvious. For the other, assume that f(t) € QM R[t] (with 
f a polynomial with coefficients in R). Since t € Q, we must have the constant 
coefficient of f in QM R = P. Hence f(t) € (P,t) RI]. Oo 


Lemma 3. Let P be a prime ideal in a domain R. The following are equivalent. 


(a) P isnota K-prime. 

(b) There is an integral extension domain T of R in which the set V of prime ideals 
lying over P can be partitioned into two nonempty subsets, say V = V, U V2, 
such that N{p | p € Vit and N{q | q € V2} are comaximal in T. 

(c) There is an integral upper K to 0 in R[X] such that K is contained in the uppers 
(P, X)R[X] and (P, X +1) R[X], but in no other uppers to P_ except those two. 

(d) There is an integral extension domain R{t] of R such that the only prime ideals 
of R{t] that lie over P are (P,t)R{t] and (P,t + 1)R[t]. 


Proof. (d) => (a) => (b): These are obvious from the definition of a K-prime. 

(b) = (d): Assuming (b) and using comaximality, pick t € T with t = Omod N 
{p|peéeV,}andt =—1mod N {q |g € V2}. As ¢ is contained in each prime 
in V;, Lemma 2 shows that every prime ideal in V; intersects R[t] at (P, t) R[t]. 
Similarly, since t + 1 € N{q | q € V2}, we see that every prime in V> intersects 
Ri{t+1] = Rit] at (P,t +1) R[t+1] = (P,t+ 1) Rt). Finally, since all primes 
in V contract to one of these two primes, lying over in R[t] C T shows they are 
the only primes of R[f] lying over P. 

(c) = (d): For an integral extension of domains R C R[f], let K be the kernel of the 
map R[X] — R[t]. Thus K is an integral upper to 0 and R[X]/K is isomorphic 
to R[t]. The prime ideals of R[X]/K that lie over P all have the form L/K 
where L is an upper to P in R[X] with L containing K. The equivalence of (c) 
and (d) follows easily. oO 


Lemma 4. (a) Let R’ be an integrally closed domain, and let L be an ideal 
of R'[X]. Then L is an integral upper to 0 if and only if L = f(X)R’[X] 
for some non-constant monic irreducible polynomial f(X) € R'[X]. 

(b) Let R be an arbitrary domain. If f(X) is a non-constant monic polynomial in 
R[X] which is irreducible in R'[X], then f(X)R[X] is an integral upper to 0 
in R[X]. 

(c) Let R be an arbitrary domain. If g(X) is anon-constant polynomial, then some 
upper to 0 in R[X] contains g(X). 
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Proof. (a) This is well known. (A proof is recorded in [5, Lemma 2.4].) 

(b) Suppose R and f(X) are as in (b). By part (a), f(X)R’[X] is an integral upper 
to 0 in R’[X], and so f(X)R’[X] N R[X] is an integral upper to 0 in R[X]. 
However, since f(X) is monic in R[X], an easy exercise shows f(X)R’'[X] N 
R[X] = f(X)R[X]. 

(c) Let F be the quotient field of R. Since g(X) is not a unit of F[X], it is contained 
in some prime ideal H of F[X]. Let L = HN R[X]. We have LN R = 
(AO R[X]) ON(F OR) = (HN F)NR=0NR = 0. Thus, L is an upper to 
Oin R[X], and g(X) € L. Oo 


Proposition 1. Let R be integrally closed. Then P is an H-prime if and only if it 
is a K-prime. 


Proof. Suppose P is not an H-prime. Then there exists a non-constant monic 
irreducible f(X) € R[X] and comaximal non-constant monic polynomials g(X) 
and h(X) in R[X] such that f(X) = g(X)h(X) mod P. By part (a) of the previous 
lemma, R C R[X]/f(X)R[X] is an integral extension of domains. The primes of 
the larger domain that lie over P in R all have the form L/f(X)R[X], with L 
an upper to P in R[X] that contains f(X). In other words, they are the images 
in R[X]/f(X)R[X] of those uppers L to P that contain f(X). As f(X) = 
g(X)h(X) mod P with g(X) and h(X) comaximal, that set of L can be partitioned 
into those L that contain g(X) and those L that contain (X). Thus, the set of 
primes lying over P is V = Vj U V2, with Vi = {L/f(X)R[X] | L is an upper 
to P containing f(X) and g(X)} and VY; = {L/f(X)R[X] | L is an upper to 
P containing f(X) and h(X)}. The comaximality of g(X) and h(X) shows that 
union is disjoint and also shows that the comaximality of N{q | q € Vi} and 
N{q | gq € V2}. We claim that neither set in that union is empty. For that, it will 
suffice (by symmetry) to show that there does exist an upper L to P in R[X] with 
F(X) € L, such that g(X) € L. Letting g’ represent g(X) mod P, part (c) of the 
previous lemma shows there is an upper L’ to 0 in (R/P)[X] with g’(X) € L’. Now 
it is easily seen that L’ has the form L/ PR[X] for some upper L to P in R[X], with 
g(X) € L. Since f(X) — g(X)h(X) € PR[X] © L, we also have f(X) € L. That 
proves the claim. Finally, using Lemma 3((b) => (a)), P is not a K-prime. 
Conversely, suppose P is not a K-prime. By Lemma 3((a) => (c)), there 
is an integral upper K to 0 in R[X] such that K is contained in the uppers 
(P, X)R[X] and (P,X + 1)R[X], but in no other uppers to P except those 
two. By Lemma 4(a), K = f(X)R[X] for some non-constant monic irre- 
ducible polynomial f(X) € R[X]. Thus, the only uppers to P in R[X] that 
contain f(X) are (P, X) and (P, X + 1). It easily follows that the factorization 
of f(X)mod P has the form X"(X + 1)” (since if there was another factor, 
Lemma 4(c) applied to R/P would show that a third upper to P also contains 
f(X)). That shows P is not an H-prime. Oo 


260 S. McAdam 
3 Concerning K-Primes P Not Contained in J(R) 


Lemma 5. Let D be a domain between R and its quotient field, and let C = {r € 
R | rd € R for all d € D} (the conductor of D to R). Suppose Q is a prime 
ideal in R comaximal to C, and let q be a prime ideal of D lying over Q. Then the 
following are true. 


(a) Foralln = 1,q" 1 R= Q". 
(b) Foralln = 1, the following are equivalent: 
(i) Qo” x o"t!, 
(ii) q’ # q'*; 
(iii) O" <q?™. 


(c) R/Q = D/q. 
Proof. (a) Suppose q” 1 R properly contains Q”. Then there exist s;; € q with 
r= ar Tar Sig € (Q" NR) — Q". Now (Q" : r) = {x € R| xr € Q"} is 


a proper ideal of R and consists of zero divisors modulo Q". By Zorn’s lemma, 
it can be enlarged to an ideal N maximal with respect to consisting of zero 
divisors modulo Q", and by a standard argument [3, Theorem 1], N is a prime 
ideal of R. As OQ" C (Q" : r) C N, we have Q C N, so that C is not 
contained in NV. Pick c € C —N.Nowc"r = i j=) (CSij) € Q", since 
each cs;; € gO R = Q. Thus c” € (Q” : r) C N. That contradicts that c is 
notin N. Thus gq” R= Q”. 

(b) Obviously (iii) implies (ii). Suppose (ii) holds, and let y € g” —q"*!. As C and 
Q are comaximal, write 1 = c +z withc € C andz € Q. Raising both sides to 
the nth power, we can write 1 = c” + w with w € Q. We have y = c”y + wy. 
Now wy € Qq" Cq"t!, and since y is not in g”*! we must have c"y ¢ q"*!. 
Thus, c”y ¢ Q"*!. However, since y € q” and Cq € Q, we have c”y € Q”. 
Thus (i) holds. Finally, suppose (1) holds. Then (iii) follows, since part (a) shows 
git} AR= ont, 

(c) We have the natural embedding R/Q C D/gq. In order to show equality, it 
will suffice to show that for all y € D, thereisat € R witht —y € q. By 
comaximality, there isac € C withc —1 € Q Cq. We have yc — y € q, and 
so we let t = yc, which is in R. Oo 


Lemma 6. The following are equivalent for a domain D. 


(i) D is integrally closed, and its quotient field is algebraically closed. 
(ii) Every non-constant monic polynomial in D[X] can be factored into a product 
of monic linear polynomials in D[X]. 


Proof. Suppose (i) is true, and let f(X) be a non-constant monic polynomial in 
D[X]. With {2 the algebraically closed quotient field of D, in 2[X] we see that 
F(X) factors into a product of linear polynomials. Let X — b be one of them. Since 
f(b) = 0, b is integral over D, and so X — b is in D[X]. Thus (ii) holds. 
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Now suppose (ii) holds. Let {2 be an algebraic closure of the quotient field of D, 
and let T be the integral closure of D in §2. Since (2 is algebraic over the quotient 
field of D, a standard argument shows {2 is the quotient field of T. Therefore, it 
will suffice to show D = T. Pick any t € T. There is a monic polynomial in D[X] 
having ¢ as a root. By (ii), that monic polynomial factors into a product of monic 
linear factors in D[X]. Clearly one of those factors must be X — t, showing t € D. 
Thus D=T. Oo 


We come to the main result of this section. 


Theorem 3. Suppose P is not contained in the Jacobson radical of R, and let Q 
be a prime of R comaximal to P.. Consider the following three statements. 
(i) OF QO; 
(ii) R/Q is not integrally closed; 
(iii) the quotient field of R/Q is not algebraically closed. 


(a) If any of (i), (ii), or (iii) is true, then P is not an H-prime. 
(b) If the conductor C of R' to R is comaximal to Q, and if any of (i), (ii), or 
(iii) is true, then P is not a K-prime. 


Proof. (a) Suppose first that 0 4 Q*. Pick d € Q — Q?. Since P is comaximal 
to Q and also to Q”, by the Chinese remainder theorem, pick b € R with 
b = dmodQ and b = | mod P, and pick c € R with c = d mod Q? and 
c = 0mod P. Let f(X) = X* + bX +c. Clearly f(X) = X(X + 1) mod P. 
Thus, to show P is not an H-prime, it will suffice to show f(X) is irreducible 
in R[X]. That follows from Eisenstein’s criterion, since d € Q — Q?, implies 
be Qandce Q-Q?’. 

Next, suppose either (ii) or (iii) is true. Then Lemma 6 shows there is some 
monic irreducible polynomial a(X) € (R/Q)[X] of degree n > 2. Let k(X) 
be a monic pre-image of a(X) in R[X]. As P and Q are comaximal, by 
the Chinese remainder theorem, there is a monic polynomial f(X) € R[X] 
with f(X) = k(X)mod Q and f(X) = X"~!(X + 1) mod P. The image of 
F(X) in (R/Q)[X] is w@(X) which is irreducible in (R/Q)[X], and so f(X) is 
irreducible in R[X]. The factorization of f(X) mod P therefore shows that P 
is not an H-prime. 

The proof is similar to that of (a), except we must move matters from R up 
to R’, since the f(X) € R[X] mentioned in the proof of (a) will now need to 
be irreducible in R’[X]. 

First suppose that Q # Q?. Let Q’ be a prime ideal of R’ lying over QO. 
Using Lemma 5(b)((i) > (iii)), we see that Q is not contained in Q”. Pick 
d € O — OQ”, and pick b and c as in the proof of (a). Let f(X) = X7+bX +c. 
We have b € Q C Q’ and (since c—d € 0? C Q”)c € O’- QO”. 
Eisenstein’s criterion shows f(X) is irreducible in R’[X]. By Lemma 4(b), 
K = f(X)R[X] is an integral upper to 0 in R[X]. However, we also have 
F(X) = X(X 4+ 1) mod P, showing that K is contained in (P, X)R[X] and 
(P, X + 1)R[X], but in no other uppers to P in R[X]. By Lemma 3((c) > (a)), 
P is nota K-prime. 


(b 


wm 
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Now suppose that either R/Q is not integrally closed or its quotient field is not 
algebraically closed. Let a(X), k(X), and f(X) be as in the second half of the 
proof of part (a). Let Q’ be a prime ideal of R’ lying over Q. Using Lemma 5(c), 
the image of f(X) in (R/Q)[X] = (R’/Q’)[X] is a(X), which is irreducible, 
and so f(X) is irreducible in R’[X]. Thus K = f(X)R[X] is an integral upper 
to 0 in R[X]. Since f(X) = X""!(X 4+ 1) mod P, Lemma 3((c) > (a)) shows 
P is nota K-prime. Oo 


Heuristic Remark: If P is an H-prime not contained in J(R), then for every 
ideal Q comaximal to P, we must have (i), (ii), and (iii) of Theorem 3 all be false. 
We feel that justifies saying that H-primes not contained in the Jacobson radical 
are rather rare. In particular, since the Krull intersection theorem shows that for any 
prime O ¥ 0 ina Noetherian domain we have O # Q?, we see that in a Noetherian 
domain, P can only be an H-primeif P C J(R). Similarly, K-primes not contained 
in the Jacobson radical are somewhat rare. However, Example 3 below shows both 
H-primes and K-primes not contained in J(R) do exist. 
The next corollary is the first of three key pieces in the proof of Proposition 2. 


Corollary 1. Suppose P is not contained in the Jacobson radical of R, and suppose 
P is also an ideal of R’. Let Q be a prime of R comaximal to P, and let Q' be a 
prime ideal of R' lying over Q. If any one of the following three conditions holds, 
then P is neither an H-prime nora K-prime. 

(i) Q’ x OQ”: 

(ii) R’/Q' is not integrally closed; 
(iii) the quotient field of R'/Q' is not algebraically closed. 


Proof. Since P is an ideal in R’, we have PR’ C P C R, so that P C C, the 
conductor of R’ to R. Therefore, QO is also comaximal to C. Using Lemma 5, we 
see that O' # QO” if and only if O 4 O?, andalso R/O = R'/OQ’. The corollary 
now follows from the theorem. 

The hitch in the corollary is the need to have P be an ideal in R’. In Sect. 5, we 
deal with that problem by mimicking P with a prime we will call P*. Oo 


Example 3. Suppose R is the integral closure of the integers in the algebraic closure 
of the rationals. If P #4 0 is a prime ideal of R, then P is an H-prime and a 
K-prime. 


Proof. Suppose P is not an H-prime. Then there is a monic irreducible f(X) € 
R[X] such that f(X) is reducible modulo P. That last implies the degree of f(X) 
is at least 2. However, as f(X) is irreducible, Lemma 6 shows the degree of f(X) 
is 1, a contradiction. Thus P is an H-prime, and so by Proposition 1, it is also a 
K-prime. Oo 
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4 Going Down from Maximals 


We begin with another crucial result proven in [1, (2.3)]. (As in Theorem 1, we do 
not know if the assumption P C J(R) is required.) 


Theorem 4. Let P C J(R). The following are equivalent. 


(i) P is an H-prime. 

(ii) For all non-constant monic polynomials f(X) € R[X], if there exist non- 
constant monic polynomials g(X) and h(X) in R[X] such that f(X) = 
g(X)h(X) mod P and such that g(X) and h(X) are comaximal, then for any 
upper K to 0 in R[X] with f(X) € K, either K and g(X) are comaximal or 
K and h(X) are comaximal. 


Definition 4. We say that P is a GDM prime if for all integral extension domains 
T of R and all maximal ideals N of T, there is a prime ideal Q of T such that 
OC NandQnN R= P. (By letting T = R, we see that a GDM prime must be 
contained in J(R).) 


Remark 2. GDM stands for “going down from maximals.” In [5], GDM was defined 
in terms of finitely generated integral extensions. However, by Lemma 8, it is easily 
seen that it does not matter if we allow T to be arbitrary, or insist that it be finitely 
generated, or even insist that it be generated by a single element over R. All are 
equivalent. 


In this section, we will show that if P is both a K-prime and a GDM prime, then 
P is an H-prime. (Later, we will see that in many domains, K-primes are GDM 
primes and so are H-primes.) The next result is the second key piece in the proof of 
Proposition 2. 


Theorem 5. /f P is a K-prime and a GDM prime, then P is an H -prime. 


Proof. It will suffice for us to assume that P is a GDM prime but not an H-prime 
and to prove that P is not a K-prime. Since we know GDM primes are contained in 
the Jacobson radical, Theorem 4 shows there are non-constant monic polynomials 
T(X), g(X), and h(X) in R[X] and an upper, K, to 0 in R[X] such that f(X) = 
g(X)h(X) mod P, with g(X) and A(X) comaximal and with f(X) € K, such that 
K is not comaximal to either g(X) or h(X). 

Let V = {p € Spec R[X] | p is an upper to P and K C p}. If p € V, 
then f(X) € K C p,and since f(X) = g(X)h(X) mod P (and P C p), we 
see that either g(X) € p or h(X) € p. Thus if V,; = {p € V | g(X) € p} 
and V, = {p € V | A(X) € p}, then V = V, U Vy. Since g(X) and h(X) are 
comaximal in R[X], clearly V, and V;, partition V. 

We claim neither V, nor V;, is empty. (The argument used in the analogous claim 
in the proof of Proposition 1 will not work here, since we only have f(X) € K 
instead of K = f(X)R[X].) Since K is not comaximal to g(X), there is a maximal 
ideal N of R[X] that contains both K and g(X). Now N/K is a maximal ideal 
in R[X]/K, and this last ring is an integral extension domain of R. Since P is 
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assumed to be a GDM prime, there must be a prime ideal p’/K of R[X]/K with 
p'/K C N/K and with (p'/K)N R = P. We easily see that p’ is an upper to P in 
R[X] such that K C p’ C N. Thus p’ ¢ V = Vz, U Vj. Suppose p’ € V;. Then by 
definition, h(X) € p’ C N. However, N also contains g(X ), which contradicts that 
g(X) and h(X) are comaximal. Therefore, p’ is not contained in V;, and so must be 
contained in V,, which is therefore not empty. Similarly, V;, is not empty. 

We easily see that in the integral extension domain R[X]/K of R, the set of 
primes lying over P is {p/K | p € V} = {p/K | p € Vg} U{p/K | p € Vj}. 
Neither subset in this partition is empty (by the preceding paragraph). Also, if g’ 
and h’ represent g(X) and h(X) taken modulo K, then since g(X) and h(X) are 
comaximal in R[X], g’ and h’ are comaximal in R[X]/K. It follows that N{p/K | 
p€ Ve} and N{p/K | p € Vn} are comaximal. It now follows from Lemma 3((b) 
=> (a)) that P is not a K-prime. oO 


Although we do not need it, the following is perhaps worth recording. 


Lemma 7. Let R C T be an integral extension of domains. Let Q be prime in T 
with Q C J(T), and let P = ON R. If Q is an H-prime, then P is an H-prime. 


Proof. Since Q C J(T), we have P C J(R). Assuming Q is an H-prime, we 
will use Theorem 4 to show P is an H-prime. Let f(X), g(X), and h(X) be non- 
constant monic polynomials in R[X] with f = g(X)h(X) mod P and with g(X) 
and h(X) comaximal. Let K be an upper to 0 in R[X] with f(X) € K. (We must 
show K is comaximal to either g(X) or h(X).) There is an upper L to 0 in T[X] 
with LO R[X] = K.InT[X], we have f(X) = g(X)A(X) mod QO, and f(X) € L. 
Since Q is an H-prime contained in J(T), Theorem 4 shows L is comaximal to one 
of g(X) or h(X). We may suppose L and g(X) are comaximal in T[X]. An easy 
exercise (using going up) shows K and g(X) are comaximal in R[X]. Oo 


5 A Useful Construction 


Lemma 8. Let R C T be rings, and let P be a prime ideal of R and M be a prime 
ideal of T. Let W be the set of all prime ideals of T that lie over P. If W is not 
empty, then there isa p € W such that p € M if and only ifN{p' | p’ eW} CM. 


Proof. One direction is trivial. For the other, assume M{p’ | p’ €« W} C M. 
We will show there is some p € W with p C M. (This task is simple if W 
happens to be finite.) Let p be a prime of T contained in M and minimal over 
N{p’ | p’ € W}. It is well known that p consists of zero divisors modulo that 
intersection [3, Theorem 84]. That is, if x € p, then there is a y not contained 
in N{p’ | p’ € W} such that xy € N{p’ | p’ € W}. Therefore, for some 
p’ € W, we have y ¢ p’ but xy € p’. It follows that x € p’. This shows that 
p © Ufp’ | p’ € W}. Now consider any x € pM R. For some p’ € W we have 
x € p'O R= P. Thus, pN RC P, and obviously P C N{p’ | p’ € W]} C p, so 
that P C pM R. We now have pM R = P, showing p € W. Since p C M, that 
completes the argument. EI 
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Remark 3. Let R C T be an integral extension of rings. In [4, Proposition 2], it 
is shown that R C T satisfies going down if and only if R C R[t] satisfies going 
down for all t € 7. We leave to the reader the exercise of giving a second proof of 
that fact, using Lemma 8. Although the two approaches have much in common, we 
feel that Lemma 8 throws a bit more light on the subject. 


Notation. Let P* = M{p’ € Spec R’| p'N R = P}. Also let R* = R+ P* = 
{r +x |reRandx e P*}, 


Lemma 9. R®* is a domain between R and R'. P* is a prime ideal in R* (and an 
ideal in R') and is the only prime ideal of R* lying over P in R. 


Proof. Obviously R C R* C R’, and using that P* is obviously an ideal in R’, it is 
easily verified that R* is a domain. The definition of P* easily implies P*NR = P. 
Suppose r +x and s+ y are two elements of R*, with r,s € Rand x,y € P*, such 
that (r + x)(s + y) € P*. Since sx +ry + xy € P*,weseers € P?'NR=P, 
and so we may assume r € P C P*, showingr +x € P*. Thus P* is a prime ideal 
of R*. Finally, suppose Q is any prime ideal of R* lying over P in R. Then there is 
a prime ideal p’ in R’ with p'’M R* = QO, so that p'’N R = P. By definition, we 
have P* C p’, and so P* C p'N R* = Q. As P* and Q are both in R* and both 
lie over P,, incomparability shows that Q = P*. Thus P* is the unique prime of R* 
lying over P. Oo 


We come to the third and final key piece in our puzzle. 


Lemma 10. (a) P a K-prime if and only if P* is a K-prime. 
(b) The following are equivalent. 


(i) P isa GDM prime. 
(ii) P* isa GDM prime. 
(iii) P* C J(R*). 
(iv) P* C J(R’). 


Proof. (a) Suppose P* not a K-prime, so that there is an integral extension T of 
R* in which exactly two primes, say p; and po, lie over P*, and p; and p are 
comaximal. Obviously p; and pz lie over P, and since P* is the unique prime 
of R* lying over P, there are no other primes of T lying over P. Thus we see 
P is nota K-prime. 

Conversely, if P is not a K-prime, then by Lemma 3((a) => (c)) there is 
an integral upper K to 0 in R[X] with K contained in (P, X)R[X] and in 
(P, X + 1)R[X], but in no other uppers to P. K can be lifted to an integral 
upper L to 0 in R*[X]. Since K C (P,X)R[X] and L lies over K, by 
going up there is a prime ideal q of R*[X] containing L and lying over 
(P, X)R[X]. It is easy to verify that gq must be an upper to some prime of 
R* lying over P. The only such prime is P*, and so qg is an upper to P*. 
Since X € (P, X)R[X] C q, we see that q must equal (P*, X)R*[X]. Thus 
L C (P*, X)R*[X]. Similarly, L C (P*, X + 1)R*[X]. Now any upper q’ to 
P* containing L contracts to an upper to P containing K. Thus q’ N R[X] is 
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either (P, X)R[X] or (P, X + 1)R[X]. Since q’ contains either X or X + 1, it 
equals either (P*, X) R*[X] or (P*, X + 1) R*[X]. Now Lemma 3((c) > (a)) 
shows P* is not a K-prime. 

(b) (i) > Gii): Suppose (i) holds. Let M be a maximal ideal of R*. As R C R* 
is an integral extension, the definition of GDM prime shows that M contains 
a prime of R* lying over P. The only possibility is that M contains P*. Thus 
P* C J(R*), and so (i) = (iii). 

(iii) > (iv): Use that maximal ideals of R’ contract to maximal ideals of R*. 
(iv) > (i): Suppose P* C J(R’). We will show P isa GDM prime. Let T be an 
integral extension domain of R, and let M be a maximal ideal of 7’. (We must 
show some prime of 7 contained in M lies over P.) Let S be the domain gotten 
by adjoining all the elements of R’ to 7. Thus T C S is an integral extension, 
and so we can lift M to a maximal ideal N of S. As R’ C S,NO R’isa 
maximal ideal of R’. 

Since (iv) shows N{p’ € Spec R’ | p) 1R = P} = P* C NO R’,Lemma8 
shows there is a p € Spec R’ lying over P, with p C N 1 R’. Since R’ (being 
integrally closed) satisfies the famous going down theorem, there is a prime q 
of S with gM R’ = pandq C N. Contracting to T, we see that g N T is 
contained in N 1 T = M and lies over P, showing P is a GDM prime. 

(ii) + (iii): We iterate, now finding (R*)* and (P*)*. Since P* is the unique 
prime ideal of R* lying over P in R, we see that a prime ideal p’ in R’ lies 
over P* in R* if and only if it lies over P in R. Therefore, the definition shows 
P*# = P*, Also, R™* = R* + P** = R* + P* = R*. Using the equivalence 
of (i) and (iii) applied to P*, we now see P* is a GDM prime if and only if 
P* Cc J(R™) if and only if P* C J(R*). Oo 


Corollary 2. Suppose P is a K-prime. If P* © J(R*), then P is an H-prime and 
a GDM prime (so that P © J(R)). 


Proof. lf P* ¢ J(R*), by Lemma 10(b), P is a GDM prime. By Theorem 5, P is 
an H-prime. Oo 


6 Proposition 2 (Slightly Augmented) 


Proposition 2. Suppose that for all nonzero non-units y € R’, there is a prime ideal 
OQ’ of R’ containing y such that at least one of the following is true: Q' 4 Q”, or 
R'/Q' is not integrally closed, or the quotient field of R’/Q' is not algebraically 
closed. If P is a K-prime of R, then P © J(R), and P is an H-prime and a GDM 
prime. 


Proof. Assume P is a K-prime of R. By Corollary 2, it will suffice to show that 
P# Cc J(R*), If not, let M be a maximal ideal of R* not containing P*, and write 
x + y = 1 with x € P* and y € M. Obviously y is a nonzero non-unit in R* and 
so also in the integral extension R’. By hypothesis, there is a prime ideal Q’ of R’ 
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containing y such that either 0’ 4 OQ”, or R’/Q’ is not integrally closed, or the 
quotient field of R’/Q’ is not algebraically closed. Let OQ = Q'/N R*. Since y € Q, 
we see that P* and Q are comaximal. By Corollary | applied to R*, and its primes 
P* and Q, we see that P* is not a K-prime. That contradicts Lemma 10(a). oO 


The next corollary shows that Proposition 2 applies to a large class of domains. 


Corollary 3. Suppose R’ satisfies any one of conditions (i) through (iv) below. If P 
is a K-prime of R, then P © J(R), and P is an H-prime and a GDM prime. 


(i) There is a subset S of SpecR’ such that R' = N{R‘,, | Q’ € S} and such that 
for each Q' € S, at least one of the following holds: (i) 0” 4 Q’; (ii) R’/O’ 
is not integrally closed; or (iii) the quotient field of R'/Q' is not algebraically 
closed. 

(ii) For every maximal ideal M of R', either M #4 M? or R/M is not 
algebraically closed. 

(iii) R’ is an intersection of some set W of quasi-local domains (Dy, Nw), each 
between R’ and its quotient field, such that for eacha, N{N” |n = 1} = 0. 

(iv) R' is the intersection of a set of DVRs between R’ and its quotient field. (This 
case includes Krull domains and so includes the case that R is Noetherian.) 


Proof. It will suffice to show that in each case, R’ satisfies the hypothesis of 
Proposition 2. 


(i) It will suffice to show that if y is a nonzero non-unit in R’, then one of the Q’ 
in S contains y. If not, then we would have y"! € N{R’,, | O' Ee S} = R’,a 
contradiction. - 

(ii) This follows from (i), since R equals the intersection of all of its maximal 
localizations. 

(iii) If Ny = 0, then (Dy, Ny) must be the quotient field of R’ and can be ignored. 
Thus, we may assume N, # 0. Let Oy = Ny M R’. For some 0 4 z € Ny, 
write z = r/s with r and s nonzero in R’. Thusr = sz € NyN R= Qu, 
showing Q, # 0. Therefore, Og Z N{N." | n = 1}. It follows that Oy 4 Q2. 
By (i), it will suffice to show that every nonzero non-unit y of R’ is contained 
in some Q,. Were that false, then y would be a unit in each D, and so a unit 
in R’, which is a contradiction. 

(iv) This follows easily from (iii). oO 


Question 2. Modifying our earlier question, we ask if the concepts of H-prime and 
K-prime are equivalent for GDM primes? 
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Finitely Stable Rings 


Bruce Olberding 


Abstract A commutative ring R is finitely stable provided every finitely generated 
regular ideal of R is projective as a module over its ring of endomorphisms. This 
class of rings includes the Priifer rings, as well as the one-dimensional local Cohen- 
Macaulay rings of multiplicity at most 2. Building on work of Rush, we show 
that R is finitely stable if and only if its integral closure R is a Priifer ring, every 
R-submodule of R containing R is a ring and every regular maximal ideal of R has 
at most 2 maximal ideals in R lying over it. This characterization is deduced from a 
more general theorem regarding what, motivated by work of Knebusch and Zhang, 
we term a finitely stable subring R of a ring between R and its complete ring of 
quotients. 
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1 Introduction 


Following Sally and Vasconcelos [24, 25], an ideal J of a commutative ring R is 
stable if I is projective as a module over its ring of endomorphisms End(J/). This 
terminology originates with Lipman [13], who gave a different definition of stable 
ideals (one that reflects the stabilization of a certain chain of blow-up algebras) that 
Sally and Vasconcelos later observed was equivalent to the one given here when R 
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is a one-dimensional local Cohen-Macaulay ring. When J is regular (meaning that 
TI contains a nonzerodivisor), the ring End(/) can be identified with a subring of 
the total quotient ring Quot(R) of R, and hence, using a standard characterization 
of projective regular ideals, a regular ideal is stable if and only if it is an invertible 
ideal of a ring between R and Quot(R). Thus stability generalizes the multiplicative 
notion of invertibility and has been studied from this point of view by many authors; 
see [15] and its references for older background, and for some recent examples of 
papers involving stable ideals in integral domains, see [2,4, 6, 7,9, 14,21, 26-28]. 

A ring R is finitely stable if every finitely generated regular ideal of R is stable. 
Thus a Priifer ring, a ring in which every finitely generated regular ideal is invertible, 
is finitely stable. However, the class of finitely stable rings is broader than the class 
of Priifer rings. For example, Bass [1, Corollary 7.3] showed that a reduced ring 
for which every ideal can be generated by two elements has the property that every 
ideal is stable. In particular, with k a field and X an indeterminate for k, the ring 
k[X?, X°] is a finitely stable ring. More generally, Rush [23, Proposition 2.5] has 
shown that a ring for which every finitely generated ideal can be generated by 
two elements is finitely stable. The quasilocal reduced group rings with the two- 
generator property (and hence the property of being finitely stable) are characterized 
in [23]. We give several other sources of examples of finitely stable rings in Sect. 6. 

The main goal of this article is to characterize a finitely stable ring R in terms of 
its integral closure R. We show in Corollary 5.11 that a ring R is finitely stable if 
and only if R is a Priifer ring; every R-module between R and R is a ring; and each 
regular maximal ideal of R has at most 2 maximal ideals in R lying over it. In fact, 
much of this characterization was proved already by Rush [23, Proposition 2.1], 
who showed that if R is a finitely stable ring, then R is a Priifer ring and every 
R-module between R and R is a ring. (What we term a finitely stable ring, Rush 
calls “stable.” We reserve stable ring for the case in which every regular ideal of 
R is stable.) Rush also proved that the converse holds whenever R is a quasilocal 
ring having at most 2 maximal ideals in R lying over it. Thus to combine these two 
results into a characterization of finitely stable rings two gaps remain: to remove the 
quasilocal hypothesis and prove that the integral closure of a finitely stable ring can 
have at most 2 maximal ideals lying over a maximal ideal of R. In Theorem 5.4, we 
fill in this gap, and in subsequent corollaries we draw a number of conclusions from 
this result. 

Moving beyond the classical setting, we develop this theorem from a more 
general point of view based on that of the treatment of Priifer subrings given by 
Knebusch and Zhang in [10]. This allows us to relativize the notion of a finitely 
stable ring: regular ideals are replaced by dense ideals, and rather than requiring all 
finitely generated regular (or dense) ideals to be invertible, we require only certain 
filters of them to have this property, those that blow up in a fixed ring between R 
and its complete ring of quotients. In Sect. 2, we recast the notion of stability in this 
more general setting, and in Sect. 5 we define finitely stable subrings. The idea is to 
consider a ring R and aring S between R and its complete ring of quotients O(R) (a 
notion we review in Sect. 2); then R is finitely stable in S if every finitely generated 
ideal J of S such that 7S = S is stable. As in the theory of Priifer subrings, a 
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technical assumption—that R is “tight” in S—is also needed here; tight extensions, 
which are a special class of flat extensions, are reviewed in Sect. 4. In any case, 
it follows that a ring R is finitely stable (in the traditional sense) if and only if 
R is finitely stable in its total ring of quotients (in this new sense). Corollary 6.5 
gives one application which the flexibility of this approach affords over the classical 
approach. Other motivations for this approach to multiplicative ideal theory can be 
found in [10]. 

In a future paper we will carry these ideas through for the class of stable rings, 
those rings for which every regular ideal is stable. We generalize this to the setting of 
stable subrings, and we classify such rings using pullback decompositions of their 
localizations at maximal ideals. In doing so, we correct also an error from [16], 
where it is asserted that every quasilocal stable domain is the pullback of a strongly 
discrete valuation domain V and a one-dimensional stable domain whose quotient 
field is the residue field of V. (The error is in Lemma 4.10 of [16], in the assertion 
that P is a primary ideal.) While it is the case that every such pullback is a stable 
domain, not every quasilocal stable domain can be decomposed as a pullback of a 
strongly discrete valuation domain and a one-dimensional stable domain D; instead, 
zerodivisors and other subtleties 

Conventions. The total ring of quotients of a ring R is denoted Quot(R), while 
the complete ring of quotients of R is denoted Q(R). Integral closure is denoted 
R but depends on the ambient ring, in the sense that when we work within a ring 
extension R C S, then R denotes the integral closure of Rin S. 


2 Preliminaries on Stable Ideals 


In this section we recast some basic properties of stable ideals in the more general 
setting of dense ideals, and we show that as with regular ideals, dense stable ideals 
can be characterized by multiplicative properties. We recall first some terminology 
and notation. 


(2.1) An ideal J of the ring R is dense if the only element r in R for which rl = 0 
is r = 0. In particular, regular ideals are dense. 

(2.2) When A and B are R-modules, we define (B :p A) = {r € R: rA C B}, 
and when R is clear from context, we write (B : A) for (B :p A). 

(2.3) The ring S is a ring of quotients of R if forall x € S,(R: x)S is adense ideal 
of S. There exists a ring of quotients Q(R), the complete ring of quotients 
of R, such that for every ring of quotients S of R, there is a unique ring 
homomorphism S — Q(R), and every such homomorphism is injective [11, 
Sect. 2.3]. Thus we may view a ring of quotients of R as a subring of Q(R). 
In turn, every ring between R and Q(R) is a ring of quotients of R. 

(2.4) The classical ring of quotients is the localization of R at the multiplicatively 
closed set of nonzerodivisors of R. We denote this ring by Quot(R), and in 
line with the above convention we assume Quot(R) C O(R). 
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(2.5) When A and B are R-modules, we let [B : A] = {q € O(R): gA C B}, 
and when S is a ring between R and Q(R), we set [B :5 A] = SN [B: A]. 
In particular, (B : A) = RO[B: Al. 

(2.6) Let R C S C Q(R) be rings, and let A be an R-submodule of Q(R). 
Then A is invertible if there exists an R-submodule B of QO(R) such that 
AB = R; equivalently, A[R : A] = R. If also A and B are R-submodules 
of S, then A is an S-invertible R-module. An ideal J of R is invertible if 
and only if J is a dense ideal and a finitely generated projective R-module 
[10, Proposition 2.4, p. 99]. 

(2.7) We say that an R-submodule J of Q(R) is a fractional ideal of R if there 
exists an invertible ideal J of R such that 7J C R. The fractional ideal J is 
dense if the only element r of R for whichr/ = Oisr = 0. With J as above, 
then J is dense if and only if JJ is dense. Every invertible R-submodule of 
Q(R) is a dense fractional ideal of R. 

(2.8) For a fractional ideal J of R, let E(7) = [J : I]. When J is dense, then the 
canonical mapping @ : EW) > Endr(/): q & fy, where fy(x) = qx 
for all x € J, is an isomorphism of R-algebras. When J is an ideal, this is a 
consequence of [11, Corollary, p. 99]. To see that it is also true when J is a 
dense fractional ideal, note first that since J is not annihilated by any nonzero 
element in Q(R) [11, Corollary, p. 41], then the R-algebra homomorphism ¢ 
is injective. Thus we need only to verify that @ is surjective. Let f ¢ Endp(/), 
and let J be an invertible ideal such that 7J C R. Then since JJ is dense 
in Rand fUJ) C IJ, there exists by [11, Corollary, p. 99] an element q of 
Q(R) such that f(x) = qx for all x € IJ. Since J is invertible, there exist 
X1,...,%, € J and y,...,¥n €[R: J] with 1 = Yo; x; y;. Let x € 7. Then, 
multiplying by f(x), we have f(x) = Dy xii fO) = Ly yi fOux) = 
Yo; Vigxix = qx Yo; Xi Vi = Gx, which proves that f = $(q) and hence ¢ 
is an isomorphism. 

(2.9) A dense fractional ideal J of R is stable if it is projective over its ring of 
endomorphisms. Thus by (2.8), J is stable if and only if J is projective as an 
E(Z)-module. We show in Proposition 2.11 that a dense fractional ideal J is 
stable if and only if J is an invertible E (J )-module. 


Lemma 2.10 (Knebusch—Zhang [10]). Let R C S C Q(R) be rings. The 
following statements are equivalent for an R-submodule I of S: 


(1) I is an S-invertible R-module. 

(2) IS = S and {J : I|I = J for all R-submodules J of S. 
(3) IS = S and I is an invertible R-module. 

(4) TS = S and I is a projective R-module. 


Proof. Since the proposition is not explicitly stated in [10], we indicate how it 
follows from standard arguments and results in [10]. 


(1) => (2). That [J : I]J = J for all R-submodules J of S is given by [10, 
Lemma 1.11, p. 90]. To see that 7S = S, let J be an R-submodule of S such 
that 7J = R. Then [R: J] = J C S. Since [S : /]J = S, multiplying 


Finitely Stable Rings 273 


both sides by [R : /] gives [S : J] = [R : I]S. Thus since S C [S' : /] and 
[R: I] CS, we have [R : J]S = S. Multiplication by J then gives S = 1S. 
(2) => (3). With J = R, (2) implies that [R : J]J = R, and hence J is invertible. 


(3) => (1). Since J is invertible, multiplying 7S = S by [R_ : I] gives 
S =[R: 1]|S. Hence [R : J] C S, which proves that J is S-invertible. 
(1) + (4). This follows from [10, Proposition 2.3, p. 97]. oO 


From the lemma, we deduce a useful multiplicative characterization of stable 
fractional ideals. 


Proposition 2.11. A dense fractional ideal I of the ring R is stable if and only if I 
is an invertible E(1)-module; if and only if 1 € {I : I7]I. 


Proof. By (2.8), I is stable if and only if J is projective as an E'(/)-module. Thus 
by Lemma 2.10 (applied to the case where S = Q(R)), J is stable if and only if 7 
is an invertible E(1)-module; if and only if 1 € [E(/) : I]7 = [I : 1°}. Oo 


One consequence of the criterion in Proposition 2.11 is that stability of ideals 
transfers to localizations and ring extensions. More generally, we have the following 
corollary. 


Corollary 2.12. Let Rj C S; © O(R,) and Ro © Sy € O(R2) be ring extensions 
such that there exists a homomorphism of rings @ : Q(R1) > Q(R2) with @(R1) C 
Ry and $(S,) © S$». If I is a stable fractional ideal of R, such that IS; = S\, then 
@(1)R2 is a stable fractional ideal of Ry with @6(1)S2 = So. 


Proof. Since IS; = Sj, then I is dense and ¢(/)S2 = S). Since J is a fractional 
ideal, there exists an invertible ideal J of R such that JJ C R. Then ¢(J)Rz> is 
an invertible ideal of R> (with inverse (J~!)R2) and @(1)(J)Rz © Ro. Hence 
(1) Rz is a fractional ideal of R» that is also dense since #(/)S2 = S». Now since 
T is a stable dense fractional ideal of R, Proposition 2.11 implies that there exist 
X1,...,%, € Tand y,..., yn € [J : I? with 1 = > x; y;. Thus 


1= (1) = })$(i)b(1) € PU) Ro: (1) Rolo) Ro, 


and hence by Proposition 2.11, (7) R2 is a stable fractional ideal of Ro. oO 


The next proposition, which is well known for the case where J is a regular ideal, 
is a simple application of Proposition 2.11. 


Proposition 2.13. Suppose that I is a dense fractional ideal of the ring R: 


(1) If I? = AI for some invertible fractional ideal A of R with A C I, then 
I = AE(1) and I is stable. 

(2) If I is stable and J is also a stable dense fractional ideal, then I J is stable. 

(3) If J is a stable dense fractional ideal of R such that E(J) C E(1) and IJ is 
stable, then I is stable. 
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Proof. (1) Since A C TI, then AE(/) C TI. To verify the reverse inclusion, let 
x €7.ThenxI CI? = AJ, so x[R: A]I C J, which shows that x[R : A] C 
E(J1) and hence x € AE(J). Therefore, J = AE(J). Since A is an invertible 
ideal of R, we have by Corollary 2.12 that J = AE(J) is stable. 

(2) By Lemma 2.10(2), 


[EUJ) : IJ|1J = [[EUJ): J): IJ =[EUJ): JJ = EJ). 


Thus JJ is an invertible E(JJ)-module, and since IJ is a dense fractional 
ideal, Proposition 2.11 implies that JJ is stable. 

(3) We may assume without loss of generality that E(J) = R. Then by Proposi- 
tion 2.11, J is an invertible R-module. Since JJ is stable and J is invertible, 
Lemma 2.10 and Proposition 2.11 imply that 


le [IJ :UJ/Y|lJ = (TJ: Ps): Ils =: Ps = [1s Py, 


so that again by Proposition 2.11, J is stable. Oo 


3 Stable Ideals in Quadratic Extensions 


Handelman [8, p. 147] shows that if R is a one-dimensional Noetherian domain 
having module-finite integral closure R in its quotient field, then R is a stable 
domain if and only if every ring between R and R is a Gorenstein ring. In proving 
this, Handelman showed that when R is a stable domain, every R-module B with 
RC BC Risaring. We single out this last property and say that an extension of 
rings R C S is quadratic if every R-submodule of S containing R is a ring. Thus 
R CS is a quadratic extension if and only if forallx,y ¢ S,xyexR+yR+R; 
if and only if every finitely generated R-submodule A of S containing R satisfies 
A? = A. The terminology here is motivated by the fact that when R C S isa 
quadratic extension, then x7 € xR + R for all x € S. In particular, quadratic 
extensions are also integral extensions. Moreover, if two is a unit in R, then R C S$ 
is a quadratic extension if and only if every ¢ € S' is the root of a monic degree 2 
polynomial with coefficients in R. Quadratic extensions are also studied in [18-20], 
where they play a key role in analyzing some classes of analytically ramified local 
Noetherian rings. 


Lemma 3.1. The following are equivalent for an extension of rings R C S: 


(1) RCS is a quadratic extension. 

(2) For each multiplicatively closed subset X of R, Rx CG Sx is a quadratic 
extension. 

(3) For each maximal ideal M of R, Ry © Sy is a quadratic extension. 
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Proof. To prove that (1) implies (2), let X be a multiplicatively closed subset of 
R, and let A be a finitely generated Ry-submodule of Sy containing Ry. Write 
A = (q,...,4n)Rx for some aj,...,a, € A. Then for each i, a; = b;/x; for 
some b; € S and x; € X. Define B = (1,)),...,b,)R. Then A C By. Also, if 
x € X,then 1/x € A since Ry C A, and b;/x = a;(x;/x) € A. Thus By C A, 
and hence By = A. Moreover, R C B C S, so since R C S is quadratic, 
B? = B. Hence A* = BY = By = A, proving that A is a ring. This shows 
that (1) implies (2). That (2) implies (3) is clear. To see that (3) implies (1), let C be 
a finitely generated R-submodule of S containing R. Then for each maximal ideal 
M of R, Ry © Cu © Sm, so by (3), C2, = Cy. Thus C* = C, since this equality 
holds locally, and this proves that C is a ring and R C S is a quadratic extension.O 


We recall next Handelman’s classification of quadratic extensions of finite- 
dimensional algebras in order to apply it in Proposition 3.3 and Theorem 5.4 to 
quadratic extensions of the residue field of a quasilocal ring. We denote by F the 
field Z/2Z. 


Lemma 3.2 (Handelman [8, Lemma 5]). Let F be a field and let S be a finite- 
dimensional F-algebra such that F fC S is a quadratic extension. Then S is 
isomorphic as an F -algebra to one of the following: F'; a quadratic extension field 
of F ; a quasilocal ring with square zero maximal ideal and residue field isomorphic 
to F; F x F; or F x F x F. Inthe last case, F = F>. 


Proposition 3.3. Let R C S be a quadratic extension of rings. If P is a prime ideal 
of R, then S has at most 3 prime ideals lying over P. 


Proof. By Lemma 3.1, Rp C Sp is a quadratic extension, so to simplify notation, 
we assume that R is a quasilocal ring with maximal ideal M, and we show that 
there are at most 3 prime ideals of S lying over M. In fact, since R C S is an 
integral extension, it suffices to show that S has at most 3 maximal ideals. Suppose 
by way of contradiction that S has at least 4 maximal ideals, say M,, Mo, M3, Mg. 
Since R C S is an integral, extension, these must lie over M. For eachi = 
1,2,3,4, choose x; in M; but in no other maximal ideal M;, 7 # i. Define 
T = R+ (x1, %2,%3,x4)R. Since R C S is a quadratic extension, 7 is a ring, 
so T/MT is a finite-dimensional R/M-algebra. Also, since T C S is an integral 
extension, the contracted ideals M; M T are maximal in 7, and the choice of the 
x; implies that these ideals are distinct. Therefore, T/MT has at least 4 maximal 
ideals. But since (R + MT)/MT C T/MT is also a quadratic extension and 
(R+ MT)/MT = R/M isa field, T/MT must satisfy one of the conditions of 
Lemma 3.2, an impossibility since T has 4 maximal ideals. Thus S has no more 
than 3 maximal ideals. Oo 


The next proposition, which is based on an argument from Rush [22, 
Lemma 2.1], provides a first example of the connection between quadratic 
extensions and stability. 
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Proposition 3.4. Let R C S C Q(R) be rings. Then R C S is a quadratic 
extension if and only if R © S is an integral extension for which every finitely 
generated R-submodule I of S containing R is an invertible E(1)-module. 


Proof. If R © S is a quadratic extension, then R C S is an integral extension and 
every R-submodule of S' containing R is a ring, hence is invertible as a module 
over itself. Conversely, suppose that every finitely generated R-submodule J of 
S containing R is an invertible E(/)-module, and let A be a finitely generated 
R-submodule of S' containing R. We claim that A is a ring. More precisely, we 
claim that A = E(A). Since 1 € A, it follows that E(A) C A, so we need 
only to show that A C E(A). Since A is an invertible E(A)-module, we have 
1 € [E(A) : AJA C [E(A) : A]S. Also, since AS = S, it follows that 
[E(A) : A] © S. Thus S = [E(A) : A]S, and since 1 € A, [E(A) : A] is an 
ideal of F(A) that does not survive in S. Yet F(A) C S, and since S is integral 
over R, then S is integral over E(A). Therefore, since [E(A) : A] does not survive 
in S, it must be that 1 € [E(A) : A], Hence A C E(A). This proves A = E(A), 
and hence R C S is a quadratic extension. Oo 


Although not needed in later sections, we note in the next proposition that in 
the special case where S = E(M) for a maximal ideal M, the condition in 
Proposition 3.4 that R C S is integral is redundant. 


Proposition 3.5. Let R be a ring, and suppose that M is a maximal ideal of R. 
Then R © E(M) is a quadratic extension if and only if every finitely generated 
R-submodule I of E(M) containing R is an invertible E(1)-module. 


Proof. Suppose that every finitely generated R-submodule J of E(M) containing 
R is E(Z)-invertible. By Proposition 3.4, to prove that R C E(M) is quadratic, 
it suffices to prove that R C E(M) is an integral extension. If R = E(M), there 
is nothing to prove, so we assume that R ¢ E(M). Let x € E(M) \ R, and 
set A = xR + R. We show that A is a ring (in particular, E(A) = A), so that 
x? € xR + R, thus proving the claim. Since 1 € A, we have E(A) C A C E(M). 
Also, R/M © E(A)/M C A/M. Since A/M has dimension at most 2 as an 
R/M-vector space, this forces R = E(A) or E(A) = A. Suppose that R = E(A). 
Since AM C R, wehave M C [R: A]. On the other hand, since 1 € A and R ¢ A, 
it must be that [R : A] © R. Hence M = [R: A]. Now since A is an invertible 
E(A)-module and we have assumed that F(A) = R, it is the case that [R : A] is an 
invertible ideal of R. Thus M is an invertible ideal of R. But this forces E(M) = R, 
contrary to assumption. Thus it must be that A = F(A), andhence R C E(M)isa 
quadratic extension. The converse is clear in light of Proposition 3.4. oO 


The following proposition can be viewed as a kind of converse to Propositions 3.4 
and 3.5. The argument is due to Rush and is adapted from the proof of Theorem 2.3 
in [23]. 


Proposition 3.6 (cf. Rush [23, Theorem 2.3]). Let RC S € Q(R) be rings such 
that R C S is a quadratic extension and S has at most 2 maximal ideals. If I is an 
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R-submodule of S such that IS is a principal regular ideal of S, then I = yE(1) 
for some nonzerodivisor y € S and hence I is an invertible E(1)-module. 


Proof. By assumption there exists a nonzerodivisor x € S such that 7S = xS. 
We first show that x can be replaced by an element of 7. To do this, it suffices 
to prove that there exists y € J such that y is not in any ideal of the form JN, 
N amaximal ideal of S. For then, since S/N is a one-dimensional S/N -vector 
space, we havexS = JS = yS+IN = yS+xN, and since x is a nonzerodivisor 
and this equality holds for each maximal ideal N of S, it follows thatxS = yS. 
Thus we show such a choice of y exists. Let N; be a maximal ideal of S, and observe 
that J Z N,J. For otherwise 7S C INj, so that x € IN, = xNj, a contradiction 
to the fact that x is a nonzerodivisor in S$. (Since x is a nonzerodivisor in R, it is a 
nonzerodivisor in Q(R) also [11, Corollary, p. 41].) If Ni is the only maximal ideal 
of R;, then we choose y € J \ J N;. Otherwise, by assumption, S has only one other 
maximal ideal N>. As above, 1 ¢ I N>. Furthermore, J 4 (IN; N R)U(IN2N R), 
since an abelian group is not the union of two proper subgroups, so there exists 
y € I\UN, UIN>%). Therefore, in either case, we have y € J with JS =xS = yS. 
Finally, y is a nonzerodivisor of S and R C y—'I C S. Hence, since R C S isa 
quadratic extension, y~'J is aring, which implies that J = yE(J). Oo 


4 Priifer Subrings 


In this section we review the notion of a Priifer subring from [10], and we make a 
few observations regarding these rings that are needed in the next section: 


(4.1) An extension of rings R C S is weakly surjective if for every prime ideal 
P of R with PS # S, the canonical mapping Rp — Sp is surjective; 
equivalently, the inclusion map R — S is flat and an epimorphism in the 
category of rings [10, Theorem 4.4, p. 42]. We rely on the following ideal- 
theoretic characterization: An extension R C S is weakly surjective if and 
only if (R : x)S = S for all x € S [10, Theorem 3.13, p. 37]. Thus when 
R C S is weakly surjective, then S is a ring of quotients of R and we may 
assume that RC S C Q(R). 

(4.2) A tight extensions is a special case of a weakly surjective extension. Follow- 
ing [10], the subring R of S is tight in S if for each s € S, there exists 
an S-invertible ideal J of R such that J C (R : s); equivalently, for every 
finitely generated R-submodule J of S, there exists an S-invertible ideal J 
of R such that JJ C R. By contrast, R C S is weakly surjective if and 
only if the ideal J here is only asserted to be finitely generated and S-regular. 
Colloquially, “fractions” in a weakly surjective extension can be cleared by 
finitely generated S-regular ideals, while those in a tight extension can be 
cleared by S-invertible ideals. In any case, since a tight extension R C S is 
weakly surjective, and hence is a ring of quotients, we can view S as a subring 


of O(R). 
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(4.3) When R has only finitely many maximal ideals, then R is tight in S if and 
only if S = Ry for some multiplicatively closed subset X of nonzerodivisors 
of R [10, Proposition 4.16, p. 116]. In particular, when R is tight in S and has 
only finitely many maximal ideals, then R C S C Quot(R). 

(4.4) In [10], a Priifer subring is defined in terms of Manis pairs. For our purposes 
we take a multiplicative characterization of Priifer subrings [10, Theorem 2.1, 
p. 94] as our definition: The subring R of S is Priifer in S if R C S is a tight 
extension and every finitely generated S-regular ideal of R is S-invertible, 
where an R-submodule J of S is S-regular if IS = S. This notion 
encompasses the traditional concept of a Priifer ring as one in which every 
finitely generated regular ideal of R is invertible: A ring R is a Priifer ring if 
and only if R is a Priifer subring of Quot(R). 


We collect in the next proposition two characterizations of Priifer subrings 
from [10], and we add two more that are needed later. Many other interesting 
characterizations, examples, and consequences can be found in [10]. 


Lemma 4.5. The following statements are equivalent: 


(1) R is Priifer in S. 

(2) RCS is weakly surjective and every finitely generated S-regular ideal I of R 
is invertible. 

(3) R is integrally closed in S and R{s] = R{s?] for alls € S. 

(4) Ry is Priifer in Sx for each multiplicatively closed subset X of R. 

(5) Ry is Priifer in Sy for each maximal ideal M of R. 


Proof. The equivalence of (1) and (3) can be found in [10, Theorem 5.2, p. 47], and 

the equivalence of (1) and (2) is in [10, Theorem 2.1, p. 94]. 

(3) = (4). Since (3) is equivalent to (1), to verify (4) we need only to show that the 
extension Ry C Sy satisfies the criterion in (3). Lets € S andb € X. Then by 
(3), s = 0; ris”! for some r; € R. Thus 


5 bi , 7 
5 = op par © Rubs7/0", 


t 


which shows that Rx [s/b] = Rx[s*/b7]. Since R is integrally closed in S, then 
Ry is integrally closed in Sy, and hence Ry is Priifer in Sy. 

(4) => (5). This is clear. 

(5) = (3). Since (1) is equivalent to (3), then Ry is integrally closed in Sy for 
each maximal ideal M of R. Thus R is integrally closed in S'. Moreover, the 
equivalence of (1) and (3) implies that for each s € S,s/1 € Ry[s?/1] for all 
maximal ideals M of R, and hence s € R[s?]. Thus (3) is verified. oO 


The next proposition, which is needed in the next section, generalizes to the 
setting of Priifer subrings a few well-known facts about prime ideals in overrings of 
Priifer domains. 
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Proposition 4.6. Suppose R is Priifer in S and A is a ring between R and S. Then 
the following statements hold for A: 


(1) If TI is an ideal of A, then I = (I 0 R)A; if I is S-regular, then sois IN R. 

(2) The set of S-regular prime ideals of A is a tree with respect to set inclusion. 

(3) If R has at mostn S-regular maximal ideals, then A has at most n incomparable 
S'-regular prime ideals. 


Proof. (1) Since R is Priifer in S, the extension R C A is weakly surjective 
[10, Theorem 5.2, p. 47], and so every ideal J of A satisfies 1 = (IN R)A 
[10, Proposition 4.6, p. 43], from which it follows that if J is S'-regular, then so 
isT OR. 

Since R is Priifer in S, A is also Priifer in S [10, Corollary 5.3, p. 50]. Suppose 
that P and Q are S-regular prime ideals of A contained in a maximal ideal 
M of A. Since POS = S, there exists a finitely generated S-regular ideal 
I C PQ. Thus since A is Priifer in S and J is S-regular, A/J is an arithmetical 
ring [10, Theorem 2.8, p. 101], and hence Py C Qy or Oy C Py 
[12, Example 18(b), p. 151]. Since P and Q are prime ideals, it follows that 
P and Q are comparable, and this verifies (2). 

Suppose that P;,..., P,41 aren + | incomparable S-regular prime ideals of 
A. Then by (1), P} ON R,..., Py41OR aren + 1 incomparable S'-regular prime 
ideals of R with P; = (P; N R)A. Yet by (2), the S-regular prime ideals of R 
form a tree with respect to inclusion, so since there are at most n maximal ideals 
of R, it is necessary that P} N R = P; 1 R forsomei ¥ j, a contradiction to 
the fact that P) N R,..., Py41 R are incomparable. Therefore, A has at most 
n incomparable prime ideals. Oo 


(2 


er 


(3 


wm 


Sega [26, Proposition 3.10] uses Peskine’s version of Zariski’s Main Theorem to 
prove that if a domain R has a Priifer integral closure R in its quotient field, then 
every overring A of R is flat over AN R. In Proposition 4.7 we give a more general 
version of Sega’s theorem, one that is adjusted to the generality of our setting and 
one whose relevance is that finitely stable rings have Priifer integral closures (see 
Theorem 5.4). To do so, we use Evans’ version of Zariski’s Main Theorem [5, p. 45], 
since it permits zerodivisors: Let R C S be rings with R integrally closed in S. 
Suppose that there exist 5;,...,5, € S with S integral over R[s),...,5,]. If there 
exists a prime ideal P of S that is maximal and minimal with respect to the prime 
ideals of S lying over PM R, then there exists b € R\ P such that R, = Sy, where 
the subscript denotes localization at the set {1,b, b7,.. .}. 


Proposition 4.7. Let R be a subring of S. When the integral closure R of R in S is 
Priifer in S, then every ring T between R and S is a weakly surjective extension of 
TOR. 


Proof. Define A = ROT, and let B bea ring between A and T. We first show that 
no two distinct comparable prime ideals of B lie over the same prime ideal in A. 
Suppose that there exist distinct prime ideals P C Q of B suchthat PNA = QNA. 
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Let B denote the integral closure of B in S. By Going Up, there exist distinct prime 
ideals P} C Q; of B such that P| 9 B = P and O,NB= O.Now A = Risa 
Priifer subring of S, so since ACBCS,Bisa weakly surjective extension of A 
[10, Theorem 5.2, p. 47]. Therefore, ideals of B are extended from their contractions 
to A [10, Proposition 4.6, p. 43], so that P) = (Pi MN ‘A)B and 0,=(Q01Nn A)B. 
Since P; # Qj, it follows that P} ON A C Q;/ A are distinct comparable prime 
ideals of A lying over the same prime ideal of A. Since this contradicts the fact that 
A is an integral extension of R, we conclude that no two distinct comparable prime 
ideals of B lie over the same prime ideal of A. 

To prove next that A C T is a weakly surjective extension, it suffices by [10, 
Theorem 3.13, p. 37] to show that for every prime ideal P of T, when Tip} = {x € 
S :tx € T forsomet € T \ P} and Ajpa4, = {x € S : ax € A for some 
a € A\ P}, then Tip] © Alpnaj. Let P be a prime ideal of T, and let x € Typ). 
Then there exists t € T \ P such that tx € T. Now A[t, tx] is a finitely generated 
A-subalgebra of T, and we have established above that no two distinct comparable 
prime ideals of A[t,tx] lie over the same prime ideal of A. Hence we may apply 
Zariski’s Main Theorem to obtain b € A \ P such that A, = Alt, tx],. Thus 
there exists k > 0 such that b*t,b*tx € A. Since b‘t € A \ P, it follows that 
x € Ajpnaj. Therefore, Tip} © Ajpnaj, and we conclude that A C T is a weakly 
surjective extension. Oo 


Corollary 4.8. Suppose R © AC S are rings and the integral closure R of R in S 
is Priifer in S. If P © Q are prime ideals of Awith POR = QO) R, then P = Q. 


Proof. Let P and Q be prime ideals of A such that PC QO and PNR=QONR. 
Since B := AN R is the integral closure of R in A, this forces PO B = ON B. 
By Proposition 4.7, B C A is a weakly surjective extension, so P = (PM B)A= 
(QN B)A = Q [10, Proposition 4.6, p. 43]. Oo 


5 Finitely Stable Rings 


When R is a subring of the ring S, we say that R is finitely stable in S if R is tight 
in S and every finitely generated S-regular ideal of R is stable. It follows that R is 
a finitely stable ring if and only if R is finitely stable in Quot(R). The main goal of 
this section is to prove in Theorem 5.4 a characterization of finitely stable subrings 
and draw some consequences. 

We observe first that the property of being a finitely stable subring is inherited by 
each intermediate ring. 


Proposition 5.1. Jf R is finitely stable in S, then every ring between R and S is 
finitely stable in S. 


Proof. Let A bearing with R C A C S, and let J be an S-regular finitely generated 
ideal of A. Then there exist y,,...,¥» € 7 such that 7 = (),...,¥m)A. Since 
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R C S is a tight extension, there exists an S-invertible ideal L of R such that 
J := (y1,.--,¥m)L © R. Since J is an S-regular finitely generated ideal of R, J is 
stable. Moreover, since L is an invertible ideal of R, Proposition 2.13(3) implies that 
the dense fractional ideal ()1,..., ¥m)R is stable. Consequently, by Corollary 2.12, 
T isa stable ideal of A. 

Finally, since R is tight in S, so is A. Indeed, let x € S. Then there exists an 
S-invertible ideal H of R such that xH C R, and hence xHA C A. Since H is 
invertible in R, then HA is invertible in A. By Lemma 2.10, HS = S, and hence 
(HA)S = S. Thus by Lemma 2.10, HA is S-invertible, and hence A is tight in S.0 


The next lemma is a technical consequence of Handelman’s lemma (Lemma 3.2) 
that is needed in the proof of Theorem 5.4 to reduce from an arbitrary algebra over 
a field to a finite-dimensional one. 


Lemma 5.2. Let F be a field and let S be an F-algebra such that F C S isa 
quadratic extension. If there is an F -subalgebra S' of S such that S’ and S have 
the same number k of maximal ideals with k > 1, then S' = S and S is isomorphic 
as an F -algebra to [i F. If also k = 3, then F = Fo. 


Proof. By Proposition 3.3, k is either 2 or 3. Let Ni,..., Nx denote the maximal 
ideals of S’, and let x;,...,x, be elements of S’ such that each x; is contained 
in N; but in no other maximal ideal of S’. Define a subspace T of S’ by T = 
x, F +-+-++-+2x,F + F, and observe that F C T C S’ C S. We claim that T = S 
and hence that S’ = S. Since F C S is a quadratic extension, T is a ring and S' is 
an integral extension of F. Thus 7M Nj,..., 7M Nx are the maximal ideals of the 
ring T. Moreover, the choice of the x; forces these maximal ideals to be distinct. 
Since F C T is a quadratic extension with T finite-dimensional over F and k > 1, 
we apply Lemma 3.2 to obtain that if k = 2, then T is isomorphic to F x F, 
or, if kK = 3, then T is isomorphic to F x F x F, where in the latter case F is 
isomorphic to F. 

Now let y € S, and define T’ = yF + T. We show that T = T’, since this 
will show that every element of S is in T; i.e., T = S. By assumption, F C S 
is quadratic, so T’ is a ring, and thus T C TJ’ C S is an integral extension of 
rings. Hence, since T and S each have exactly k maximal ideals, then so does 
T’. Moreover, T’ is a finite dimensional F-algebra and F C T’ is a quadratic 
extension. Thus if k = 2, then by Lemma 3.2, T’ is isomorphic to F x F and hence 
isomorphic also to T; while if k = 3, then T’ is isomorphic to F x F x F, and 
hence T’ is isomorphic to T. In either case, the finite-dimensional F-vector space 
T’ is isomorphic to its F-subspace 7, and hence T = T’, which forces y € T. The 
choice of y € S was arbitrary, so we conclude that S = T, and hence S’ = S. The 
other claims in the lemma now follow from the fact that T = S. oO 


For lack of a reference, we state a standard observation that is needed in the 
proofs of Theorem 5.4 and Corollary 5.10. 
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Lemma 5.3. Let R C S be rings, let A and B be R-submodules of S, where A is 
a finitely generated R-module, and let X be a multiplicatively closed subset of R. 
Then [B aKY A|Ryx = [By “Sx Ax]. 


Proof. Clearly, [B :5 A]Ry C [By ‘sy Ax]. To prove the reverse inclusion, let 
q € [By ts, Ax]. Theng = s/y, forsome s € S and y € X, and (s/y)Ay © 
By. Since y is a unit in Ry, this implies that (sA)y C By, and since sA is a 
finitely generated R-submodule of S, there exists x € X such that xsA C B. 
Hence gq = s/y = (xs/1)(1/xy) € [B :s A]Rx, which proves that [B :5 A]Ry = 
[By Sy Ry]. oO 


Theorem 5.4. Let R be a subring of S, and let R denote the integral closure of R 
in S. The ring R is finitely stable in S if and only if 


(a) R is tight in S, 

(b) R is Priifer in S, 

(c) RC R is a quadratic extension, and 

(d) each S-regular maximal ideal of R has at most 2 maximal ideals of R lying 
over it. 


Proof. Suppose that R is finitely stable in S. That R is tight in S is clear. To prove 
(c), that R C R is a quadratic extension, it suffices by Proposition 3.4 to show 
that every finitely generated R-submodule J of R containing R is an invertible 
E(1)-module. Let I be a finitely generated R-submodule of R containing R. Since 
R is tight in S, there exists an S-invertible ideal J of R such that JJ C R; 
in particular, J is a dense fractional ideal of R. Since JJ is a finitely generated 
S-regular ideal of R, IJ is stable, and hence by Proposition 2.13(3), J is stable. 
Thus by Proposition 2.11, is an invertible E(/)-module, which proves that R C R 
is a quadratic extension. 

Next we verify that R is a Priifer subring of S. Since R C S is weakly surjective, 
R CG S is also weakly surjective [10, Proposition 3.7, p. 35]. Thus by Lemma 4.5, R 
is a Priifer subring of S if and only if every finitely generated S-regular ideal of R is 
S-invertible. Let J be an S-regular finitely generated ideal of R. By Proposition 5.1, 
R is finitely stable in S, so I is projective as an E(/)-module. The fact that J is a 
finitely generated ideal of the integrally closed subring R of S with JS = S implies 
that E(1) = R [3, Example 4, page 305]. Therefore, J is a projective R-module, 
so that by Lemma 2.10, J an invertible ideal of R. This shows that every finitely 
generated S-regular ideal of R is invertible, which proves that R is a Priifer subring 
of S, hence verifying (b). 

Now we prove that (d) holds. Let M be an S-regular maximal ideal of R. We 
claim that R has at most 2 maximal ideals lying over M. By way of contradiction, 
suppose that R has more than two maximal ideals lying over M. Then by 
Proposition 3.3, R has exactly three maximals ideals lying over M. We show this is 
impossible by exhibiting a finitely generated S-regular ideal of R that is not a stable 
ideal, contrary to assumption. 


Finitely Stable Rings 283 


Denote the three distinct maximal ideals of R lying over M by Nj, No, and N3. 
Let J = Ni; N N21 N3. Then since J 1 R = M, it follows that J is a maximal 
ideal of R + J. By Proposition 5.1, the ring R + J is finitely stable in S. Also, the 
integral closure of R + J in S is R, and R has three maximal ideals lying over the 
maximal ideal J of R + J. Thus R + J inherits all the assumptions on R and M, 
and we may assume without loss of generality that J C R; that is, we assume 
throughout the rest of the verification of (d) that R is finitely stable in S, M is a 
maximal ideal of R having three distinct maximal ideals Ni, No, N3 of R lying over 
it,and M = Ni; NN. N3. 


Claim I. Each maximal ideal N; of R lying over M has residue field Fp. 


Since M = N, NM No NO N3 is an ideal of R and R = Risa quadratic extension, 
we have that R/M C R/M is a quadratic extension, with R/M a field, such that 
R/M has three maximal ideals. Thus by Lemma 5.2, R/M is isomorphic as an 
R/M-algebra to F, x F2 x F. In particular, each of the maximal ideals N; of R 
lying over M has residue field F). 


Claim 2. If J is a finitely generated S-regular R-submodule of S, then there exists 
x € I such that iz = xIy. 


Since R C S is tight and / is a finitely generated R-submodule of S, there exists 
an invertible S'-regular ideal B of R such that B C R: J, and hence J is a dense 
fractional ideal of R and BJ is a finitely generated S-regular ideal of R, so that by 
assumption B/ is stable. Since B is an S-invertible ideal of R, Proposition 2.13(3) 
implies that J is a stable fractional ideal of R. Therefore, by Corollary 2.12, Ij 
is a stable fractional ideal of Ry. Moreover, since Bly is a finitely generated 
Sy-regular ideal of Ry, then E(TBy) © Ry, and since Ry has only finitely 
many maximal ideals (namely, those extended from N,, Nz, and N3), it follows that 
E(BIy) has only finitely many maximal ideals. Since B is an invertible ideal of 
R, EUm) = E(BIy), and hence since E(/y,) has only finitely many maximal 
ideals and [yy is an invertible E(J)-submodule of Sj, there exists x in J such 
that Ty = xE([y). Thus /?, = xIy. 


Claim 3. For each i, there exists n; in N;, but not in either of the other two maximal 
ideals of R, such thatn;Sy = Sy. 


Since M is S-regular, there exists a finitely generated S-regular ideal A of R 
contained in M. Let a; be an element of N; that is not in either of the other two 
maximal ideals of R lying over M. Then 4; := A +;R is a finitely generated 
S-regular R-submodule of N;. Therefore, by Claim 2, there exists n; € A; such 
that (A?) = n;(A;)y. Since AS = S, we have A;S = S, and hence from 
(A?) = n;(Aj)m, we deduce that n; Sy = Sy. Moreover, a? Ry C nj Ru, son; 
is in N; but not in either of the other two maximal ideals of R lying over M. 


Claim 4. With x = nyn3n3, y = nynzn3, and A as in Claim 3, then J := A® + 
(x, y)R is a finitely generated S-regular ideal of R that is not stable. 
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Since AS = S, it follows that 7S = S, and hence J is a finitely generated 
S-regular ideal of R. Therefore, by Claim 2, there exists z € Jy such that 
iy = zIy. Now since for each i = 1,2,3, A7Ry C n; Ry, we have AS, Cc 
nin3n3Ry = xRy, and hence Iy = (x, y)Ry. In fact, Ty is an Syy-regular 
ideal, since by Claim 3, 2; Sy = Sy for each i. Thus by Lemma 4.5(4), TRy = 
(x, y)Ru is an invertible ideal of the Priifer subring Ry of Sy. Therefore, since 
I?Ry = zl Ry and I Ry, is invertible, we have (x, y)Ry = 1 Ry = zRy. 

Since zRu C (x,y)Rmu, we have bz = xr + ys for some b € R \ M and 
r,s € R. Now since the images of b, m2, and n3 in Ry, are units, 


ny (nor + n3s)Ry, =n (Mor + n3s)n2n3 Ry, 
= (ninjzn3r + nyn2n3s)Ry, 
=(xr+ys)Ry, = bzRy, = zRn, 
= (x,y)Ry, = 14(njn3,n2n3)Ry, 


=> nRy,. 


Thus since the image of 1 in Ry, is anonzerodivisor (for by Claim 3,n; Sy = Sy) 
we have (nor + n3s)Rn, = Ry,- Suppose that neither r nor s is in M. Then since 
N, lies over M, neither r nor s is in Ny, and hence neither nr nor n3s are in Nj. 
Thus the images of nar and n3s in R/N are both nonzero. But by Claim 3, R/N 
has only two elements, so the sum of two nonzero elements is zero. Consequently, 
nor + n3s € Nj, so that Ry, = (nor + n3s) Rn, Cc Ni Rm, a contradiction that 
implies that at least one of r and s is amember of M. Thus, ifr € M, then since N3 
lies over M, nor + n3s € N3. On the other hand, if s €¢ M, then nor + n3s € No. 
Therefore, since at least one of r, s is in M, we conclude that nor + n3s € Ny U N3. 
We argue next that this conclusion prevents the ideal (x, y)R from being stable, 
which in turn will contradict the assumption that R is finitely stable in S. 

Using the fact that the images of n, and n3 in Ry, are units, we obtain with an 
argument similar to the one above: 


(n3r + n2n38) Ry, = (n3r + nN38)n\n3 Rn, 


2 2.\p 7) 
= (ningn3r + nyn2n3s)Ry, = zZRny 
= a 
= (x, y)Rny = (n1n7n3,n\n2n3)Rn, 
= n2Rnpy. 


Thus, since the image in Ry, of nz is a nonzerodivisor, we have (n2r +n 35) Ry, = 
Ry,. Hence nor + 135 ¢ No. Similarly, we see that nor + n3s ¢ N3. Indeed, 


(non3r + nis) Ry; = (non3r + nzs)ninrRn, 


2 2.\R Pp 
= (ninzn3r + njnN2n3z5)Rn, = ZRn, 
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_ — 
= (x,y)Rn, = (11N5n3,n\N2N3z) Ry, 
= n3Ry;. 

Thus (n2n3r + nis) Ry, — n3Ry;, and since the image of 73 in Ry, is a 


nonzerodivisor, the image of nor +735 in Ry, is aunit. Therefore, nar +n3s ¢ N3, 
which forces us to conclude that nyr +35 is not in N> or N3, a contradiction to our 
prior conclusion that this element is in one of these two maximal ideals. Therefore, 
it cannot be that both (x, y)R is a stable ideal of R and Ni, No, N3 are distinct 
maximal ideals of R lying over M. Since R is finitely stable in S,, this forces the 
conclusion that R has at most 2 maximal ideals lying over M, which verifies (d). 
Conversely, suppose that (a)—(d) hold. Then by assumption R is tight in S, so it 
remains to prove that every finitely generated S-regular ideal of R is stable. Let J be 
a finitely generated S-regular ideal of R, and let M be a maximal ideal containing /. 
Then necessarily M is S-regular and /y is a finitely generated S,-regular ideal of 
Ry. By Lemma 4.5(4), Ry is Priifer in Sy, and by (c), Ry has at most 2 maximal 
ideals. Thus, as an invertible ideal in a ring with only finitely many maximal ideals, 
I Ry is a principal regular ideal of Ry. Moreover, by (b), R © R is a quadratic 
extension, so by (d) and Proposition 3.6, [jy is a stable ideal of Ry. Thus by 
Proposition 2.11 and Lemma 5.3, 1 € [I ‘sy rEANSY, = [I :s I?]Iy. This shows 
that for all maximal ideals M of R containing J, 1 € [J :s I7]Zy. On the other 
hand, if N is a maximal ideal not containing J, then clearly 1 € [I :s5 I7]Iy. We 
conclude that 1 € [J :s J7]J since this containment holds locally, and hence by 
Proposition 2.11, 7 is a stable ideal of R. Therefore, R is finitely stable in S. oO 


Corollary 5.5. Suppose R is a quasilocal ring that is finitely stable in S. If the 
integral closure R of R in S is quasilocal, then every ring between R and S is 
quasilocal. Otherwise, every ring between R and S has at most 2 maximal ideals. 


Proof. Let A be a ring with R C A C S. By Theorem 5.4, there are at most 2 
maximal ideals of R and R is a Priifer subring of S. Thus by Proposition 4.6(3), 
the integral closure of A in S has at most 2 maximal ideals; hence A has at most 
2 maximal ideals. Moreover, if R is quasilocal, then by Proposition 4.6(3), so is A, 
and hence so is A. Oo 


To motivate the next corollary, we give an example which shows that although an 
invertible ideal of a quasilocal ring is principal, a dense stable ideal J of a quasilocal 
ring need not be principal over E(J). 


Example 5.6. It is possible for a quasilocal domain R to have a stable maximal 
ideal M that is not principal as an ideal of E(M/). Let D be a Dedekind domain 
containing a field k and having an ideal / that is not principal, let F be the quotient 
field of D and let X be indeterminate for F. Define R = k+ XI + X?F[[X]]. Then 
R is a quasilocal domain with maximal ideal M := XJ + X*F[[X]]. Moreover, 
M? = X?J? 4+ X3FI[X]] = XIM, so that since X/R is an invertible ideal of 
R, then M is by Proposition 2.13(1) a stable ideal of R with endomorphism ring 
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E(M) = D+ XF|[X]]. If M is a principal ideal of E(M), say M = (aX + 
zX?)E(M), wherea € I andz € F[[X]], then M = (aX +2X’)(D+ XF[[X]]) = 
(aD)X + X?F|[X]], which forces aD = I, contrary to the choice of J. Therefore, 
M is not principal as an ideal of E(M). 


In the example, E(M) has infinitely many maximal ideals. When R is finitely 
stable in S and quasilocal, then Corollary 5.5 shows such an example cannot occur, 
and hence we have the following corollary. 


Corollary 5.7. Suppose R is a quasilocal ring that is finitely stable in S. If I is a 
stable S-regular ideal of R, then I is a principal ideal of E(1). Oo 


Along the same lines as Corollary 5.5, there are at most 2 prime ideals lying over 
an S-regular prime ideal. 


Corollary 5.8. If R is finitely stable in S and A is a ring with R C A C S, then 
each prime ideal of R has at most 2 prime ideals in A lying over it. 


Proof. Let P bea prime ideal of R. Suppose first that P is not S-regular. We claim 
that Rp = Ap = Sp. Let x € S. Then since R C S is tight, there exists an 
S-regular ideal J of R such that xJ C R. Since J is S-regular and P is not, there 
exists b € I \ P. Thus bx € R, and hence x/1 € Rp. It follows that Rp = Ap = 
Sp, and hence P has only prime ideal in A lying over it. 

Next, suppose that P is an S-regular prime ideal of R. First we claim that there 
are at most 2 prime ideals of R lying over P. Suppose that P;, P2, P3 are distinct 
prime ideals of R lying over P. Let M be a maximal ideal of R containing P. Then 
by Going Up, there exist maximal ideals M,, Mz, M3 of R lying over M such that 
for each i, P; C M,;. Since P is S-regular, so is M, and hence by Theorem 5.4 
there are at most 2 maximal ideals of R lying over M. Therefore, we may assume 
after relabeling that M, = M> and hence that P; and P, are incomparable S-regular 
prime ideals of R that are contained in the same maximal ideal. But by Theorem 5.4, 
R is a Priifer subring of S, and hence by Proposition 4.6(2) the S-regular prime 
ideals of R form a tree with respect to inclusion. This contradiction implies that 
there are at most 2 prime ideals of R lying over P. 

Now, with A as in the corollary, suppose by way of contradiction that there exist 
three distinct prime ideals P,, P,, P; of A lying over P. By Theorem 5.4, R is 
Priifer in S, so by Corollary 4.8, the prime ideals P,, P2, P3 are incomparable. Let 
A denote the integral closure of A in S, and for each 7, let Q; be a prime ideal of A 
lying over P;. Then Q;, Q2, Q3 are incomparable prime ideals of A, and hence by 
Proposition 4.6(1), Q; A R, 02: N R, O31 R are incomparable prime ideals of R 
lying over P, in contradiction to what we have proved earlier. Therefore, there are 
at most 2 prime ideals of A lying over P. oO 


The next corollary shows that the property of being finitely stable localizes at 
prime ideals. 


Corollary 5.9. If R is finitely stable in S and P is a prime ideal of R, then Rp is 
finitely stable in Sp. 
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Proof. Suppose that R is finitely stable in S, and let P be a prime ideal of R. The 
proof is via Theorem 5.4. We claim first that Rp is tightin Sp. Let s/b € Sp, where 
s €Sandb € R\ P. Then since R is tight in S, there exists an S-invertible ideal 
I of R such that sJ C R. Therefore, (s/b)Ip C Rp, so that the Sp-invertible ideal 
Tp isin (Rp :rp 8/b). Thus Rp is tight in Sp. Next, by Lemma 3.1, Rp C Sp is 
a quadratic extension, and by Lemma 4.5, Rp C Sp is a Priifer extension. Finally, 
by Corollary 5.8, there are at most two prime ideals of R lying over P, so PRp 
has at most 2 maximal ideals in Rp lying over it. Therefore, by Theorem 5.4, Rp is 
finitely stable in Sp. Oo 


The next corollary shows that the converse is also true: A tight subring is finitely 
stable if and only if it is locally finitely stable. 


Corollary 5.10. The ring R is finitely stable in S if and only if R is tight in S and 
Rwy is finitely stable in Sy for each S-regular maximal ideal M of R. 


Proof. If R is finitely stable in S, then Corollary 5.9 shows that Ry is finitely 
stable in Sy for each maximal ideal M of R. Conversely, suppose that R is tight 
in S and Ry is finitely stable in Sy for all S-regular maximal ideals M of R. Let 
I bea finitely generated S-regular ideal of R, and let M be a maximal ideal of R 
containing 7. Then M is S-regular, so by assumption, [yy is a stable ideal of Ry. 
Hence by Proposition 2.11 and Lemma 5.3, 1 € [I tsy lim = [I ts [7\Iu- 
On the other hand, if M is a maximal ideal not containing /, then it is clear that 
1 € [J :s I?]Iy. Therefore, 1 € [J :s I*]/, since this containment holds locally, 
and hence by Proposition 2.11, 7 is a stable ideal of R. This proves that R is finitely 
stable in S. Oo 


Restricting to the case in which S = Quot(R), we obtain a characterization of 
finitely stable rings. 


Corollary 5.11. Let R be a ring, and let R denote its integral closure in Quot(R). 
The ring R is finitely stable if and only if R © R is a quadratic extension, R is a 
Priifer ring, and each regular maximal ideal of R has at most 2 maximal ideals of 
R lying over it. 


Proof. The ring R is finitely stable if and only if R is finitely stable in Quot(R), and 
an ideal of R is regular if and only if it is Quot(R)-regular. Thus the corollary is a 
consequence of Theorem 5.4. oO 


Restricting further to domains, we obtain a stronger localization result than 
Corollary 5.10. If R is not a domain, then since it need not be the case that 
Quot(R)y = Quot(Ry), we cannot assert something similar for finitely stable 
rings with zerodivisors; in that case, the best we can assert is that R is finitely stable 
if and only if Ry is finitely stable in Quot(R)y for each maximal ideal VM. 


Corollary 5.12. A domain R is a finitely stable ring if and only if Ry is a finitely 
stable ring for each maximal ideal M of R. 
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Proof. Since R is a domain, Quot(R)y = Quot(Ry) for each maximal ideal M 
of R. Moreover, the domain R is a finitely stable ring if and only if R is finitely 
stable in Quot(R), so the claim follows from Corollary 5.10. oO 


6 Existence and Examples of Finitely Stable Rings 


In this section we briefly discuss some constructions and examples of finitely stable 
rings. Where arguments can be easily adapted, we also prove similar results for 
stable subrings, where by a stable subring R of S we mean a tight subring of S such 
that every S-regular ideal of R is stable. Stable subrings will be treated in more 
detail in a future article. 

By Theorem 5.4, if R is a finitely stable domain, then R is a Priifer domain 
and R C R is a quadratic extension. The following proposition shows that every 
uncountable Priifer domain S occurs as the integral closure of a finitely stable 
domain that is properly contained in S. 


Proposition 6.1. Jf Sis an uncountable Priifer domain with quotient field F, then 
there exists a finitely stable domain R with quotient field F and integral closure S 
such that R ¢ S. 


Proof. Let K be a nonzero free S-module of at most countable rank. By 
[17, Lemmas 3.3 and 3.4], there exists a subring A of S such that S/A is a torsion- 
free divisible A-module, and there exists an A-linear derivation D : F — FK such 
that D(S) = FK. (Here, FK is the divisible hull of K.) Set R = SM D7!(K). 
In the terminology of [17], R is a subring of S twisted along the set of nonzero 
elements of A, and hence by [17, Theorem 7.1], R is a finitely stable domain with 
quotient field F and integral closure S. By [17, Lemma 4.4], with Q the quotient 
field of A, we have S/R ~ QK/K as R-modules. Since K is a nonzero free 
S-module, then OK #4 K,soRCS. Oo 


Remark 6.2. If in the theorem S has positive characteristic and F is separable of 
infinite transcendence degree over a countable subfield, then the cited references 
show that S/R = FK/K. (Specifically, S is “strongly twisted” by K.) Moreover, 
the S-module K need not be chosen to be free; we only assumed this in the proof to 
guarantee that OK # K. In any case, if K # FK, then S is not a fractional ideal 
of R, and the “distance” from S can be prescribed by the choice of K. 


When R C S is aring extension and J is an ideal of R that is also an ideal of S, 
then R is Priifer in S if and only if R/J is Priifer in S/J [10, Proposition 5.8, p. 52]. 
In Proposition 6.4 we prove the analogous statements for stable and finitely stable 
rings. 


Lemma 6.3. Let RC S C Q(R) be rings, and suppose that I is an ideal of R that 
is also an ideal of S. Then an ideal J of R is an S-regular stable ideal if and only 
if I C J and J/I is an S/I-regular stable ideal of R/I. 
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Proof. Let J be an S-regular stable ideal of R. If J Z J, then there exists x € 
I \ J, and since JS = S, there exist y,...,¥, € J and s),...,5, € S such that 
1 = yysj +--+ + yyS,. But then x = y)(s)x) +---+ yn (5,x) € J, contrary to the 
choice of x. Therefore, J C J. Since also J*S = S, this same argument shows that 
I C J’. Now since J is an S-regular stable ideal of R, then by Proposition 2.11, 
Le [J :s J?]J, and hence 14+ I € [J/I :s;; J?/1](J/1). Therefore, since J/I 
is an S/J-regular ideal of R/J, Proposition 2.11 implies that J/J is a stable ideal 
of R/T. 

Conversely, suppose that 7 C J and J/J is an S/J-regular stable ideal of R/T. 
Then JS = S, and by Proposition 2.11,1 + 7 € [J/I :s;; J?/I\(J/1), and 
hence there exist x1,...,X%, € J, V1,---.n € [J is J?] and x € J such that 
1 = yxy tee + ypX, +x.Nowxe I CJC [J ts J7]J,sol € [J ts J7]J, 
and hence, since JS = S implies that J is dense, Proposition 2.11 implies that J 
is a stable ideal of R. Oo 


Proposition 6.4. Let R C S be an extension of rings, and suppose I is an ideal of 
R that is also an ideal of S. Then R is stable (resp., finitely stable) in S if and only 
if R/T is stable (resp., finitely stable) in S/T. 


Proof. First we claim that R is tight in S if and only if R/J is tight in S/7. Suppose 
that R is tight in S, and let x € S. Then there exists an S-invertible ideal J such 
that xJ C R. Since J is S-invertible, there exists an R-submodule K of S with 
JK = R.Now (J +/)/I)(K +1)/1) = R/T, 80 J/T is an S/1-invertible ideal 
of R/I. Moreover, J/I C (R/I : x + 1), which proves that R/J is tight in S/T. 
Conversely, suppose that R/J is tight in S/J, and let x € S. Then there exists an 
S/1-invertible ideal J/I of R/I such that xJ € R. Since J/I is S/1-invertible, 
there exists an R-submodule K of S with JK + J] = R. But since J C J, this 
implies that /(K + R) = JK + J = R, and hence J is an S-invertible ideal of R. 

Now suppose that R is finitely stable in S, and let J be an ideal of R such that 
J/I isa finitely generated S/J-regular ideal of R. Since J/TJ is finitely generated, 
there exist x,,...,X, € J such that J = (x|,...,x,)R+ J, and since JS = S, 
there exists x € J such that (x),...,%,,x)S = S. As in the proof of Lemma 6.3, 
this implies that J C (x1,...,%,,x)R, and hence J = (xj,...,X%,,x)R. As a 
finitely generated S-regular ideal of R, J is stable, so Lemma 6.3 implies that J/I 
is a stable ideal of R/J. Therefore, R/J is finitely stable in S/J. The converse 
follows also from Lemma 6.3 and the fact that JS = S implies J C J, as does the 
claim that R is stable in S if and only if R/J is stable in S/T. Oo 


Corollary 6.5. Suppose that the ring R occurs in a commutative diagram of the 
form below, where A and S are rings. Then R is a stable (resp., finitely stable) 
subring of S if and only if A is a stable (resp., finitely stable) ring. 


Proof. The diagram allows us to identify R with a subring of S and A with R/J 
for some ideal 7. Necessarily, 7 is an ideal of S also and we may identify Quot(A) 
with S/J. Therefore, the corollary follows from Proposition 6.4. oO 
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> A 


S——++ Quot(A), 


Example 6.6. (1) Let A be a domain with quotient field F,, let X be an indetermi- 


nate for F', and let R = A+ XF[X]. Then by Corollary 6.5, R is stable (resp., 
finitely stable) in F |X] if and only if A is a stable (resp., finitely stable) domain. 


(2) Let A be a ring, let L be a Quot(A)-module, and let A * L denote the Nagata 


idealization of L; that is, as an A-module, A x L is A ® L, and multiplication is 
given by (a1, £1) - (a2, €2) = (ido, ay £2. + arf) for all a), az € A, £1, £2 € L. 
Then Corollary 6.5 implies that A « L is a stable (resp., finitely stable) ring if 
and only if A is a stable (resp., finitely stable) ring. 


Remark 6.7. Nagata idealization can also be used to produce finitely stable rings 
with a more flexible choice of the A-module L but a narrower choice of A. It follows 
from [18, Lemma 3.3] that when A is a Bézout domain and L is an A-module, then 


A 


R 


1 
2 


3. 


4. 


5. 


6. 


12 
13 


x L isa finitely stable ring. 
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1 Introduction 


Let D be a (commutative) integral domain with quotient field K. The ring Int(D) 
of integer-valued polynomials on D consists of polynomials in K[X] that map 
elements of D back to D. More generally, if E C K, then one may define the 
ring Int(Z, D) of polynomials that map elements of F into D. 

One focus of recent research ({4—6, 9-11]) has been to generalize the notion of 
integer-valued polynomial to D-algebras. When A D D is a torsion-free module 
finite D-algebra we define Intx(A) := {f © K[X] | f(A) C A}. The set 
Intx (A) forms a commutative ring. If we assume that K MN A = D, then Intx(A) is 
contained in Int(D) (these two facts are indeed equivalent), and often Intx (A) shares 
properties similar to those of Int(D) (see the references above, especially [6]). 

When A = M,,(D), the ring of n x n matrices with entries in D, Intx (A) has 
proven to be particularly amenable to investigation. For instance, [9, Thm. 4.6] 
shows that the integral closure of Intg(M,,(Z)) is Intg(.%,), where .&%, is the set of 
algebraic integers of degree at most n, and Intg(.%,) = {f € Q[X] | f(%) © G}. 
In this paper, we will generalize this theorem and describe the integral closure 
of Intx(A) when D is an integrally closed domain with finite residue rings. Our 
description (Theorem 13) may be considered an extension of both [9, Thm. 4.6] and 
[2, Thm. IV.4.7] (the latter originally proved in [7, Prop. 2.2]), which states that if D 
is Noetherian and D’ is its integral closure in K, then the integral closure of Int(D) 
equals Int(D, D’) = {f € K[X]| f(D) Cc D’}. 

Key to our work will be rings of polynomials that we dub integral-valued poly- 
nomials and which act on certain subsets of M,,(K). Let K be an algebraic closure 
of K. We will establish a close connection between integral-valued polynomials 
and polynomials that act on elements of K that are integral over D. We will also 
investigate polynomially dense subsets of rings of integral-valued polynomials. 

In Sect. 2, we define what we mean by integral-valued polynomials, discuss 
when sets of such polynomials form a ring, and connect them to the integral 
elements of K. In Sect. 3, we apply the results of Sect. 2 to Int, (A) and prove the 
aforementioned theorem about its integral closure. Section 4 covers polynomially 
dense subsets of rings of integral-valued polynomials. We close by posing several 
problems for further research. 


2 Integral-Valued Polynomials 


Throughout, we assume that D is an integrally closed domain with quotient field K. 
We denote by K a fixed algebraic closure of K. When working in M,(K), we 
associate K with the scalar matrices, so that we may consider K (and D) to be 
subsets of M,(K). 

For each matrix M € M,,(K), we let wy(X) € K[X] denote the minimal 
polynomial of M, which is the monic generator of Nxjxy\(M@) = {f € K[X] | 
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F(M) = 0}, called the null ideal of M. We define yy to be the set of eigenvalues 
of M considered as a matrix in M,,(K), which are the roots of jy in K. For a subset 
S ¢C M,(K), we define 25 := Unyes Qu. Note that a matrix in M,(K) may 
have minimal polynomial in D[X] even though the matrix itself is not in M,,(D). 
A simple example is given by (} 4) € M2(K), where q € K \ D. 


Definition 1. We say that M € M,,(K) is integral over D (or just integral, or is an 
integral matrix) if M solves a monic polynomial in D[X]. A subset S of M,,(K) is 
said to be integral if each M € S is integral over D. 


Our first lemma gives equivalent definitions for a matrix to be integral. 
Lemma 2. Let M ¢€ M,,(K). The following are equivalent: 


(i) M is integral over D 
(ii) pu € D[X] 
(iii) Eacha € Qy is integral over D 


Proof. (i) => (iii) Suppose M solves a monic polynomial f(X) with coefficients 
in D. As ty (X) divides f(X), its roots are then also roots of f(X). Hence, 
the elements of (2y are integral over D. 

(iii) => (ii) The coefficients of ww € K[X] are the elementary symmetric 
functions of its roots. Assuming (ii7) holds, these roots are integral over D; 
hence, the coefficients of jz are integral over D. Since D is integrally closed, 
we must have zy € D[X]. 

(ii) => (i) Obvious. Oo 


For the rest of this section, we will study polynomials in K[X] that take values 
on sets of integral matrices. These are the integral-valued polynomials mentioned in 
the introduction. 


Definition 3. Let S C M,(K). Let K[S] denote the K-subalgebra of M,(K) 
generated by K and the elements of S. Define S’ := {M € K[S] | M is integral} 
and Intx (S$, S’) := {f € K[X] | f(S) C S’}. We call Intx (S, S’) a set of integral- 


valued polynomials. 


Remark 4. In the next lemma, we will prove that forming the set S’ is a closure 
operation in the sense that (S’)’ = S’. We point out that this construction differs 
from the usual notion of integral closure in several ways. First, if S itself is not 
integral, then S ¢ S’. Second, S’ need not have a ring structure. Indeed, if D = Z 
and S = M(Z), then both (} 3) and ( ie i) are in S’, but neither their sum nor 
their product is integral. Lastly, if S is a commutative ring, then S’ need not be the 
same as the integral closure of S in K[S], because we insist that the elements of S 
satisfy a monic polynomial in D[X] rather than S[X’]. 

However, if S is a commutative D-algebra and it is an integral subset of M,,(K), 
then S’ is equal to the integral closure of S in K[S] (see Corollary 1 to Proposition 2 
and Proposition 6 of [1, Chapt. V]). 
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Lemma 5. Let S C M,(K). Then, (S') = S". 


Proof. We just need to show that K[S’] = K[S]. By definition, S’ C K[S], so 
K[S’] © K[S]. For the other containment, let M € K[S]. Let d € D be acommon 
multiple for all the denominators of the entries in M. Then, dM e€ S’ C K[S"]. 
Since 1/d € K, we get M € K[S"]. Oo 


An integral subset of M,,(K) need not be closed under addition or multiplication, 
so at first glance it may not be clear that Int, (S$, S’) is closed under these operations. 
As we now show, Int (S$, S”) is in fact a ring. 


Proposition 6. Let S C M,(K). Then, Intg(S, S’) is a ring, and if D © S, then 
Intg(S,S’) € Int(D). 


Proof. Let M € S and f, g € Intx(S, S’). Then, f(M), g(M) are integral over D. 
By Corollary 2 after Proposition 4 of [1, Chap. V], the D-algebra generated by 
F(M) and g(M) is integral over D. So, f(M) + g(M) and f(M)g(M) are both 
integral over D and are both in K[S]. Thus, f(M/) + g(M), f(M)g(M) € S’ and 
I +g, fg € Intg(S, 5S’). Assuming D C S, let f € Intg(S, S’) andd € D. Then, 
F(d) is an integral element of K. Since D is integrally closed, f(d) € D. Thus, 
Int, (S, S’) € Int(D). Oo 


We now begin to connect our rings of integral-valued polynomials to rings of 
polynomials that act on elements of K that are integral over D. For eachn > 0, let 


An := {a € K | a solves a monic polynomial in D[X] of degree n}. 


In the special case D = Z, we let %, := A, = { algebraic integers of degree} 
{at mostn } CQ. 
For any subset & of A,, define 


Intk(&, An) = {f € K[X] | f(@) © An}. 


to be the set of polynomials in K[X] mapping elements of & into A,. If & = Aj, 
then we write simply Intx(A,). As with Int, (S, S’), Intg(&, A,) is a ring despite 
the fact that A,, is not. 


Proposition 7. For any & C Aj, Intx(&, A,) is a ring and is integrally closed. 


Proof. Let Ago be the integral closure of D in K. We set Intg(@, Aw) = {f € 
K[X] | f(@) © Aco}. Then, Intg(&, Ago) is a ring, and by [2, Prop. IV.4.1] it is 
integrally closed. 

Let Intk(@, Aw) = {f € K[X] | f(€) © Ago}. Clearly, Inth(@, An) © 
Intx(&, Ago). However, ifa € & and f € K[X], then [K(f(@)) : K] < [K(q@): 
K] <n, so in fact Intg(@, A,) = Intx(&, Ago). Finally, since Intx(@, Ago) = 
Intg(&, Ago) N K[X] is the contraction of Intg(&, Ago) to K[X], it is an ae 
closed ring, proving the proposition. 
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Theorem 4.6 in [9] shows that the integral closure of Intg(M,,(Z)) equals 
the ring Intg(.%,). As we shall see (Theorem 9), this is evidence of a broader 
connection between the rings of integral-valued polynomials Int, (S, S’) and rings 
of polynomials that act on elements of A,. The key to this connection is the 
observation contained in Lemma 2 that the eigenvalues of an integral matrix in 
M,,(K) lie in A, and also the well-known fact that if M € M,,(K) and f € K[X], 
then the eigenvalues of f(/) are exactly f(a), where @ is an eigenvalue of M. 
More precisely, if yu(X) = [] 


t=1,;.<55 


§2-notation, we have 
if M © M,(K) and f € K[X], then Q raw) = f(@u) ={ f(a) | a € Ly}. (8) 


Using this fact and our previous work, we can equate Int, (S, S’) with a ring of 
the form Intx(&, A,). 


Theorem 9, Let S C M,(K). Then, Intx(S,S') = Intx(Qs, An), and in 
particular Intx (S, S’) is integrally closed. 


Proof. We first prove this for S = {M}. Using Lemma 2 and (8), for each f € 
K[X] we have 


f(M)€ S’ => f(M)is integral — > Qymy) C An — > f(Qmu) C An. 


This proves that Int, ({M},{M}’) = Intx(Qu,A,). For a general subset S of 
M,,(K), we have 


Intx(S,S’) = () Intc {M}, S") = () Int (Qu, An) = Intx (Qs, An). 
Mes Mes 


oO 


The above proof shows that if a polynomial is integral-valued on a matrix, then 
it is also integral-valued on any other matrix with the same set of eigenvalues. Note 
that for a single integral matrix M we have these inclusions: 


Dc D[M] C {M}' c K[M]. 


Moreover, {M}’ is equal to the integral closure of D[M] in K[M] (because D[M] 
is a commutative algebra). 


3 The Case of a D-Algebra 


We now use the results from Sect. 2 to gain information about Intx(A), where A 
is a D-algebra. In Theorem 13 below, we shall obtain a description of the integral 
closure of Intx (A). 
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As mentioned in the introduction, we assume that A is a torsion-free D-algebra 
that is finitely generated as a D-module. Let B = A @p K be the extension of A 
to a K-algebra. Since A is a faithful D-module, B contains copies of D, A, and K. 
Furthermore, K is contained in the center of B, so we can evaluate polynomials in 
K[X] at elements of B and define 


Intx (A) :-= {f € K[X]| f(A) S 4}. 


Letting n be the vector space dimension of B over K, we also have an embedding 
Bo M,,(K),bt Mj. More precisely, we may embed B into the ring of K-linear 
endomorphisms of B (which is isomorphic to M,,(K)) via the map B — Endx(B) 
sending b € B to the endomorphism x +> b - x. Consequently, starting with just D 
and A, we obtain a representation of A as a D-subalgebra of M,,(K). Note that n 
may be less than the minimum number of generators of A as a D-module. 

In light of the aforementioned matrix representation of B, several of the 
definitions and notations we defined in Sect. 2 will carry over to B. Since the con- 
cepts of minimal polynomial and eigenvalue are independent of the representation 
B< M,,(K), the following are well defined: 


For all b € B, uy(X) € K[X] is the minimal polynomial of b. So, 4, (X) 
is the monic polynomial of minimal degree in K[X] that kills b. Equivalently, 
[4p is the monic generator of the null ideal Nx (x\(b) of b. This is the same 
as the minimal polynomial of M, € M,(K), since for all f € K[X] we have 
S(M,) = Mp). To ease the notation, from now on we will identify b with M,. 
By the Cayley-Hamilton Theorem, deg(,) <n, forall b € B. 

For all b € B, 2, = {roots of zy in K}. The elements of 2, are nothing 
else than the eigenvalues of b under any matrix representation B —~ M,(K). 
If S C B, then Qs = U,es Rb. 

¢ b € B is integral over D (or just integral) if b solves a monic polynomial 
in D[X]. 

B = K[A|, since B is formed by extension of scalars from D to K. 

A’ = {b € B | bis integral}. By [1, Theorem 1, Chapt. V] A C A’. In 
particular, this implies AM K = D (because D is integrally closed), so that 
Int, (A) C Int(D) (see the remarks in the introduction). 

Int (A, A’) = {f € KIX] | f(A) ¢ 4’. 


Working exactly as in Proposition 6, we find that Int, (A, A’) is another ring of 
integral-valued polynomials. Additionally, Lemma 2 and (8) hold for elements of B. 
Consequently, we have 


Theorem 10. Intx(A, A’) is an integrally closed ring and is equal to Intx(Q,4, An). 


By generalizing results from [9], we will show that if D has finite residue rings, 
then Int, (A, A’) is the integral closure of Intx (A). This establishes the analogue of 
(2, Thm. IV.4.7] (originally proved in [7, Prop. 2.2]) mentioned in the introduction. 
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We will actually prove a slightly stronger statement and give a description of 
Intx (A, A’) as the integral closure of an intersection of pullbacks. Notice that 


(\(DIX] + Ha(X) + K[X]) Inte (A) 


acA 


because if f € D[X] + ua(X)- K[X], then f(a) € Dla] C A. We thus have a 
chain of inclusions: 


( \(DEX] + Ha(X) - K[X]) S Inte (A) C Intk (A, 4’) (11) 


acA 
and our work below will show that this is actually a chain of integral ring extensions. 


Lemma 12. Let f € Intx(A, A’), and write f(X) = g(X)/d for some g € 
D[X] and some nonzero d € D. Then, for eachh € D{[X], d"'h(f(X)) € 


Maea(D[X] + Ha(X) + K[X]). 


Proof. Leta € A. Since f € Intx(A, A’), m := yay) € D[X], and deg(m) < n. 
Now, m is monic, so we can divide h by m to get h(X) = q(X)m(X) + r(X), 
where g,r € D[X], and either r = 0 or deg(r) <n. Then, 


dh f(X)) = d""q( f(X)m(F(X)) +d" (F(X) 


The polynomial d”~'q(f(X))m(f(X)) € K[X] is divisible by 4,(X) because 
m(f(a)) = 0. Since deg(r) < n, d""'r(f(X)) € D[X]. Thus, d”'h(f(X)) € 
D[X] + [a(X)- K[X], and since a was arbitrary the lemma is true. o 


For the next result, we need an additional assumption. Recall that a ring D has 
finite residue rings if for all proper nonzero ideal J C D, the residue ring D/TJ is 
finite. Clearly, this condition is equivalent to asking that for all nonzero d € D, the 
residue ring D/dD is finite. 


Theorem 13. Assume that D has finite residue rings. Then, Intx(A, A’) = 
Intx (924, An) is the integral closure of both (),<4(D[X] + ba(X) - K[X]) and 
Intx (A). 


Proof. Let R = (\ye4(D[X] + Ma(X) - K[X]). By (11), it suffices to prove that 
Intx(A, A’) is the integral closure of R. Let f(X) = g(X)/d € Intx(A, A’). 
By Theorem 10, Intx(A, A’) is integrally closed, so it is enough to find a monic 
polynomial @ € D[X] such that O(f(X)) € R. 

Let Y C D[X] be a set of monic residue representatives for {ju f(a)(X)}aea 
modulo (d"~!)*. Since D has finite residue rings, F is finite. Let #(X) be the 
product of all the polynomials in Y. Then, ¢ is monic and is in D[X]. 

Fix a € A and let m = jp). There exists p(X) € # such that p(X) is 
equivalent to m mod (d"~')?, so p(X) = m(X) + (d"~')?r(X) for some r € 
D[X]. Furthermore, p(X) divides ¢(X), so there exists g(X) € D[X] such that 
$(X) = p(X)q(X). Thus, 
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b(F(X)) = PS X)AF(X) 
= m(f(X))q(f(X)) + "Yr (F(X) a F(X) 
= m(f(X))q(f(X)) + a" r(f(X)) dG f(X)) 


As in Lemma 12, m(f(X))q(f(X)) € ba(X) - K[X] because m(f(a)) = 0. 
By Lemma 12, d"~'r(f(X)) and d"~'q(f(X)) are in D[X] + pg(X) + K[X]. 
Hence, (f(X)) € D[X]+ Ma (X)- K[X], and since a was arbitrary, d( f(X)) € R. 
oO 


Theorem 13 says that the integral closure of Intx(A) is equal to the ring of 
polynomials in K[X] which map the eigenvalues of all the elements a € A to 
integral elements over D. 


Remark 14. By following essentially the same steps as in Lemma 12 and 
Theorem 13, one may prove that Int, (A, A’) is the integral closure of Intx (A) 
without the use of the pullbacks D[X] + ta(X) - K[X]. However, employing the 
pullbacks gives a slightly stronger theorem without any additional difficulty. 

In the case A = M,(D), Intx(M,(D)) is equal to the intersection of the 
pullbacks D[X] + wy (X)- K[X], for M € M,,(D). Indeed, let f € Intx(M,(D)) 
and M e€ M,(D). By [11, Remark 2.1 & (3)], Intx(M,,(D)) is equal to the 
intersection of the pullbacks D[X]+ yy (X)K[X], for M € M,(D), where yy (X) 
is the characteristic polynomial of M. By the Cayley-Hamilton Theorem, ju (X) 
divides yw(X) so that f € D[X] + yu (X)K[X] © D[X] + uu (X)K[X] and we 
are done. 


Remark 15. The assumption that D has finite residue rings implies that D is 
Noetherian (and in fact that D is a Dedekind domain, because D is integrally 
closed). Given that [2, Thm. IV.4.7] (or [7, Prop. 2.2]) requires only the assumption 
that D is Noetherian, it is fair to ask if Theorem 13 holds under the weaker condition 
that D is Noetherian. 


Note that 2y4,(p) = An (and in particular, 2, (z) = @%,). Hence, we obtain the 
following (which generalizes [9, Thm. 4.6]): 


Corollary 16. [f D has finite residue rings, then the integral closure of 
Intx (M,,(D)) is Intx (Az). 


The algebra of upper triangular matrices yields another interesting example. 


Corollary 17. Assume that D has finite residue rings. For eachn > 0, let T,(D) 
be the ring of n x n upper triangular matrices with entries in D. Then, the integral 
closure of Intx(T,(D)) equals Int(D). 


Proof. For each a € T,(D), fa splits completely and has roots in D, so 
&2r7,(p) = D. Hence, the integral closure of Intx(T,(D)) is Intx (@7,(p), An) = 
Intx(D, A,,). But, polynomials in K[X] that move D into A, actually move D into 
A, OK = D. Thus, Intx(D, A,) = Int(D). oO 
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Since Intg(7,(D)) © Intx(T,—1(D)) for all n > 0, the previous proposition 
proves that 


+++ € Intk (Tn(D)) € Intk (Tr-1(D)) © «++ € Int(D) 


is a chain of integral ring extensions. 


4 Matrix Rings and Polynomially Dense Subsets 


For any D-algebra A, we have (A’)’ = A’, so Intx(A’) is integrally closed by 
Theorem 10. Furthermore, Int, (A’) is always contained in Intx(A, A’). One may 
then ask: when does Intx (A’) equal Intx (A, A’)? In this section, we investigate this 
question and attempt to identify polynomially dense subsets of rings of integral- 
valued polynomials. The theory presented here is far from complete, so we raise 
several related questions worthy of future research. 


Definition 18. Let S C T C M,,(K). Define Intc(S,T) := {f € K[X] 
| f(S) © Th and Intg(T) := Intx(T,T). To say that S is polynomially dense 
in T means that Int, (S, 7) = Intx(T). 


Thus, the question posed at the start of this section can be phrased as: is A 
polynomially dense in A’? 

In general, it is not clear how to produce polynomially dense subsets of A’, but 
we can describe some polynomially dense subsets of M,,(D)’. 


Proposition 19. For each 2 C Ay of cardinality at most n, choose M € M,(DY 
such that 2Qy = S82. Let S be the set formed by such matrices. Then, S is 
polynomially dense in M,(D)'. In particular, the set of companion matrices in 
M,,(D) is polynomially dense in M, (DY. 


Proof. We know that Intx(M,,(D)’) © Intg(S, M,,(D)’), so we must show that the 
other containment holds. Let f € Inty(S, M,(D)’) and N € M,(D)'.LetM € S 
such that Qy = 2y.Then, f(M) is integral, so by Lemma 2 and (8), f(1V) is also 
integral. 

The proposition holds for the set of companion matrices because for any 
§2.C A,, we can find a companion matrix in M,,(D) whose eigenvalues are the 
elements of (2. Oo 


By the proposition, any subset of M,(D) containing the set of companion 
matrices is polynomially dense in M,,(D)’. In particular, M,,(D) is polynomially 
dense in M,,(D)’. 

When D = Z, we can say more. In [10] it is shown that Intg(@%) = 
Intg(A,, %,), where A), is the set of algebraic integers of degree equal to n. Letting 
ZF be the set of companion matrices in M,,(Z) of irreducible polynomials, we have 
Qg¢ = A,. Hence, by Corollary 16 and Theorem 9, -¥ is polynomially dense 
in M,,(Z)’. 
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Returning to the case of a general D-algebra A, the following diagram 
summarizes the relationships among the various polynomial rings we have 
considered: 


Intx(A) € Intx(A, A’) 


Intk (Qa, An) 


UI UI 
Intn(A’) = Intx(2y, An) (20) 
UI UI 
Intk(M,(D)’) = Intk (An) 


From this diagram, we deduce that A is polynomially dense in A’ if and only if 24 
is polynomially dense in 924’. 

It is fair to ask what other relationships hold among these rings. We present 
several examples and a proposition concerning possible equalities in the diagram. 
Again, we point out that such equalities can be phrased in terms of polynomially 
dense subsets. First, we show that Intx (A) need not equal Int, (A, A’) (i.e., A need 
not be polynomially dense in A’). 


Example 21. Take D = Zand A = Z[V—3]. Then, A’ = Z[6], where 9 = 1+¥=3. 
The ring Intx(A, A’) contains both Intx (A) and Intx(A’). 

If Intx(A, A’) equaled Intx(A’), then we would have Intg,(A) © Intx(A’). 
However, this is not the case. Indeed, working mod 2, we see that for alla = 
a+b/-3 € A, a? = a? — 3b? = a* +b’. So, a?(a? + 1) is always divisible 
by 2, and hence an eu € Intx(A). On the other hand, atte) = —1, so 
al aa ¢ Intx(A’). Thus, we conclude that Intx(A’) & Intx (A, A’). 


The work in the previous example suggests the following proposition. 


Proposition 22. Assume that D has finite residue rings. Then, A is polynomially 
dense in A’ if and only if Intx(A) € Intgx(A’). 


Proof. This is similar to [2, Thm. IV.4.9]. If A is polynomially dense in 
A’, then Intx(A’) =  Intx(A, A’), and we are done because Intx(A, A’) 
always contains Intx(A). Conversely, assume that Intx(A) C Intx(A’). Then, 
Intx(A) C Intx(A’) C Intx(A, A’). Since Intx(A’) is integrally closed by 
Theorem 10 and Intx(A, A’) is integral over Int,x(A) by Theorem 13, we must 
have Intx(A’) = Intg(A, A’). Oo 


By Proposition 19, Int,(M,(D)’) = Intx(M,,(D), M,(D)’). There exist alge- 
bras other than matrix rings for which Int, (A’) = Intx (A, A’). We now present two 
such examples. 


Example 23. Let A = T,(D), the ring of n x n upper triangular matrices with 
entries in D. Define T;,(K) similarly. Then, A’ consists of the integral matrices in 
T,(K), and since D is integrally closed, such matrices must have diagonal entries 
in D. Thus, 24, = D = Q4. It follows that Intx(T;,(D), T,(D)’) = Intx(T,(D)). 
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Example 24. Let i, j, and k be the standard quaternion units satisfying i? = j* = 
k? = —1 and ij = k = —ji (see, e.g., [8, Ex. 1.1, 1.13] or [3] for basic material on 
quaternions). 

Let A be the Z-algebra consisting of Hurwitz quaternions: 


= {ay + quit aoj + a3k | ae € Z forall £ ora, € Z4+ } 5 for all €} 
Then, for B we have 
= {got quit mjt+ ak | qe ¢ Q} 


It is well known that the minimal polynomial of the element g = qo + qii+ q2oj + 
qak € B\ Qis ug(X) = X? —2q0X + (Ge +973 +95 + 43), 80 A’ is the set 


={g+ nit mj+ake Bl2q, ¢2+¢74+G+GE2} 


As with the previous example, by (20), it is enough to prove that 24, = Q4. 

Let g = got git qj+ ask € A’! and N = qo +474 95 + G5 € Z. Then, 
2qo € Z, so qo is either an integer or a half-integer. If go € Z, then gq? + q3 + q3 = 
N -q € Z. It is known (see for instance [12, Lem. B p. 46]) that an integer which is 
the sum of three rational sauates is a sum of three integer scutes: Thus, there exist 
a1,02,a3 € Z such that aj +45 +aZ= N- Ge: Then, g’ = qo + git a2j + ak 
is an element of A such that 92g = 2g. 

If qo is a half-integer, then go = 5 for some odd € Z. In this case, g}-+q3+q3 = 


Nae — 7 Where u = 3 mod 4. Clearing denominators, we get (2q1)° A (2q2)° + 


(243)? = a 7 As before, there exist integers a), a2, and a3 such that a7 +az +43 = =U. 
But since u = 3 mod 4, each of the ag must be odd. So, q’ = + ait aj + 
a3k)/2 € A is such that Qy = (2,. 

It follows that 24, = Q,4 and thus that Intx (A, A’) = Intx(A’). 


Example 25. In contrast to the last example, the Lipschitz quaternions A; = Z ® 
Zi ® Zj © Zk (where we only allow az € Z) are not polynomially dense in A). With 
A as in Example 24, we have A; C A, and both rings have the same B, so A) = A’. 
Our proof is identical to Example 21. Working mod 2, the only possible minimal 
polynomials for elements of A; \ Z are X? and X? + 1. It follows that f(X) = 
vor) € Intx(A;). Leta = nite € A’. Then, the minimal polynomial of 
a is X? — X 4+ 1 (note that this minimal yom is shared by 6 = a 
in Example 21). Just as in Example 21, f(a) = —5, which is not in A’. Thus, 
Intx (A) Z Int(A’), so A; is not polynomially dense in A = A’ by Proposition 22. 
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5 Further Questions 


Here, we list more questions for further investigation. 


Question 26. Under what conditions do we have equalities in (20)? In particular, 
what are necessary and sufficient conditions on A for A to be polynomially 
dense in A’? In Examples 23 and 24, we exploited the fact that if Q4 = Qa, 
then Intx(A, A’) = Intx(A’). It is natural to ask whether the converse holds. 
If Intg(A, A’) = Intx(A’), does it follow that Q4 = Qy4? In other words, if A 
is polynomially dense in A’, then is 2,4 equal to 24’? 


Question 27. By [2, Proposition IV.4.1] it follows that Int(D) is integrally closed 
if and only if D is integrally closed. By Theorem 10 we know that if A = 4’, 
then Intx(A) is integrally closed. Do we have a converse? Namely, if Intx(A) is 
integrally closed, can we deduce that A = A’? 


Question 28. In our proof (Theorem 13) that Int, (A, A’) is the integral closure of 
Int, (A), we needed the assumption that D has finite residue rings. Is the theorem 
true without this assumption? In particular, is it true whenever D is Noetherian? 


Question 29. When is Intg(A, A’) = Intx(4, A,) a Priifer domain? When 
D = Z, Intg(A, A’) is always Priifer by [9, Cor. 4.7]. On the other hand, even when 
A = D isa Priifer domain, Int(D) need not be Priifer (see [2, Sec. IV.4]). 


Question 30. In Remark 14, we proved that Intx(M,,(D)) equals an intersection of 
pullbacks: 


(\) (P14 eu (X)- K(X) = Inte (M,(D)) 
MEM, (D) 


Does such an equality hold for other algebras? 
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On Monoids and Domains Whose Monadic 
Submonoids Are Krull 


Andreas Reinhart 


Abstract A submonoid S of a given monoid H is called monadic if it is a 
divisor-closed submonoid of H generated by one element (i.e., there is some (non- 
zero) b € H such that S is the smallest divisor-closed submonoid of H such that 
b € S). In this paper we study monoids and domains whose monadic submonoids 
are Krull monoids. These monoids resp. domains are called monadically Krull. 
Every Krull monoid is a monadically Krull monoid, but the converse is not true. 
We provide several types of counterexamples and present a few characterizations 
for monadically Krull monoids. Furthermore, we show that rings of integer- 
valued polynomials over factorial domains are monadically Krull. Finally, we 
investigate the connections between monadically Krull monoids and generalizations 
of SP-domains. 


Keywords Monadically ¢ Integer-valued * Krull monoid * Mori set 
¢ SP-domain 
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1 Introduction 


The main goal of this paper is to study the so-called monadically Krull monoids 
(i.e., monoids where every divisor-closed submonoid generated by one element 
is a Krull monoid). Studying monoids “monadically” (i.e., investigating properties 
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that are satisfied by all divisor-closed submonoids generated by one element) 
is reasonable, since some types of monoids are better situated in the “local” than 
in the “global” situation. On the other hand it turns out that there are a lot of 
monoid theoretical properties that are satisfied by the monoid if and only if they are 
satisfied “monadically” (e.g., being atomic, completely integrally closed, factorial). 
However, the Krull property does not behave like this (as pointed out in this work), 
and thus monadically Krull monoids are of special interest. Being monadically 
Krull is related to “weak factorization properties” that have been studied in a series 
of papers (see [9, 10, 24—26]). Moreover, some recent work in studying monoids 
“monadically” has been done in [16, 23]. Investigating monadically Krull monoids 
was also motivated by a problem that we want to discuss in more detail. Let R 
be a (possibly noncommutative) ring and let C be a class of finitely generated 
(right) R-modules which is closed under finite direct sums, direct summands, 
and isomorphisms. Then the set V(C) of isomorphism classes of modules is a 
commutative semigroup with operation induced by the direct sum. This semigroup 
encodes all possible information about direct sum decompositions of modules in 
C (see [6, 12]). If the endomorphism ring of each module in C is semilocal, then 
V(C) is a Krull monoid [11, Theorem 3.4]. Moreover, every reduced Krull monoid 
can be realized by such a monoid of modules [13]. Thus the (global) property that 
V(C) is Krull follows from a family of local data, namely that all Endg(M) are 
semilocal. Furthermore, the assumption that Endr(M) is semilocal implies that the 
smallest divisor-closed submonoid of V(C) generated by the class of M [denoted 
by add(M)] is a Krull monoid [4—6]. 

In the second section we will discuss the most important terminology. We give 
a brief introduction to finitary ideal systems to simplify and unify the terminology 
about various types of ideals (e.g., ring ideals and t-ideals). 

In the third section we will prove that several interesting properties (like 
being completely integrally closed, being atomic or being an FF-monoid) can be 
characterized by using the divisor-closed submonoids generated by one element. 
Moreover, we provide another characterization of Krull monoids. The main result in 
this section is a characterization of monadically Krull monoids. It turns out that the 
monadically Krull monoids are precisely the atomic, completely integrally closed 
monoids where special sets of atoms are finite up to associates. 

In the fourth section we deal with the question whether every monadically 
Krull monoid is already a Krull monoid. We provide several counterexamples. 
First we present a ring theoretical counterexample and later we will introduce a 
counterexample in the monoid setting that is substantially stronger. The second 
example will show that radical factorial FF-monoids (they are always monadically 
Krull) also need not be Krull. By the way we answer some questions that have been 
raised in the literature in the negative. In [10] it has been shown that every atomic 
IDPF-domain that contains a field of characteristics zero is already completely 
integrally closed. We will point out that such a domain is not necessarily a Krull 
domain. Furthermore, we deal with the problem whether the t-dimension of a t- 
SP-monoid (which is some sort of generalized Krull monoid) is bounded by one 
and show that t-SP-monoids whose height-one prime t-ideals are divisorial are not 
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necessarily Krull. Moreover, it is well known that an integral domain is a Priifer 
domain that does not have non-zero idempotent prime ideals if and only if each of 
its primary ideals is a power of its radical and its set of prime ideals satisfies the 
ACC (e.g., see [29, Corollary 5.5]). We show that the “t-analogue” of this statement 
is not true in the monoid setting. 

In the fifth section we investigate rings of integer-valued polynomials. We prove 
that rings of integer-valued polynomials over factorial domains are monadically 
Krull. Using this result we are able to provide a large class of monadically Krull 
domains that are t-Priifer domains and that fail to be Krull. 

In the last section we deal with the question whether every radical factorial 
FF-domain of Krull dimension one is already a Krull domain. Although we could 
not solve this problem so far, we will present partial solutions. For example, we 
will construct a BF-domain that is an SP-domain but not a Krull domain (note 
that every radical factorial domain of Krull dimension one is an SP-domain; 
see [29, Proposition 3.11]). The counterexamples in this section are based on a 
construction used in [20]. Furthermore, we investigate how far SP-domains (and 
their generalizations) are from being monadically Krull by studying a special 
necessary property that pops up in the characterization of monadically Krull (in [24] 
this special property is called pseudo-IDPF). 


2 Preliminaries 


In the following, a monoid is a commutative semigroup (multiplicatively written if 
not stated otherwise) that possesses an identity and (if not stated otherwise) a zero 
element different from the identity such that every non-zero element is cancellative. 
A quotient monoid of a monoid H is a monoid containing H as a submonoid where 
every non-zero element is invertible and that is minimal with respect to this property. 

Let H be a monoid, K a quotient monoid of H, and X C H. Set H® = H\{0}. 


For A,B C K let (A :x B) = {z € K | zB C A}, A"! = (A ix A) and 
A, = (AT). 

X is called (H-)divisor-closed if for all x €¢ H and y € H® such that xy € X it 
follows that x € X. 

By [X] (resp. [X]7) we denote the smallest (divisor-closed) submonoid of H 
that contains X. 

Ifa € H, set [alan = [a}]a. 

X is called an (H-)Mori set if for every F C X there exists some finite E C F 
such that E~! = F7!, 


Note that [a]z = {b € H | b|y a" forsomen € N} U {0} foralla € H°. 

Since we will use a slightly different version of ideal systems than those dealt 
within [22], we will recall the definition. The ideal systems in this work will always 
be ideal systems in the sense of [22] (but not conversely). Let P(H) be the power 
set of H andr : P(H) — P(/1) be a map. The map r is called a (finitary) ideal 
system on H if the following properties are satisfied for all X,Y C H andc € H. 
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© XH U{O} Cr(X). 

e r(cX) =cr(X). 

e If X Cr(Y), thenr(X) Cr(Y). 
°(r(XY)= Uscx|z|<oo r(E).) 


Note that if H® #4 H”, then v : P(H) — P(A) defined by v(X) = X, for all 
X C A is an ideal system on H andt : P(H) — P(A) defined by t(X) = 
Urcx|E|<co E, for all X C H isa finitary ideal system on H. If R is an integral 
domain, then d : P(R) — P(R) defined by d(X) = (X)p forall X C Risa 
finitary ideal system on R. Furthermore, s : P(H) — P(#) defined by s(X) = XH 
if@ #~A X C A and s(@) = {0} is a finitary ideal system on H. 

In the following we will use most of the definitions and notations in [15, 22] 
without further reference. Especially, we will freely use the following terms: 
“BF-monoid”, “FF-monoid’, “ACCP”, “atomic”, “factorial”, “Krull”, “completely 
integrally closed”, “valuation monoid”, “v-closed”, “root-closed”, and “GCD- 
monoid”. A monoid is called a Mori monoid if it is v-noetherian in the terminology 
of [15]. 

Observe that Mori sets defined in this work differ from those introduced in [30]. 
Note that if S C H is a divisor-closed submonoid and H is a Krull monoid (a Mori 
monoid, a completely integrally closed monoid), then S has the same property by 
[15, Proposition 2.4.4.2]. 


3  Monadic Properties and Mori Sets 


First we present a simple characterization of being a Mori set. Using this result it is 
straightforward to prove that H is a Mori monoid if and only if H is a Mori set. 


Lemma 3.1. Let H be amonoid and X C H. Then X is not a Mori set if and only 
if there is some (aj)ien € XN such that {a; |i € [1,n + 1}! & {aj | i € LL, n]}! 
foralin —€N. 


Proof. “=>”: Let X be not a Mori set. Then there is some F C X such that for 
every finite E C F it follows that Fo! S E~!. There exists some a; € F. Now 
let n € N and (a;)7_, € FlU"l, Then Fo! S {ai |i € [1,n]}~, and thus F ¢ 
{a; | i € [1,n]},. Consequently, there exists some a,41 € F\{a; | i € [l,n]},, 
and thus {a; | i € [l,m + 1]}}"! S {a; | i € [1,n]}'. Hence there is some 
(a;)ien € FN such that {a; | i € [I,n + 1}! S {a; |i € [1,n]}7! foralln €N. 
“<=": Let F = {a; | i € N}. Assume that there is some finite E C F such that 
E~' = F7!, Then there exists some n € N such that E C {a; | i € [1,n]}. This 
implies that F~! C {a; |i € [1,n + 1}! S {a; |i € [I,n}}p 1 CET = FI, 
a contradiction. Oo 


Next we specify Krull monoids by using Mori sets. Note that the equivalence of 
1 and 4 is well known. 
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Proposition 3.2. Let H be a monoid. The following conditions are equivalent: 


1. H isa Krull monoid. 

2. H is atomic, completely integrally closed, and A() is a Mori set. 

3. H is completely integrally closed and there is some Mori set F © H such that 
H=([|FUA"“|z. 

4. H is completely integrally closed and every t-maximal t-ideal of H is divisorial. 


Proof. 1 = 2: Clear. 2 = 3: Set F = A(#). Since H is atomic we have H = 
[F U H*].3 = 4: Let F C A bea Mori set such that H = [F U Hy, P at- 
maximal t-ideal of H andx € P*. Then there aresome ¢ € H™ and (ae) cer € Nv 
such that x = e[|,., e”. Therefore, there exists some e € F such that e € P and 
x € eH. It follows that x € {e}, C (PNM F);. Consequently, P C (P/N F),;. 
There is some finite E C PM F such that E~! = (PM F)~!. This implies that 
PC(PNF), C(PNF) = Ey = E; C (POF), C P; hence P = E,, 
and thus P is divisorial. 4 = 1: Let J be a non-zero t-ideal of H. It is sufficient 
to show that J is t-invertible. Since H is completely integrally closed, it follows 
that (J7~'), = H. Assume that ([/~!), | H. Then there exists some t-maximal 
t-ideal P of H such that (JIJ—'), C P. We have H = (JI~'), ¢ (UII7!),), © 


P, = P, acontradiction. Consequently, ([/~!), = H. Oo 


Now we provide a few minor results about Mori sets and divisor-closed 
submonoids to prepare for the main result in this section. 


Lemma 3.3. Let H be a monoid, S © H a divisor-closed submonoid, and X C S 
a subset. If X is an H-Mori set, then X is an S-Mori set. 


Proof. Let K be a quotient monoid of H and L C K the quotient monoid of S. 
First we show that for every Y C S it follows that (H :, Y) = (S :, Y). Let 
Y Cc S.“c”: Let x € (H :, Y), then x¥Y C H. Since S C H is divisor closed, 
it follows that xY C HOL = S, hence x € (S :, Y). “D”: trivial. Now let 
X be an H-Mori set and F C X. Then there exists some finite E C F such that 
(H cx F) = (A :x E). This implies that (S :; F) = (H :, F) = (A cx 
P)OL=(A xx E)NL=(A:, E)=(S:, E), hence X is an S-Mori set. O 


Let H be a monoid, x € H, andn ¢€ N and let A be some property that can be 
stated in the language of monoids (e.g., atomic, Krull, Mori). 


Set D, (x) = {ue A(A) | ula x"}. 

A submonoid S C H is called monadic if S = [a] forsomea € H°. 

We say that H is monadically A (or H is a monadically A monoid) if every 
monadic submonoid of # satisfies A. 

The property A is said to be monadic (for H) if H has property A if and only if 
every monadic submonoid of H has property A. 

If H is an integral domain, we say that H is a A domain if H satisfies A as a 
monoid. 


Note that H is monadically A if and only if [E] satisfies A for all non-empty finite 
ECH?®. 
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Proposition 3.4. Let H be a monoid and K a quotient monoid of H: 


1. H* = [a]* and A([a]) = A(A) 9 [a] = Unen Pr(@) for alla € H°. 

2. H is atomic if and only if H is monadically atomic. 

3. H is completely integrally closed if and only if H is monadically completely 
integrally closed. 

4. H is an FF-monoid if and only if H is a monadically FF-monoid. 


Proof. 1. Leta € H®. Clearly, [a]* C H*. Ife € H*, then ee! = 1 € fa]; 
hence ¢,e~! € [a], and thus e € [a]*. If x € A([a]) andb,c € H are such that 
x = bc, then b,c € [a]; hence b € [a]* = H% orc € [a]* = H™%. Finally, 
if x € A(H) 2 [a] and b,c € [a] are such that x = bc, then b € H* = [a]”* 
orc € H* = [a]*. Obviously, ACH) N [a] = U,entu € ACA) | ula a} = 
Unew Pr (a). 

2. This is an immediate consequence of 1. 

3. “=>”: trivial “<=”: Let x € K® be almost integral over H. There exists some 
c € H® such that cx” € H forall n € N and there are some a,b € H® such 
that x = 7. Let L C K be the quotient monoid of [abc]. Then c € [abc]°, 
x € Landcx” € HNL = [abc] for all n € N. Since [abc] is completely 
integrally closed, we have x € [abc] C H. 

4, “=>”: This follows from 1 and [15, Theorem 1.5.6.2]. “=”: Let x € H®. It is 
an easy consequence of | that f : {y[x] | y € [x]. y |pq x} ~ ty | y € 
[x]. ¥ |pqy x} defined by f(U) = IH is a bijective map. Since {y[x] | y € 
[x]. ¥ |py x} is finite, we have {yH | y € Hy y|ln x} ={yH | y eB]. y |pg 
x} is finite. o 


Let H be a monoid and K a quotient monoid of H. 


¢ H is called seminormal if for all x € K such that x7, x? € H we have x € H. 

¢ H is called a weakly factorial if every x € H*\ H™ is a finite product of primary 
elements of H (i.e., of elements x € H® such that x is primary). 

¢ H iscalled radical factorial if every x € H°® is a finite product of radical elements 
of H (i.e., of elements x € H® such that VxH = xf). 


We leave to the reader to prove that “satisfying the ACCP”, “seminormal”, “root- 
closed”, “atomic and weakly factorial”, “atomic and radical factorial’, “being a BF- 
monoid’, “being a valuation monoid”, “being a GCD-monoid”, and “factorial” are 
also monadic properties for H . We do not know whether “weakly factorial’, “radical 
factorial”, and “‘v-closed” are monadic properties. If H is weakly factorial (resp. 
radical factorial), then H is monadically weakly factorial (resp. monadically radical 
factorial) and the following holds. 


Remark 3.5. Let H be a monoid that is monadically v-closed. Then H is v-closed. 


Proof. Let K bea quotient monoid of H,@ 4 E C H° finite, and x € K° such that 
xE C E,. There are some y, z € H® such that x = . Set S = [FE UxE U {y, 2]. 
Observe that S is a monadic submonoid of H, and thus S is vs-closed. Let L C K 
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be the quotient monoid of S. Clearly, x € L and it follows by [15, Proposition 
2.4.2.3] thatxE C E,NS C (E£,,), NS = E,,; hence x € S. Consequently, 
xeédH. Oo 


Now we present the main result in this section. It connects monadically Krull 
monoids with concepts that are well known in the literature. 


Theorem 3.6. Let H be a monoid. The following conditions are equivalent: 


1. H is amonadically Krull monoid. 

2. H is atomic and completely integrally closed and {uH | u € A([a])} is finite 
foralla € H°. 

3. H is acompletely integrally closed FF-monoid and for alla € H*, A(fa]) € 
D,(a) for some k €N. 

4. H is atomic and completely integrally closed and A(a]) is an H-Mori set for 
alla € H°. 


Proof. 1 = 2: By Propositions 3.4(2) and 3.4(3) we have H is atomic and 
completely integrally closed. Leta € H*. If P € X([a]]), then there is some 
b € P®*; hence there are some c € H andn € N such that bc = a". 
It follows that c € [a]; hence a” € P, and thus a € P. Therefore,a € P 
for all P € X([a]). It follows by [15, Proposition 2.2.4.2] and [15, Theorem 
2.2.5.2] that X([[a]) is finite. It can be easily deduced from [15, Theorem 
2.7.14] that {ufa] | u € A({a])} is finite. It follows by Proposition 3.4(1) 
that f : {ula] | u € A(fa])} — {uA | u € A([a])} defined by f(/) = IH is 
bijective; hence {uH | u € A([a])} is finite. 

2=> 3: Leta € H°. It follows that {uH | u € Di(a)} C {uH | u € A(fa])} 
is finite which implies (together with the fact that H is atomic) that H is an 
FF-monoid. On the other hand there is some finite £ C A(a]) such that {uA | 
u € A([a])} = {uH | u € E}. There is some k € N such that E C D;(a). Let 
u € A({a]). Then some e € H* and some v € E exist such that u = ev. Since 
v € Dx (a), we immediately obtain that u € D; (a). 

3 => 4: Leta € H® and F C A([a]). There is some k € N such that F C D,; (a) 
and since H is an FF-monoid we have {uH | u € F} C {uH | u € D;(a)} 
is finite. Consequently, there is some finite E C F such that {uH | ue F} = 
{uH |u € E}.If x € K, thenx € E7! if and only if xuH C H forallue E 
if and only if xwH C H for all u € F if and only if x € F~!. Therefore, 
El Fmt, 

4= 1: Leta € H°. By Propositions 3.4(2) and 3.4(3) it follows that [a] is atomic 
and completely integrally closed. Lemma 3.3 implies that A(|[a]) is an [a]-Mori 
set. By Proposition 3.2 we obtain that [a] is a Krull monoid. oO 


Using the terminology in [24] we obtain by Theorem 3.6 that H is a monadically 
Krull monoid if and only if it is an atomic, completely integrally closed IDPF- 
monoid if and only if it is a completely integrally closed FF-monoid that is a 
pseudo-IDPF monoid. We will see later that monadically Krull monoids are not 
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necessarily Krull monoids. Especially, we have that monadically Mori monoids are 
not necessarily Mori monoids. The next result shows that if the Mori property is 
satisfied by a bigger class of divisor-closed submonoids, then the monoid itself 
satisfies the Mori property. 


Proposition 3.7. Let H be a monoid. Then H is a Mori monoid if and only if |X] 
is a Mori monoid for every denumerable subset X © H°. 


Proof. Let K be a quotient monoid of H. “=”: Trivial. “<=”: Assume that H is 
not a Mori monoid. Then H is not a Mori set. By Lemma 3.1 there exists some 
(aj)ien € H™ such that (H :x {a; |i € [ln + 1]}) & (A cx {a; | i € [1,n]}) 
for all n € N. Therefore, there exist some (x;);en € H™ and Oiien € (H°)N 
such that for all n € N we have a,41>2 € K\H anda; € H for alli é€ [l,n]. 
Let S = [{anXnyn | n € N}] and let ja C K be the aiiorent monoid of S. Then 
(a;)ien € SN and (#4 ‘Vien € LN. Moreover, we have for all n € N that An +15 € 
L\S and aj;*" € H NL = S$ foralli ¢ [1,]. This implies that (S :; {a; |i € 
[la+1}})¢ eC (S :z {a; |i € [1,n]}) for all € N. It follows by Lemma 3.1 that S 
is not an S- Mori set, and thus S is not a Mori monoid, a contradiction. Oo 


4 Counterexamples 


It is of interest to know whether every monadically Krull monoid is already a Krull 
monoid. In this section we prove that this is not necessarily true and show that even 
strong improvements of monadically Krull can fail to be Krull. For technical reasons 
we will consider (multiplicatively written) monoids that do not possess a zero 
element in this section. Moreover, we will use monoids that are additively written 
(the zero element is their identity and they do not possess an “additive” analogue 
of a “multiplicative” zero element). All terminology that has been introduced so far 
can be adapted in an obvious way for these types of monoids. Observe that the label 
“quotient monoid” will be replaced by “quotient group” for monoids without a zero 
element. Note that a monoid is root closed if and only if it is integrally closed in 
terms of [18]. We want to thank F. Kainrath who led our attention to the integral 
domain constructed in the next example. 


Example 4.1. There exists a monadically Krull domain that is not a Krull domain. 


Proof. Let R be an integrally closed noetherian domain, (X;)jen, a sequence of 
independent indeterminates over R and K a field of quotients of R[{X; | i € No}}. 
For n € No set S, = Ri{[]jap Xj" | Gi)ran € Nel, ao > dja HH Let S = 
U,,en Sn. We show that S is a mionallically Krull domi that is not a Krull domain. 
Note that S is a subring of R[{X; | i € No}] and K is a field of quotients of S. 

First we show that S is not a Krull domain. For n € No set a, = 
Dua (cee XP) XA, By Lemma 3.1 it is sufficient to show that X,4; € 


n+1 
fa; | i € [0,k]}}"'\fa; | i © [0,k + 1]}7! for all k © No. Let k € No and 
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iti _ ‘s e 
i € [0,k]. Sine Di. + St t+ ge = it+l-sht+ pe sit 
it follows that X;4,a; = ea "X41 € S, and thus 


Xai € {aj | 7 € [0,k]}1. Since D*_, 7 +t + Appl ak t+ 2+ gb > 
k + 2, we have Xx41dg41 = Dia ‘ale 2. 2 ¢ S; hence 
i Ztaj | j €[0,k + Ip. 

Next we prove that S; is a divisor-closed subring of S that is noetherian and 
integrally closed for all / € N. Let/ € N. Clearly, S; is a subring of S. Let f, g € S°* 
be such that fg € S;. There is some m € N such that m > / and fig € Sy». 
Since fg € R[{X; | i € [0,/]}], it follows that f € R[{X; | i € [0,/]}]; hence 
Ff € Sm R[{X; | i € [0,/]}] = S). Therefore, S; is a divisor-closed subring of S. 

Set T = {Timp X" | Glen € NP a0 = Yin, SU = Tao XM | 
(aiJieg € NM 1>a> ys S$} and V = [U]. Then T is a submonoid of 
S;. We show “that T is root closed and T = V. Let L C K be a quotient group 
of T. Let x € L andr € N be such that x” € T. Since Tlic XH | idle € 
NOY is a root closed submonoid of L that contains T it follows that there is some 
(b;)!_) € NO such that x = []}_, X?". This ioiphies that []}_, X/”' € T, and thus 
rbo = yi 5. Consequently, bo = ps = 2 ; hence x € T. Therefore, T is root 
closed. It remains to pve 2 induction on k that for all k € N and all (a; a € 
Ni! such that k > S7)_, % it follows that X¢ []}_, X" € V.Ifk = 1, then the 


assertion is clear. Now let k € N and (a;)!_, E Nu “I be such that k + 1 > y2 or 


=~ 


j=l 


- 


Case 1: There is some j € [1,/] such that a; > 2/; we have k > Diets a 
. It follows by the induction hypothesis that X, dae aie; Xi )xi! cea 2 


Therefore, X*+1]]/_, X# = XX? eth eee Deas) ~" € V. Case 2: a; < 


2/ forall j € [1,1]: We have );_, @ </.1f1 >k +1, then X¢*"T]}_, XM EV, 
by definition. Now let / < k + 1. Since Xo € V, it follows that X**! Te i = 
Xk+lly! TTI) x“ € V. By [17, Corollary 15.12] it follows that S; is noetherian 
and jitaerally closed. 

Let a € S*. There is some s € N such that a € S,. Since S, is a divisor-closed 
subring of S it follows that [a]s is a divisor-closed submonoid of S,. Since S, 
is a Krull domain this implies that [a]s is a Krull monoid. Consequently, S is a 
monadically Krull domain. 5 


a 


It has been pointed out in [10] that every atomic IDPF-domain (this notion 
has been introduced in [24]) that contains a field of characteristics zero is already 
completely integrally closed. Now let the domain R in the last example be a field 
of characteristics zero. Then the domain S in the last example is an atomic IDPF- 
domain that contains a field of characteristics zero and yet S is not a Krull domain. 
Let H be a monoid and r a finitary ideal system on H. Let 7 C P(A). We say 
that 7 possesses a length function if there exists some map A : F — No such that 
A(J) < ACL) for all J, J € J such that J & J. Note that if 7 possesses a length 
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function, then 7 satisfies the ACC. Moreover, if R is an integral domain, then the set 
of non-zero ideals of R possesses a length function if and only if R is a noetherian 
domain and dim(R) < 1. Observe that a monoid H is a BF-monoid if and only if 
{xH | x € H°} possesses a length function. Moreover, possessing a length function 
is in some sense the same as satisfying a strong version of the ACC. We use it in 
the next example to highlight that it is not only a BF-monoid but also that the set of 
radicals of principal ideals possesses a length function. Next we introduce several 
other types of generalizations of the Krull property to study the following example 
in detail: 


¢ H is called an r-SP-monoid if every r-ideal of H is a finite r-product of radical 
r-ideals of H. 

¢ His called an r-Priifer monoid if every non-zero r-finitely generated r-ideal of 
#7 is r-invertible. 

e An r-ideal J of H is called r-cancellative if J is cancellative in the r-ideal 
semigroup of 7. 


Clearly, H is a Krull monoid if and only if it is a Mori monoid that is a ¢-Priifer 
monoid. Note that if H is a radical factorial monoid, then for all a € H® we have 
A([a]) © Di (a). Using Theorem 3.6 and [29, Proposition 2.4] it is straightforward 
to prove that every radical factorial FF-monoid is a monadically Krull monoid (but 
even a Krull monoid needs not be radical factorial; see [29, Example 4.3]). In this 
light we will sharpen our first counterexample in the monoid setting and prove 
that even radical factorial FF-monoids can fail to be Krull. A sequence (x;)j en, 
of integers is called formally infinite if {7 € No | x; 4 0} is finite. If H is additively 
written, k ¢ Nand / C H, then setkI = aa | (aie, e ['Al, 


Example 4.2. Let G be a free abelian group with basis (e;);en,. For x € G, let 
(xi)ieny € ZG denote the unique formally infinite sequence such that x = 
Dien xje;. Set H = {x € G | x) > x; = O forall i € No}. Then A isa 
submonoid of G, G is a quotient group of A, and the following is true: 

1. v-spec(H)® = X(H), t-spec(H)® = X(H) U {H\H™%}, every non-empty 
t-ideal of H is t-cancellative and (kP), is P-primary for all k € N and P € t- 
spec(H)°. 

2. H is at-SP-monoid, t-dim() = 2, H is an FF-monoid, {./y + H | y € H} 
possesses a length function, and every radical element of H is either an atom or 
a unit. 


In particular, H is a radical factorial monoid that is neither a Mori monoid nor a 
t-Priifer monoid. 


Proof. Clearly, H is a submonoid of G and H* = {0}. Let K C G be the quotient 
group of H andi € No. Obviously, eo, eo + e; € H; hence e; = e9 +e; — ep € K. 
Therefore, G = K is a quotient group of H. Forr € Nj° set I, = {x €G |x = 
Xjtitroaj+i,xXj 2 12j for all j E No}. Set 3 = {r E Np? | {ij ENo | 12] x 0}| < 
00,10 = f2j41 + T2j+42 for all j ¢ No} and £ = {re Nhe | {7 € No | raj FO} < 
00, ro = max{roj;41 + r2j+2 | J € No}}. For? € No, let sO E NO? be defined by 
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s\) = Lif j € {0,i} and s\? = Oif j © No\{0,i}. Ifr.s € No” andk € No, then 
we setr + 5 = (1; + Si)ieny. kr = (Kri)ieny) andr <s ifr; < s; forall j € No. 


Claim 1: For all x, y € A it follows that x € /y + A if and only if {i € No | 
yi > O} C {i E No | x; > 0} and {7 E No | yo > yi} C {7 ] No | x0 > x;}. Let 
x,y © H. Observe that x € /y + A if and only if there is some k € N such 
that kx; > y; and k(xo — x;) => yo — y; for alli € No. “=>”: Let k € N be such 
thatkx; > y; andk(xo —x;) = yo — y; forall j € No. Leti € No. If y; > 0, 
then kx; > y; > 0, and thus x; > 0. If yo > y;, then k(xo — x;) => yo — vi > O,~ 
hence x9 > x;. “=”: Let {i € No | yi > O} C {i E No | x; > O} and 
{i €No | yo > vi} C {i € No | X0 > x;}. Set k = 1 + max{y; | i € No}. Then 
k € N and it is clear that kx; > y; and k(xp — x;) => yo — y; for alli € No. 

Claim 2: For all @ # A C H we have A, = {x € G | xo > x; + min{ag — q; | 
a € A} and x; > min{a; | a € A} for alli ¢ N}. Let @ # A C H. Set 
m” = min{ao — a; | a € A} andn = minf{a; | a € A} for alli € N. Observe 
that A! = {x € G| x +a € H foralla € A} = {x € G | foralla € A and 
iE€N, x +4 > xj +4; > 0} = {x EG | xo +m > x; and x; +n >0 
for all i ¢ N}. “C”: Let x € A, andi €N. Set y = me; and z = —ne;. We 
have y,z € Aq; hence x+y € H andx+zeé H. Therefore, x9 + yo = x} +9; 
and x; + z; > 0. This implies that x9 > x; +m” and x; > n.“D”: Let x € G 
be such that x9 > x; + mY and x; > n for all 7 € N. Let y € Aq! and 
i € N. Then xy > x + m, yo + m® > y;, x; > n™ and y; +n > 0; 
hence x9 + yo +m > x; + yj +m and x; + y; +n > n©. Therefore, 
Xo + Vo => xX; + y; = 0. This implies that x + y € H. Consequently, x € Ay. 

As usual we denote by Z,(H)° (resp. Z,()°) the set of non-empty t-ideals 
of H (resp. the set of non-empty divisorial ideals of 7). 

Claim 3: Z,(H)* = (J, | r € 3} and Z,(H)*° = {J, | r © L}. First we prove 
that Z,(H)* = {1, | r € DT}. “Cc”: Let J © Z,(H)°. Fori € No set ro; = 
min{y; | y € 7} and ro;41; = min{yo — y;+1 | y € J}. There is some sequence 


(2) i eno E [No such that Z = 719} and 2% pen gee = 12j4+1 foralli € No. 
If 7 © No, then since zw _ oe > roj41 and PN > r2j+2 we obtain that 


0 . . 0 
ro = a > roj41 + 12742. Moreover, |{j € No | m2; FO} < 7 €No | ro x 
0}| < oo. Therefore, r € J. It remains to show that J = /,.. “C”: trivial. “D”: Let 
xel,.SetE = {i eN|x; #00r a # 0}. Then E£ is finite. It is sufficient to 
prove that xo — x; > min({z2'-) = he sag ol ze |i E}U { = mn) 
and xj; = min({z"~, 20) |i € E}U {2}) for all 7 € N, because then 
x € (22D, 22) |i © EXU {2), by Claim 2; hence x € J. Let j € N. Case 
la: x; A 0. It follows that x9 —xj; > roj-1 = i ees Case 1b: x; = 0. 
We have x9 — x; = x0 = ro = og = a a ae Case 2a: j € E. It follows 
that x; > rj = ae Case 2b: j ¢ E. We have x; =0= ae “SD”: Letr € 3 
and x € (/,);. Then there is some finite @ 4 A C I, such that x € Ay. It is an 
immediate consequence of Claim 2 that x9 > x; + r2j—-; and x; > rz; for all 
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J €N. Since A is finite, there is some / € N such that x; = 0 and a; = 0 for all 
a € A. It follows by Claim 2 that x9 > x; + min{ao — a | a € A} = min{ap | 
a € A} > ro. Consequently, x9 > Xj41 + 1oj41 and x; > ro; forall 7 € No, 
and thus x € J,.. Observe that rien roe; € I; hence I, € Z,(A)°. 

Next we show that Z,(H)* = {/, | r € £}.“C’: Let J € Z,(#)°. As in 
the preceding part of the proof there is some r € 93 such that J = I,, ro; = 
min{y; | y € 2} and ro;4; = min{yo — yj41 | y € J} for alli € No. Sets = 
max{roj4+1+12i+2 | i € No}. It remains to show that s > ro, because thenr € £. 
Set x = seg + SoeeN ro,e;.Ifi € N, then x9 = 8 > roj-y tro = X; +72; and 
X; = 1;. Therefore, Claim 2 implies that x € (J,), = J,, and thus s = xo > ro. 
“DS”: Letr € Land x € (/,),. It follows by Claim 2 that x9 > x; + 7;-; and 
Xx; = Yo; for alli ¢ N. There is some j € N such that r9 = rp;-1 + r2;; hence 
Xo = Xj + Voj-1 = Yoj + 127-1 = M0. This implies that x € J,. 

Claim 4: For all a,b € 3, Ig45 = (Ua + Ip); and Ig C Ty if and only if b < a. Let 
a,b € J. Set yO = Sen, axe, 2 = Dien, baie: and for j € N set yp) = 
ienyi¢j 21¢i + (do — a2j-1)e; and 2) = Dieny ies 22i€i + (bo — baj-1)e;. 
Observe that y¥) € J, and 2) € J, for all 7 € No. “CG”: Let x € Ig4p. We 
prove that x9 > x; + min{y? + ro - yo — z |/ =Oorl €N,x, 4 0} 
and x; > min{y\? + zy |/ =Oorl € N,x; ¥ 0} forall 7 € N, because then 
xe {y%4+20 |] =0o0rl € N, x; ¢ 0}, by Claim 2; hence x € (Ig + Ip);. 
Let j € N. Clearly, xj; > ao; + boj = y ay a Case 1: x; 4 0. We have 
xj ye? + ze = he — 21) = Xj +adot+ bo — (ao — aj—-1) — (bo — bzj—1) — 


Xj +42j-1 +b2j-1 < xo. Case 2: x; = 0. It follows that x; +y +2 yo 


a = do + bo — aaj — bo; < ag + bo < Xo. “D”: Obviously, Ia + Ip SC La+p 
anda + b € J. Therefore, Claim 3 implies that (7, + J,); © Ta+p.- 

Clearly, if b < a, then I, © I. Now let I, © J. Note that y” € J, for all 
i € No; hence yy? > y")., + boj4i and y\ > bo; for alli, j € No. If j € No, 
then yy"? > iy” + boj+41 and ay > bj; hence ag > ao — aaj 41 + boj41 
and az; > b2;. Consequently, a; > b; for alli € No, and thus b < a. 

Claim 5: t-spec(H)® = {I,m | i © No} and X(H) = {Jy | i © N}. First we 
show that t-spec(H)*® = {J,a@ | i € No}. “C”: Let P € t-spec(H)°*. By Claim 
3 there is some r € 3 such that P = /,. Case 1: r; = 0 forall j € N. Since 
P # H, we have ry 0. This implies that r = ks for some k € N, and 
thus P = (kJ,«)); by Claim 4. Therefore, P = J,). Case 2: r; 4 0 for some 
j €N. Leta e Nhe be defined by a; = r; ifi €¢ No, i # j anda; = 7; —1 
otherwise. Then a € 3,r < sY) +a andr # a. Therefore, Claim 4 implies 
that (Iu) + Ig); © P and I, Z P; hence I,;) C P. Note that s/) < r, and 
thus P = I, by Claim 4. “D”: Observe that J, = {x € H | x; => 1} and 
Toity = {x € H | xo > xji41 + 1} for alli © No. Using this and Claim 3 it is 
straightforward to prove that J, € t-spec(H)° for alli € No. 
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Next we show that X(H) = {J,w | i © N}. “CC”: Let P € X(H). Then 
P € t-spec(H)*; hence P = I, for some i € No. Since s < 5, it follows 
by Claim 4 that Ja) & J,@, and thusi € N.“D”: Leti ¢ Nand P € t-spec(H)* 
be such that P C ee There is some j € No such that P = [,,j). It follows 
by Claim 4 that s© < 5%; hence 5 = 5), Therefore, P = T,«), and thus 
1) = X(H). 
Claim 6: J, is a radical t-ideal of H for all r € J such that rp = 1. Letr € 3 be 
such that ro = 1. By Claims 4 and 5 we have JT, = ()\pe;. -spec(H)*,Por, P = 


Aino, sO Ty = {x € G | x0 = xj41 + maxfsy),, |i E Nos <r}.x; > 


max{s}? | i € No,s® < r} for all j © No} = {x € G | x0 > xj4ir t+ 
Toj41,X; > ro; forall j ¢ No} = /,. 


1. By Claims 3 and 5 we have v-spec(H)* = t-spec(H)® N Z,(H)° = {Iw | i € 
Nop N {7 | r € L} = {Tam | i e N} = XCA) and t-spec(H)* = X(H)U 
Uo} = X(H1) U {H\H*}. Let A, B,C € EAR): be such that (A + B), = 
(A + C),;. By Claim 3 there exist some a,b,c € J such that A = I,, B = Ip, 
and C = I,. It follows by Claim 4 that J,4, = (A+ B),; = (A+ C); = late, 
and thus a + b = a + c by Claim 4. Consequently, b = c; hence B = C. Now 
letk € N and P € t-spec(#H)°. By Claim 4 we have (k/,a); = Ipsai = {x € 
H | x; => k} and (k1,0i Hy) = Lyoity = {x € H | xo > xj41 + k} for all 
i € No. Using this it is straightforward to prove that (kK P), is P-primary. 

2. It follows by 1 that t-dim(H) = 2, since H\H™ is not divisorial. Let J € 
Z,(H)°. By Claim 3 there is some r € J such that J = J,.Fori € [1,ro] andj € 
No sein = = 1,if[(j isevenandr; > i) or(j isoddandr;4,; <i <rj+rj4+1)] 


and set 7 = = 0 otherwise. Observe that (r)/*, € {a € 3 | ay = 1}! and 
r= = 3%, r, By Claim 4 we have I = (\°, J,«)¢. Moreover, J, is a 
radical t-ideal for alli € [1, ro] by Claim 6. Therefore, H is a t-SP-monoid. Set 
F = {x €G |x; > 0 for alli € No}. Obviously, F is a free abelian monoid 
and H C F is asubmonoid. Consequently, H is an FF-monoid. 

Set M = {/y +H | y € A} andlet 7 ¢ M. Then = J/x +4 for 
some x € H. Setm = |{i € No | x; > O} and/ = (m+ 1). LetK C M 
be a chain such that min(K’) = J (where min(X) denotes the smallest element 
of K with respect to inclusion). There is some sequence (x));ex € H*™ such 
that J = Vx“) + A forall J € K. Let f : K > [0,m] x [0, m] be defined 
by f(J) = (fi € No | xf > OF, [fi © No | x? > xf > O})). Using 
Claim | and the fact that min(K) = = I it is easy to prove that f is well defined. 
We show that f is injective. Let J, L € K be such that f(J) = f(L). Without 
restriction let J C L. By Claim | we have {i € No | me > 0} C fi E No | 
x > O} and {i © No | x > x = 0} C F | No | x8? > x™ > 0}. 

i 0 i 0 i 

Since f(J) = f(L), this implies that {i € No | xf > OF = {i € Ny | 

x > 0} and {i € No | x0) > x > O} = {7 E Ny | x? > xf > 0}. 
ae xo} = {i € Ny | Fad > ey, and thus 


Consequently, {i € No | a 
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J=VJVx9+4H = J/x© +H = L by Claim 1. Since f is injective we have 
IK| <7. Leta : M — No be defined by A(J) = max{|K]| | K C M is a chain 
and min(K) = J}. Using the previous it is easy to prove that A is a well-defined 
map and A(J) < A(L) for all J, L € M such that L & J. Consequently, M 
possesses a length function. 

Now let y be a radical element of H. There is some k € N such that yz = 0. 
Set x = 2e9 + ek + Vien,y,>0 &i- It follows by Claim | that x ¢ /y + H = 
y + H; hence x9 — yo > x; — y; = O for alli € No. Therefore, 2 — yo = 
Xo — Yo = Xk — Ye = 1, and thus yo < 1. Consequently, y € A(H) U H%. 

Since H\ H™ is a t-ideal it follows that C,(7) is trivial, and thus we have H 
is radical factorial by [29, Proposition 3.10.2]. Moreover, since t-dim(H) = 2, 
we have # is not a Krull monoid. Therefore, H is not a Mori monoid by [29, 
Proposition 2.6]. It follows by [29, Proposition 3.9] and [29, Corollary 3.14] that 
#7 is not at-Priifer monoid. oO 


Note that if H is a discrete valuation monoid (i.e., an atomic valuation monoid 
A with H* ~# H%), then every radical element of H is either an atom or a unit. The 
last example also shares this property with discrete valuation monoids. An integral 
domain is called an almost Krull domain if all its localizations at prime ideals are 
Krull domains. The following question has been raised by Pirtle (see [28]): Is every 
almost Krull domain whose height-one prime ideals are divisorial already a Krull 
domain? Arnold and Matsuda answered Pirtle’s question in the negative (see [3]). 
Note that our last example is of similar type, since it shows that a (radical factorial) 
t-SP-monoid whose height-one prime f-ideals are divisorial is not necessarily a 
Krull monoid. This also answers the questions raised after Proposition 2.6 in [29] 
in the negative. Finally, Example 4.2 shows that being a f-Priifer monoid is not a 
monadic property and being “primary r-ideal inclusive” in [29, Corollary 5.3 and 
Theorem 5.4] cannot be omitted. 


5 Connections with Rings of Integer- Valued Polynomials 


In this section we investigate the connections between rings of integer-valued 
polynomials and monadically Krull monoids. In particular, we continue our search 
for examples of monadically Krull domains that are not Krull. As in Sect. 4, we will 
consider additively written monoids that do not possess an “additive” analogue of a 
“multiplicative” zero element. 

Let R be an integral domain, K a field of quotients of R, and X an indeterminate 
over K. If a,b € R, then we write a ~r bif b = ac for somec € R%. Set 
Int(R) = {f € K[X]| f(c) € R forall c € R}, called the ring of integer-valued 
polynomials over R. Observe that R C R[X] and R C Int(R) are divisor closed, 
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Int(R)* = R[X]* = R* and A(Int(R))N R = A(R[X]) NR = A(R). Especially, 
if R[X] is monadically Krull or Int(R) is monadically Krull, then R is monadically 
Krull. 

Now let R be factorial and Q a system of representatives of prime elements 
of R. Recall that R[X] is factorial. If T C R, then let GCDr(T) be the set of all 
greatest common divisors of T (in R). If g € R[X]\R, then g is called primitive if 
GCDaix\(g,c) = R[X]* for all c € R® (equivalently: GCDr({a; | i € [0,k]}) = 
R* for all k € No and (aj ko € R®] such that g = ys a; X'). If q € QO, then 
let v, : R — No U {oo} denote the g-adic valuation of R. Let dg : Int(R)* — R®* 
be defined by do(g) = IT,eo aia for all g € Int(R)*. Setd = do. 
Note that d(g) € GCDr({g(c) | c € R}) and FO) € Int(R) for all g € Int(R)°. 


If M is a set and/ € N, then a finite sequence (ai)}_, € M! will be denoted 
by a (i.e., a = = (a;)/_,). Letn € N, f € (Int(R)*)” and x € Nj\{O}. Then x is 
called f-irreducible if for all y,z € No such that x = y +z and CA eee ae 
d({];-, yf AU f;') it follows that y = 0 or z = 0 (this definition does not 
depend on the choice of Q). In the next lemma we will use [15, Definition 1.5.2] 
and Dickson’s Theorem (see [15, Theorem 1.5.3]) without further citation. 


Lemma 5.1. Let R be a factorial domain, n € N, and f € (Int(R)°)". Then {x € 
No | x is f -irreducible} is finite. 


Proof. Let Q be a system of representatives of prime elements of R and T = {w € 
R | (T=; fi) (w) ¥ 0}. We prove that min{v,(g(w)) | w € R} = min{v,(g(w)) | 
w € T} forall g € Q and g ¢€ Int(R)*. Let g € O and g € Int(R)°. Then 
min{v,(g(w)) | w € R} = v,g(g(v)) for some v € R. Observe that there is some 
k € N such that v,(g(v)) = vg(g(v + q')) for all 7 € Nsx. Since R\T is finite, 
there is some m € N;; such that v + q” € T. We have min{v,(g(w)) | w€ R} = 
vg(g(v + q”)), and thus min{v,(g(w)) | w € R} = min{v,(g(w)) | w € T}. 

Set P = {p € Q | min{v,(([];_, fi)()) | w € R} > O}. Clearly, P is 
finite. If p € P, then there is some finite S, C T such that Min({(vp)(fi(w)))?_, | 
w € T}) = {(vp(fi)))f-, | w © Sp}. Set S = U,ep Sp. Then S is finite. 
For y € S? set Q, = (uw ENF | DM avp(fil)) — vo iy(p)))uv_ = 0 for 
all p € Pandwe S}. If y € S?, then Q, is an additive monoid and by [15, 
Theorem 2.7.14] and [15, Proposition 1.1.7.2] we have A(92,) is finite. It suffices 
to show that {x € Nj | x is f-irreducible} C U,esr A(@,). Let x € Ng be f- 
irreducible. There is some 6 € S” such that min{)*7_, vp(fi(w))xi | w € S} = 
Vi=1 Ve (fi (6(p)))x; for all p € P; hence x € §25\{O}. Letu € 925. If p € P, 
then min{v,(([];_, f")(w)) | w € R} = min{de"_, vp(fiw))ui | w € T} = 
min{-"_, vp filw))u: | w € S} = DT, vp( fi S(p)) ui, and if p © Q\P, then 
min{vy((T Tj) f/")(w)) | w € R} = 0. Let y,z € Qs be such that x = y +z. 
If p € P, then minty, (Ti, f° )(w)) | w € RY = DM, vp f(x 
Fv FBP) 97 + Vp F((P)))zr_ = mingy, (Tay FO") | w 
R} + min{v,(({T/_; f)()) | w © R}. This implies that do([]j_, f") 
do ({[f-, fr )do(TT_, 4"); hence y = 0 or z = 0. Therefore, x € A(5). 


oll m Il! 
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Now we present the main result of this section. 


Theorem 5.2. Let R be a factorial domain. Then Int(R) is monadically Krull. 


Proof. Let K be a field of quotients of R, X an indeterminate over K, Q a system 
of representatives of prime elements of R, and d = dg. Set S = R[X] and T = 
Int(R). It is well known that T is atomic and completely integrally closed (see [8, 
Propositions VI.2.1 and VI.2.9]). By Theorem 3.6 we need to prove that {yT | y € 
A([g]r)} is finite for all g ¢ T*. Let g € T*®.Somea,b € R°,n € N,v € NG 
and f € (A(S)\R)" exist such that g = ¢]];_, f;" and fj #s fx for all different 
j,k € [1,n]. By Lemma 5.1 it is sufficient to show that {yT | y € A([g]7r)} ¢ 
{yT | y € A(R), y |r d(g)} U {fie T | a € Nj, a is f-irreducible}. Let 
i=1 Jj = 
y € A([g]r). Then y € A(T) and y|r g! forsome/ € N. 


Case 1: y € R. We have y € A(R) and y |p d(g') = d(g)'. Therefore, y|p d(g). 
Case 2: y ¢ R. Some see t € S and some c,e € R® exist such that 


GCDs(c,et) = S* and y = ©. This implies that c |g d(t). Observe that 


y= edt) qty 4) © T and am € T\T*. Consequently, y ~r 75- 


some w € S andu € R® such that y~ = = g'. Therefore, etwb! = cua! i i" 


There are 


and since ¢ is primitive it follows that t |s []j_, f; ‘Hence, there is some 


a € Nj\{0} such that t ~s []/_, f°". This implies that y ~r Hitter, 


and thus yl = Meat, Let Byy € Nj be such thata = B +yY and 


dai f') ; 

n a) _ Bi n Vi Ua f.' fat fi! 
ala tf) =dU bar F dC ay F's Note that aq, FP? Ma € 

TT fi Bi I fi Me fi Me ffi 

T d i=1 i=1 i : — i=1 _ T . Th fi ; i=1li : 
oe aT if) Mla) eae ee dTT=1 fl) . 

n Vi 

T* or el € T*; hence B = 0 or y = O. Consequently, a is f- 
irreducible. gO 


Theorem 5.2 is also interesting from a purely factorization theoretical point 
of view, since it provides a class of Krull monoids whose arithmetic is not fully 
understood by now. The arithmetic of the Krull monoids involved may also differ 
from the arithmetic of monadic submonoids of principal orders in algebraic number 
fields. 


Corollary 5.3. Let R be a factorial domain. Then Int(R) is an FF-domain. 
Proof. This follows from Theorems 3.6 and 5.2. oO 


In [14] it has been shown that Int(Z) is an FF-domain. Corollary 5.3 is a 
generalization of this result. By Theorem 5.2, [8, Theorem VI.1.7] and [8, Remark 
VI.2.10] we obtain that Int(Z) and Int(Z(p)) for p € P are monadically Krull 
domains and Priifer domains (and thus ¢t-Priifer domains) that are no Krull domains. 
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6 Further Remarks 


In Sect.4 we showed that a radical factorial FF-monoid is not necessarily a Krull 
monoid. So far we do not know whether every radical factorial, 1-dimensional 
FF-domain is a Krull domain. In this last section we investigate special types of 
examples that have been introduced in [20] to construct atomic Priifer domains that 
are no Dedekind domains. We study these examples in greater detail and generality 
to obtain an interesting class of examples that are not “too far away” from being 
examples of radical factorial 1-dimensional FF-domains that are not Krull. 

Let H be a monoid. We say that H is a weakly Krull monoid if (\pex(H) Ap= 
Hf eand{P ©€ X(H) | a € P} is finite for alla € H°. Note that H is a Krull 
monoid if and only if H is a weakly Krull monoid and Hp is a Krull monoid for all 
P € X(A). It follows from Example 4.2 that being a weakly Krull monoid is not 
a monadic property (since the monoid in this example is monadically Krull, hence 
monadically weakly Krull, but by [29, Proposition 2.6] it fails to be a weakly Krull). 
By [1, Theorem 1] and [2, Theorem 5.1] we have H is an FF-monoid if and only if 
H is atomic and {uH | u € A(H),u|q x} is finite for all x €¢ H® (such monoids 
are called IDF-monoids; e.g., see [24]) if and only if H is a BF-monoid and {uA | 
u € A(H),u|y x} is finite for all x € H®*. Clearly, if H is a BF-monoid, then H 
satisfies the ACCP. First we start with a simple lemma that might be of independent 
interest. It gives a hint how to construct monoids H where {uH | u € A(H),u| x} 
is finite for all x € H°, but that fail to be FF-monoids. 


Lemma 6.1. [(cf [2/])] Let K be a monoid, S a submonoid of K that is an FF- 
monoid, T © K a submonoid of K that is a valuation monoid and H = ST. 
Then {uH |u€ A(A),u|y x} is finite for all x € H®. 


Proof. Let x € H® and D(x) = {u € A(A) | ulq x}. Then {uS | ue D(x)} C 
{uS |u€ S andu|s x}. Since S is an FF-monoid, it follows that {uS | u € D(x)} 
is finite. Let v, w € A(H) be such that vS = wS. We have VT C wT orwT C vT. 
Therefore, vHW = vS NvT CwS QwT = wd orwH =wSQwT CvSNvT = 
vH; hence vH = wH. Consequently, f : {uH | u € D(x)} > {uS | u € D(x)} 
defined by f(J) = JS for all J € {uH | u € D(x)} is an injective map. This 
implies that {uH | u € D(x)} is finite. Oo 


Proposition 6.2. Let H be a monoid, K a quotient monoid of H, U a set of 
overmonoids of H that are FF-monoids, and Y a set of overmonoids of H that 
are valuation monoids such that H = (\seyuy S- Let (Nr)rev € PU)” be such 
that T 1 (\seny;, 8 is atomic for all T € V and{T € V | S € Nr} is finite for all 
Sé€U.If{S eUUYV |a ¢S*} is finite for alla € H®, then H is an FF-monoid. 


Proof. Let {S € UUV | a ¢ S*} be finite for alla € H® and M =UU{TN 
sen, 5 | T € V}. 


Claim 1: For all U € M it follows that U is an FF-monoid. Let U € MandT «VY 
be such that U = TM ()\seq;, S. We show that ()s<,;, S is an FF-monoid. 
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If Vr = @, then O\senp S = K; hence O\sen> S is an FF-monoid. Since 
{S e¢ Nr | a ¢ S*} is finite for alla € H*, we have {S € Nr | a ¢ S*} is 
finite for alla ¢ K*;hence{S ¢ Nr | a ¢ S*} is finite for alla € (sey, S)°- 
Therefore, [1, Theorem 2] implies that () SEN; S is an FF-monoid. It follows by 
Lemma 6.1 that U is an FF-monoid. 

Claim 2: For everya € H°,{S ¢€ M |a ¢ S*} is finite. Leta € H*. We have 
{TeV|lad(TN O\seny SVio{rTeVladgT}uU Usewagsx{T € 
V |S € Nr}, and thus {T ¢ V | a ¢ (TA) sey, S)”*} is finite. Therefore, 
{(SeMla¢gS*}={S eUla¥gS*}U{TA()say,-S |T € Via ¢ 
(TO ()seny, S)*} is finite. 

Since H = () SEM S, it follows by Claim 1, Claim 2 and [1, Theorem 2] that 
HT is an FF-monoid. oO 


Proposition 6.3. Let K be a monoid, H a submonoid of K and A a set of 
intermediate monoids of H and K such that {S € A | a ¢ S*} is finite for all 
aé H° andHO()\ ..,S* = A”: 


1. If S satisfies the ACCP for all S € A, then H satisfies the ACCP. 
2. If S isa BF-monoid for all S € A, then H is a BF-monoid. 


Proof. 1. Let S' satisfy the ACCP for all S € A. Let (a;);en € H™ be such that 
a;H C aj41H for alli € N. Without restriction let a; # 0. Let A = {S € 
A | a, ¢ S*}. Since A is finite there is some r € N such that a,S = a,S 
for all S € Aandk e€ N3,. It is sufficient to show that a, H = a,H for 
allk € Ns,. Letk € Ns, and T € A. If a, € T*, then a,,a, € T*, and 
thus on € T*. Ifa, ¢ T*, thena,T = a,T; hence - € T*. Consequently, 
ve € HN (\se, 8* = H%, and thus a,H = a, H. 

2. Let S be a BF-monoid for all S € A and set M = {(S\S*)N H | S € A}. 
It follows by [15, Proposition 1.3.2] that (),,cy(S\S*)" = {0} for all S € A. 
Therefore, (),,cy M" = {0} for all M € M. Leta € H°\H*. Then {M ¢€ 
M|laeM}C {(S\S*)N H |S € A,a ¢ S*}; hence {Me M|lae 
M} is finite. Since a ¢ H™, there is some T € A such that a ¢ T”, hence 
(T\T*) 01H € {M € M | a € M}. Consequently, [15, Theorem 1.3.4] 
implies that H is a BF-monoid. oO 


Corollary 6.4. Let H be a monoid and M C s-spec(H) such that Jyey M = 
H\H* and{M € M|a€ M} is finite for alla € H®. 


1. If Hy satisfies the ACCP for all M € M, then H satisfies the ACCP. 
2. If Hy is a BF-monoid for all M € M, then H is a BF-monoid. 


Proof. Let A = {Hy | M € My}. We have HON ()\cc,S% = HN 
Ouem(Hu\Mu) = (mem(H\M) = A\UmemM = H™. Leta € 
H°*\H*. Then {S € A | a ¢ S*} = {Hy | M € M,a € M} is finite. 
Consequently, the assertions follow from Proposition 6.3. oO 
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If S is an integral domain and R C S is a subring, then let cls(R) denote the 
integral closure of R in S. We say that M € max(S) is critical if for each finite 
E C M, there exists Q € max(S) such that E C Q?. 


Proposition 6.5. [(cf [7])] Let R be a Dedekind domain that is not a field, K a 
field of quotients of R, L/K a field extension, S = cl,(R), (Lj)ien a sequence of 
intermediate fields of K and L such that L; © Lj4, and [L; : K] < o for all 
i¢NandL= Ujen L;. Let (Aj)ien € P(max(R))" be such that A; © Aj +41, for 
alli € N. Set A= Ujey Ai and N = {M € max(S) | MN Re A}. Forie N 
set S; = cly,(R) and Nj = {M € max(S)|Mn R€ Aj}: 


1. S$; is a Dedekind domain for alli € N, S is a 1-dimensional Priifer domain, and 
S = Uien Si- 

2. Let for alli € N and P € max(S;) such that PO R € A; be P £ Q? for 
all Q € max(S;+1). Then for all M € N we have M is not critical and if 
A = max(R), then S is an SP-domain. 

3. Let for alli € N and P € max(S;) such that P 1 R € A; be Sit] PSi41 € 
max(S;+1). Then for alla € S° it follows that {M € N | a € M} is finite and 
if A = max(R), then S is a weakly Krull. 

4. Let\)pe, P = R\R%* and let for alli € Nand P € max(S;) such that POR € 
A; be PS;+; € max(S;+1). Then S is a BF-domain and if | max(S)\N| < 1, 
then S is an FF-domain. 

5. If there is some sequence (M;);en such that M; € max(S;) and Mj4,;0S; = Mj 
for alli € N, and{j €N | M;Sj41 ¢ max(S;+1)} is infinite, then S is not a 
Dedekind domain. 


Proof. 1. Clearly, S is 1-dimensional and S = );<y S;. By the Theorem of Krull- 
Akizuki we have S; is a Dedekind domain for all i € N. Since L/K is an 
algebraic field extension we have S is a Priifer domain. 

2. Claim 1: For all 7 ¢ Nand M e€ N; it follows that MNS; Z (MN Sx)? 
for all k € N5;. Let j ¢ Nand M € Nj. We show by induction on k that 
MNS; Z (MNS) forall k € Nz ;. Obviously, MNS; Z (MNS;)’. Now 
letk ¢ N;; besuchthat MNS; Z (MNS,)?. Since (MNS; )Sk GC MOSz, 
there is some ideal J of S; such that (MM S;)S,x = (M1 S,)I. Since 
MOS; £¢ (MNS;)’, it follows that 1] Z MNS;; hence 1Sp41 Z MSc 41. 
We have MM S; € max(S;), MM Spi € max(S,41) and (MN S;,) 
R=MoRe Aj C Ax, and thus (M al Sx) Sk+1 g (Mn Sei)’. 
Since (MM S;,41)? is MM Sx41-primary it follows that (MM S;)Si41 = 
(MO Sx) Sk4i1T S41 Z (MO Se41)"; hence MNS; Z (MO Si41)?. 

Claim 2: For every M € max(S), we have M? = U,en(M 2 S;)?. Let M € 
max(S). “C’”: Let x € M?. There exist some r € N and (iia, Wja1 € 
M"-1 such that x = > =1 Xi yi There is some / € N such that x;, yj € S) 
for alli € [1,r]. Consequently, x € (MM S))?. “D”: Trivial. 

Now let Q € N. There is some j € N such that Q € N;. Assume that 
there is some M € max(S) such that QOS; C M?. Then QNS; = MNS; 
and MN R = QN Re A;;hence M € N;. It follows by Claim 2 that there 
exists some k € Ns; such that MNS; C (M Sx)? which is a contradiction 
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to Claim 1. Consequently, (Q 1 S;)S Z M? for all M € max(S). Since 

(Q 1 S;)S is a finitely generated ideal of S we have Q is not critical. 

Now let A = max(R). Then V = max(S); hence every M € max(S) 
is not critical. It follows by 1 that S is a 1-dimensional Priifer domain. 
Consequently, S is an SP-domain by [27, Corollary 2.2]. 

3. Claim: For all i ¢ N we have fj : VN; ~ {M1 S; | M é€ N;} defined by 
fi(M) = M OS; is a bijective map. Let i € N. Obviously, f; is a surjective 
map. Let M, Q € N; be such that MNS; = Q.1 S;. We show by induction on 
j that forall 7 e No;, MNS; = QNS;. Let j € Ns;. The assertion holds for 
j =i. Now let MNS; = ONS;. We have (MNS;)Sj41 GC MOS;41; hence 
AY (M 0 S))Sj41 = M2 Sj 41. Analogously “4/(QNS;)Sj41 = ON 
Sj41; hence MO Sj41 = QO S;+1. Finally, it follows that M = Ujey.,(M9 
S)) = Ujen,,(2.9 S)) = @. 

Let a € S*. There is some / € N such that a € S;. Obviously, there is some 
surjective map from{MNS;|MeN,aeM}to{MNR|MeEN,ae 
M}. Since {MN S; | M € N,a € M} © {OQ € max(S;) | a € Q} and 
{Q € max(S;) | a € QO} is finite we have {MM R|M €N,a € M} is finite. 
Therefore, there is some k € N5; such that{MNR|MeN,a€ M}C Ag. 
Since &({M eN | ae M}) = {MNS |MeEN,a eM} C{Oe 
max(S;) | a € Q}, it follows by the claim that{M ¢ N|ae M}={Me 
Ni; | a € M} is finite. 

Now let A = max(R). Then V = max(S) = X(S) by 1, and thus S is a 
weakly Krull domain. 

4. It follows by 3 that {M € N | a € S} is finite for alla € S*. By [19, 
Proposition 4] we have ) ye, M = S\S*.Let M € N. By 2 it follows that M 
is not critical; hence M #4 M7. Since M? is M-primary we have M uy Mu. 
Therefore, | implies that Sj is a valuation domain, and thus My, is a principal 
ideal of Sjy. This implies that Sj is a Dedekind domain; hence Sy is an FF- 
domain and a BF-domain. Consequently, Corollary 6.4(2) implies that S is a 
BF-domain. Now let | max(S$)\N]| < 1. SetU = {Sy | M € N} and VY = 
{Su | M € max(S)\WV}. Every T € U is an FF-domain and by 1 we have that 
every T € V is a valuation domain. Obviously, 7¢ U V = {Su | M € max(S)}; 
hence (\reyyyT = S.ForT € V set Nr = U. Since |V| < 1, we have 
TO(\ven, U = S is atomic forall T € V. It follows that {T €¢ UUV | a ¢ T*} 
is finite for all a € S°, and thus Proposition 6.2 implies that S is an FF-domain. 

5. Let (M;);en be such that M; € max(S;) and Mj41M S; = M; for alli € N and 
{7 €N | M;Sj41 ¢ max(S;+1)} is infinite. Lett M = U;ex Mi. Observe that 
M e€ max(S). Assume that S is a Dedekind domain, then there is some finite 
E CM such that M = (E)s. There is some i € N such that E C M;. There 
is some 7 € N5; such that M;S;,, ¢ max(S;+,), and thus there are some 
QO, O' € max(S;+,) such that M;S;4; C QQ’. This implies that M = OS = 
O'S and M* = QSQ’S = M;hence M = {0}, acontradiction. oO 
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Proposition 6.6. Let R be a Dedekind domain such that max(R) is infinite, K a 
field of quotients of R, (Aj)ien, (Bi)ien, (Ci)ien € P(max(R))" such that Aj, B;, 
C; are finite and A; © Ai+1 Bi Cc Bi+1, GS C41 for alli EN. Set A = ere Ai, 
B= U;en B; andC = U;en Ci. Assume that AN B= ANC = BNC = Band 
let R/M be finite for all M € max(R). Then there exists some sequence (L; )ien 
of extension fields of K such that L; = K, L; © Lj+1, [Li : K] < co and 
S; = clz,(R) for alli € N and such that the following conditions are satisfied: 


1. For alli € N and M € max(S;) such that MO R € A; we have MS;+4) € 
max(S;+1). 

2. For alli € N and M é€ max(S;) such that MO R € B; we have MS;+; ¢ 
max(S$;+41) and M £ Q? forall O € max(S;+1). 

3. For alli € Nand M é€ max(S;) such that MO R € C; we have MSi41 ¢ 
max(S)41) and *+1/MSi41 € max(S;+1). 


Proof. This follows by induction from [18, Theorem 42.5]. oO 


By [29, Example 4.3] there is some Dedekind domain R such that max(R) is 
countable, R/M is finite for all M € max(R), and Pic(R) is torsion-free. Let M : 
No — max(R) be a bijection. Note that since Pic(R) is torsion-free we obtain that 
UO memax(R)\{Mo} M = R\R*% (since every non-unit of R is contained in at least two 
different maximal ideals of R). For 7 €¢ N set Aj = {Mj |i € [1], /]}. 

First set Bj = {Mo} andC; = @ forall j € N. Let (L;)ien be the sequence in 
Proposition 6.6, L = );-y Li and S = cl, (R). Then S is an SP-domain that is a 
BF-domain but not Krull by Proposition 6.5. 

Next set B; = @ andC; = {Mo} for all j € N. Let (Li)ien be the sequence 
in Proposition 6.6, L = );eyL; and S = clz,(R). Then S is a completely 
integrally closed FF-domain that is a weakly Krull domain but not a Krull domain 
by Proposition 6.5. 


Proposition 6.7. Let R be a Priifer domain, K a field of quotients of R, L/K an 
algebraic field extension, and S = cl,(R): 


1. If for all intermediate fields K © M © L such that [M : K] < o it follows that 
Pic(cly(R)) is a torsion group, then Pic(S) is a torsion group. 

2. Ifforalla € L andn &€ N there is some b € L such that b" = a, then Pic(S) is 
torsion-free. 


Proof. 1. Let I be an invertible ideal of S. Then there are some m € N and some 
sequence (a; )7_, € TU"! such that J = yi, aS. Set M = K({a; | i € 
[1,m]}), T = cly(R) and J = S~"_,a;T. Note that {a; | i € [l,m]} ¢ 
MOS =T, and thus J is a non-zero finitely generated ideal of 7. Since T is 
a Priifer domain we have J is an invertible ideal of T. Since Pic(cly(R)) is a 
torsion group, there are some n € N anda € T such that J” = aT. Therefore, 
I"=J"S=as. 
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2. Let J be an invertible ideal of S,n € N anda € S such that J" = aS. There 
is some b € L such that b” = a. Observe that b € S and J" = b"”S. Let 
M eé€ max(S). Since S is a Priifer domain it follows that Sy is a valuation 
domain; hence there is some c € S such that Ijyy = cSy. This implies that 
c" Sm = 1, = b" Sy, and thus there exists some ¢ € Sj, such that c” = eb”. 
Since Sy is a valuation domain it follows that bSy C cSy or cSy © bSy. 
Case 1: bSy C cSy. There exists some v € Sy such that b = cv. This 
implies that b” = c"v" = eb"v"; hence 1 = ev". Consequently, v € Sj, 
and thus Jy = cSy = cvSy = bSy. Case 2: cSy C bSy. There is some 
v € Sy such thatc = bv. We have c” = b"v" = e7!c"v"; hence v"” = e. 
This implies that v € S*, and thus Jy = cSy = bvSy = bSy. Therefore, 
Io = bSo for all Q € max(S); hence J = bS. Oo 


Let H bea monoid. So far we said little about the additional property that popped 
up in Theorem 3.6(3) (i.e., that foreverya € H®, A([a]) C Dx (a) for some k € N). 
Note that this additional property is equivalent to the notion of being pseudo-IDPF 
introduced in [24]. Since we are interested in studying monadically Krull monoids 
and their specializations, we investigate how to control the r-ideal class group of an 
r-SP-monoid to obtain this additional property. This is reasonable since there are 
non-trivial situations using the construction in Proposition 6.5 where SP-domains 
that are BF-domains can show up (as pointed out before). Moreover, Proposition 6.7 
indicates that the class group of domains in this construction can behave nicely. If G 
is an abelian group, then let exp(G) be the exponent of G (i.e., if 1 is the identity 
of G, then exp(G) = inf({n € N | x” = 1 for all x € G})). The group G is called 
bounded if exp(G) < oo. 


Proposition 6.8. Let H be a monoid and r a finitary ideal system on H such that 
HT is anr-SP-monoid: 


1. IfC,(A) is finite, then for alla € H*®, A(fa]) © Dx (a) for some k € N. 

2. If H is an FF-monoid and C,(H) is bounded, then for alla € H*, A(|a]) 
D,(a) for some k €N. 

3. If H is r-Priifer and C,(H) is bounded, then for alla € H*, A(a]) © D(a) 
for some k €N. 


Proof. 1. Leta € H®*. Setk = |C,(H)|. We prove that A(a]) C D;(a). Let 
u € A([a]). There are some /,s € N and some sequence (J;)}_, of proper 
radical r-ideals of H such that a’ € uH = (Tz, I;),. Observe that a! € J; 
for alli € [1,5]; hence a € J; for alli € [1,5]. This implies that a* € uH. 
If s < k, then a* € wH, and thus u € D,(a). Now let s > k. There is 
some 6 # E C [l,s] such that |E| < k and ([],¢, Ji), is principal. Since 
uH = ([];=, Li)r © Tier li)r & H, we have uH = ([]j eg 1i)r. Therefore, 
ak eal®lH C ([Jjep Ti) = uH. Consequently, u € Dg (a). 

2. Let H be an FF-monoid, C,(H) bounded, anda € H®. Set] = exp(C,(A)), 
M = {I | I is anr-invertible radical r-ideal of H,a € I} and N = {bH | be 
H,a' € bH}. Let f : M > N be defined by f(/) = (/'), for all J € M. 


On Monoids and Domains Whose Monadic Submonoids Are Krull 329 


If J € M, then there is some b € H such that (J’), = bH. Set J = al". 
Then J € Z,(H) andaH = (JJ),. This implies that a’ € a! H = (I'J'), = 
b(J'), © bH, and thus f is well defined. Now let J, J € M be such that 
fC) = f(J). It follows that 7 = f/@), = J/F@ = JF) = VO), = 
J. Therefore, f is injective. Since H is an FF-monoid we have |M| < |N| < 
co. Set k = 1|M|. We show that A([a]) C D; (a). Let u € A({a]). There are 
some m,n € N, some sequence (a; )7_, € N (!"] and some sequence (i)? of 
distinct proper radical r-ideals of H such that a” € uH = ([]/_, 1;"),. Note 
that J; € M for alli € [1,n], hence n < |M|. Ifa; > / for some j € [1,7], 
then uf C (1;’), © (1), CT & H, and thus wH = (I}), = (1;”), which 
implies that 1; = H, a contradiction. Therefore, a! € (Ir; ), for all 7 € [1,7]. 
It follows that a® € ([]j_, 1"), = uH, hence u € Dx (a). 

3. Let H be an r-Priifer monoid, C,(H) bounded and a € H°®. Set m = 
exp(C,(H)) and k = 2m. It is sufficient to show that A([a]) C D;(a). Let 
u € A([a]). By [29, Proposition 3.9], [29, Theorem 3.13] and [29, Theorem 
3.3.2] there are some / € N and some ascending sequence aan of proper 
radical r-ideals of H such thatuH = Ce, I;),. Set F = J;. Then F is 
r-invertible. Clearly, uH C (F’), and there is some b € H\H™ such that 
(F”), = bH. Assume that] > k. We have uH C (F'), C (F*), = Bb? HC 
bH. Since u € A(H), this implies that uH = b*H = bH, hence b € H™%, 
a contradiction. Therefore, / < k, and thus a* € a'!H C (Te Ti), = uH. 
Consequently, u € Dx (a). Oo 
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Integral Closure 


Irena Swanson 


Abstract Since 2006, when the book on integral closures with Huneke and 
Swanson (Integral Closure of Ideals, Rings, and Modules. Cambridge University 
Press, Cambridge, 2006) was published, there has been more development in the 
area. This chapter is an attempt at catching up with that development as well as to 
fill in a few omissions. Some topics are worked out in detail whereas others are only 
outlined or mentioned. 


Keywords Integral closure * Rees valuations * Computing integral closure 
¢ Lipman-—Sathaye theorem * Multiplicity * j-multiplicity * Epsilon multiplicity 
¢ Monomial ideals * Goto numbers 
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1 Rees Valuations 


This section is an update of Chap. 10 of [19]. 

The constructions in Chap. 10 show that the set of the Rees valuations of J is 
contained in the union of the sets of the Rees valuations of J modulo each minimal 
prime ideal; the following shows that the other inclusion holds as well. 


Proposition 1.1 ((28]). Let R be a Noetherian ring and I an ideal in R not 
contained in any minimal prime ideal. For each P € Min(R), let Tp be the set 
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of the Rees valuations of I(R/P.). By abuse of notation, these valuations are also 
valuations on R, with {r € R: v(r) = co} = P. Then UpT? is the set of the Rees 
valuations of I. 


Proof. The standard proofs of the existence of the Rees valuations show that the 
set of the Rees valuations of J is contained in Up7Tp. We need to prove that no 
valuation in Up Tp is redundant. 

Let Q € Min(R) and v € To. By the minimality of the Rees valuations 
of [(R/Q), there exist n € N andr e€ R such that for all w € To \ {v}, 
w(r) > nw(1), yetr ¢ I"(R/Q) (ie., V(r) < nv(1)). Let r’ be an element of R that 
lies in precisely those minimal prime ideals that do not contain r. Then r + r’ is not 
contained in any minimal prime ideal, for all w € Tg \ {v}, w(r +1’) > nw(Z), and 
v(r +r’) < nv(1)). Let J’ be the intersection of all the minimal primes other than Q, 
let J” be the intersection of all the centers of w € Tg, and lets € J’N J” \ Q. By 
assumption on r, there exists a positive integer k such that for all w € To \ {v}, 


v(s) _ w(s) +1<k(“EEO ee), 
v7) w(t) w(T) v(7) 


Note that for all w € UpzgSp, w(s) = oo. Thus for all w € UpTp \ {v}, a _ 


als wertr’) _ vortr’) ; — oct) k og [m4 
7) +1< k( wl) we) Then with m = Lay ar + r’) g pmtl, 


yet for all w € UpTp \ {v}, w(s(r +1r’)*) = (m + 1)w(Z). This proves that v is not 
redundant. Oo 


Another basic new result is due to Katz and Validashti [21]. 


Theorem 1.2 (Katz and Validashti [21, Proposition 3.1]). Let (R,m) be a 
Noetherian local ring and I © R an ideal that is not contained in any minimal 
prime ideal. Then (1) = dim R if and only if some Rees valuation v of I has 
center on m and trdeg /,,(k(my)) = dim R — 1. 


Proof. Suppose that €(7) = dim R. By Proposition 5.1.7 in [19], there exists a 
minimal prime ideal P in R such that €(/(R/P)) = €(1) = dim R. Then by 
Burch’s theorem [19, Proposition 5.4.7], m/P is associated to 1” (R/P) for all large 
n, so that by Discussion 10.1.3 in [19], m/P is the center of some Rees valuation 
of 1(R/P). Hence by Proposition 1.1, m is the center of some Rees valuation of J. 

Conversely, suppose that m is the center of some Rees valuation of J and 
that trdegp/,,(kK(my)) = dimR—1. Let P = {r € R: v(r) = ov}. By 
the definition of the Rees valuations, P is a minimal prime ideal in R. By [19, 
Theorem 6.6.7], dim R = 1 + trdega,,,(k(my)) = 1 + trdeg¢/py/imjpy(K(my)) < 
dim(R/P), so that dim(R/P) = dim R. If we can show that the theorem holds 
for domains, then €(/(R/P)) = dim(R/P) = dimR, and since dimR > 
LU) => €U(R/P)), it follows that £17) = dim R. Thus it suffices to prove this 
direction in case R is a domain. By [19, Proposition 10.4.3], v is the contraction 
of a valuation w on R, actually on R /Q, where Q is a minimal prime ideal 
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in R with dim(R/Q) = trdegr,,,(k(m,)) + 1 = dim R. Furthermore, this w is a 
Rees valuation of JR and of IR /Q. Since R /Q is formally equidimensional, by 
[19, Theorem 10.4.2], we have that £(7(R/Q)) = dim(R/Q). But then dim R > 
L(1) = £U7(R/Q)) = dim(R/Q) = dim R, so we are done. Oo 


The following in particular proves that if (R,m) is a Noetherian local ring of 
positive dimension, the number of the Rees valuations of an ideal J in R is the same 
as the number of the Rees valuations of J R. 


Proposition 1.3 (Katz and Validashti [21, Lemma 5.1(b)]). Let (R,m) be a 
Noetherian local ring with completion R. Let Q € Min R be such that the integral 
closure of R/O is a discrete valuation ring. Let W be this valuation ring. Then 
the intersection of W with k(Q MN R) is the localization of the integral closure 
of R/Q (1 R at the contraction of the maximal ideal of W. 


Proof. The flow of the proof below, as well as of the proof in [21], uses some 
techniques from [24]. Neither the conclusion nor the hypotheses change if we 
replace R with R/Q ™ R, so that we may assume that R is a Noetherian local 
domain and ON R = (0). By [19, Proposition 6.4.7], V = WM k(Op) is a discrete 
valuation ring, and it contains the integral closure R of R. Let my be the maximal 
ideal in W, and M =myNR. 

If Q is the only associated prime ideal of R, then dim R = dim R = dimR = 1. 
Then M is a maximal ideal in R, so of height 1, and by the Mori—Nagata Theorem 
[19, Theorem 4.10.5], Rw C V are both discrete valuation rings; hence Ru =V. 
This proves the proposition in case Q is the only associated prime of R. 

For the rest of this proof we assume that there are other associated primes of R. 
Let q be the Q-primary component of OR. By prime avoidance there exists d’ in 
the intersection of all other primary components of ‘OR that is not in Q. Since the 
height of mk/Q is 1, necessarily g + d’ R is mk- -primary. Thus (gq + d’ Ryn 
R is m-primary. Let b be any non-zero element of this intersection. Then b is a 
non-zerodivisor in R and hence also in R. We can write b = a + sd’ for some 
aeéqandseé R. Let d = sd’. Thenb = a +d. Since QR = (0), it follows 
that d # 0. 

If d = rb for somer € R, then b(1 — r) = b-—d=a €q,andsince bisa 
non-zerodivisor in R, necessarily 1 —r € q, so that r is a unit in R. Thus d = rb is 
also a non-zerodivisor in R, which is a contradiction. Sod ¢ DR. 

Since there are no prime ideals strictly between Q andm R, any other prime ideal 
P in R does not contain Q. Since d is annihilated by a power of each element in 
Q, it follows that d is contained in every P-primary component. In particular, if m 
is not associated to R/DR, then bR= (DR :R m©)R = (bR :~ m°*) contains d, 
which contradicts the previous paragraph. Thus m is associated to DR. 

We write bR = I 1 J, where J is an m-primary ideal and / is the intersection 
of all other primary components. Since d isin every P-primary component, where 
P is a prime ideal in R different from Q and mR, thend € IR. As J ism- primary, 
we have (IR + JR)/JR = =(U7+ J)R/IR = = (1 + J)/J, so that we can write 
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d =i-—j forsomei € J andj € J.Theni-d=j€¢ JR, and both 7 and 
d are in TR, so thati —-d € IRON JR = DR. Thus (b,d)R = (b,1)R. Since 
b—d =a eq, then (b—d)d € qd = (0). It follows that 


2 = (i —d)* + 2(i —d)d +d? € (b*, bd, d?)R = b(b,d)R = b(b, i) R, 


so that i2 € b(b, i)R OR = b(b,i), and so i/b is integral over R. 

We now let D = R{[5]. Since D is module-finite over R, the completion 
of D (in the m- or mD-adic topology) is D= RE). Let K be the total os 
of fractions of R. Since i —d € R, then R C D = Ri] = Rit }¢ 
Since K is the localization of both R and D at the set of non-zerodivisors i in R, 
there is a natural one-to-one correspondence between associated primes of R and 
D: an associated prime ideal P in R corresponds to PK 1D. Also, by integral 
dependence, dim(R [P)= dim(D / PK 1D). Since d /b is integral over R /Q, 
W contains D /OK nD. Let P be the prime ideal in D which is the center 
of W modulo OK nD. In particular, P properly contains OK AD. Note that 
l1-—d/b = (b-d)/be OK A DB and that d/b is contained in all the other 
associated primes of D. Thus OK nD is the only minimal prime ideal in D that 
is contained in P. Hence by the established dimension equalities, P is a maximal 
ideal in D and the height of P is 1. Set P = PD. Since D is the completion 
of D and P is a maximal ideal in D, P = PD. Hence P isa height one maximal 
ideal in D. 

Recall that M = myOR. Necessarily MND = P,sothatas R C D = Rix] C 
R are integral extensions, M is a maximal ideal. Furthermore, Dp C Rp\ Pc 
Ry C V, the first inclusion is an integral extension, Dp is one-dimensional, so 
that R p\p is one-dimensional and integrally closed, hence a discrete valuation ring. 
Thus Rp\p = Ru = V. Qo 


Theorem 1.4 (Katz and Validashti [21, Theorem 5.3]). Let I be an ideal in a 
Noetherian local ring (R,m) that is not contained in any minimal prime ideal. Let 
w be a Rees valuation of IR with center mR, and let Q be the corresponding 
minimal prime ideal in R such that w is a valuation on «K(Q). Then w restricted to 
K(Q.1 R) is a Rees valuation of I with center m. The function 


Wr> Wle(fr ER:w(r)=co}) 


from the Rees valuations of I R with center onmR to the Rees valuations of I with 
center on m is a one-to-one and onto function. 


Proof. The function is onto by [19, Proposition 10.4.3]. By faithful flatness, g = 
Q 1 R is a minimal prime ideal in R. Set R’ = R/q. Since Q is a minimal 
prime ideal in R=R / qk, then by Proposition 1.1, w is a Rees valuation of J R’. 
If we can prove that the restriction of w to R’ is a Rees valuation of JR’, then by 
Proposition 1.1 the declared function is well defined. So by replacing R with R’ we 
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may assume that R is a domain, and it remains to prove that the function has the 
designated codomain and that the function is one-to-one. 

Let e = dim(R /Q). Since R is formally equidimensional, by [19, 
Theorem 10.4.2], (R/O) = e. Since the set of the Rees valuations of an 
ideal is the same as the set of the Rees valuations of any power of that ideal, by 
replacing J by its power we may assume by [19, Proposition 8.3.8] that / R /Q 


has a minimal reduction generated by e elements. By vector space avoidance, since 


reductions correspond to subspaces of I/mI, we may assume that J = (a),...,ds) 
such that (a1,...,a@-)R/Q is a minimal reduction of /R/Q and even that the 
images of a;,...,@¢ in the fiber ring of J in R are algebraically independent. Since 


(a\,...,d¢) is areduction of J, w(J) = w(a),...,a-). Let A be any of R, R, R/O. 
By [19, Corollary 8.3.5], the fiber ring of (a1,...,a¢)A is a polynomial ring in 
the images of a,,...,@- over A/mA. Thus the image of m in the Rees algebra 
A[(ai,...,@e)t] is a prime ideal. By possibly reindexing we may assume that 
w(d,...,ae) = w(a,). By analytic independence, ait ¢ mA[(a,...,ae)t], 
so that in the localization A[(a1,...,@e)t]a,+, the image of m remains a prime 
ideal. The homogeneous component of this localization of t-degree 0 is the ring 
AL fens and necessarily the image of m in that is still a prime ideal. Thus we 


can define U4 = A[@,..., ]n4[@ 


ae). When A = R/O, a, ...,de generate an 
a 


mR / Q-primary ideal, so that the prime ideal m(R / OF. fake | is minimal over 
the principal ideal generated by a1, so that Up R/O has dimension 1. By the set-up, W 
is the localization of the integral closure of Ug,,. In particular, the transcendence 
degree of k(my) over K(mUp / o) is zero. Other consequences are that W is a Rees 
valuation of (a),... Aerio and thus also of UR 9. Since URio is the quotient 
of Ug by the minimal prime ideal OK M Ug, where K is the total ring of fractions 
of R, it follows that W is a Rees valuation of (a),...,a@¢)U, and of [U,, with 
the transcendence degree of k(my) over k(mUg) being zero. Observe that the 
completions of Ur and Ug are identical. By [19, Proposition 10.4.3], there exist 
a minimal prime ideal O in Op R and a valuation ring W in the field of fractions 
of Or/O such that W is a Rees valuation of (ay,.. .,de)OR such that W is the 
contraction of W and such that dim(Op R/ O) - -1 equals the transcendence degree 
of K(my) Or over k(mU), namely zero. Thus Oi is a minimal prime ideal in Op such 
that dim(Op R/ O) = 1. Since Up r[' O is complete, its integral closure is local, so 
that W is the integral closure of Ur / 0. Hence by Proposition 1.3, the intersection 
of W and hence of W with K is the localization of the integral closure of Up. 
In particular, V is the localization of the integral closure of Re ees al at a 
prime ideal necessarily containing a), so that V is a Rees valuation of (a1,..., de). 
Furthermore, since w(/) = w(d;), 


Ue= R[...., 2] cu R[2,..., 2] CV, 
ay, a, 


so that 


336 I. Swanson 


and so by construction of the Rees valuations, V is a Rees valuation of J as well. O 


2 The Lipman-Sathaye Theorem for Reduced Rings 


In Sect. 12.3 of [19] we proved a version of the Lipman—Sathaye theorem for 
domains. This section here proves a generalized version for reduced equidimen- 
sional rings. In places the exposition here is almost a verbatim repetition of 
Sect. 12.3, with parts taken from Hochster’s generalization in [17]. One motivation 
for working out the details of the generalization is that in the literature there are some 
faulty applications of the domain case to reduced rings, with claims that Js RSCS 
whereas only Js/ RS CT] peMins 9/P can be concluded from the domain case. 
Throughout this section, let R be a universally catenary Cohen—Macaulay 
Noetherian domain of positive dimension, and let K be its field of fractions. Let 
X1,...,X, be variables over R, T = R[Xj,...,X,], and S = T/J for some 
radical ideal J, all of whose minimal primes have the same height n. We assume 
that R C S, that all non-zero elements of R are non-zerodivisors on S, and that 
each direct summand of the total ring of fractions L of S is finite and separable 
over K. (Hochster [17] calls the last property generically étale.) By [19, Proposition 
4.4.4], the Jacobian ideal Js;r of S over R is well defined. If g1,...,g, € J, 


we let gy denote the determinant of the matrix whose (i, /)th entry is Pet Thus 
J 
JS/R = {gy | Z1s---58n E TNs. 


Remark 2.1. The goal of this section is to prove that 
(S cz Jsjx) SS cz Jsyr. 


The following reduction is from [17]. Let t,,...,t, be variables over T, where k 
is very large. Let U be the subset of R[t,...,t,] generated by all polynomials 
in t,,...,¢; whose coefficients generate the unit ideal in R. Then U is a multi- 
plicatively closed set. Then R’ = U7'!R[ty,...,t,] is a faithfully flat extension 
of R that is a universally catenary Cohen—Macaulay Noetherian domain of positive 
dimension and with field of fractions K’ = K(t,...,t). The polynomial ring 
T’ = R'[X,..., Xn] over R’ is faithfully flat over T; for any ideal H in T, the 
primary decomposition of H extends to a primary decomposition of HT’, so that in 
particular J T’ is reduced and all prime ideals in T’ minimal over J T’ have height n. 
Furthermore, S’ = T’/IT’ = (T/I) @r R’ = S @p R’ is a reduced ring. The 
inclusion R’ C S’ still holds, and every non-zero element of R’ is a non-zerodivisor 
on S’. Every direct summand of the total ring of fractions L’ of S’ is finite and 
separable over K’. If we can prove the displayed formula for S’, L’, R’ in place 
of S, L, R, then by the structure of these extensions, 


(Sty JSR) S (S? sy Tap )ALS (S! tr Ise )AL SS ty Isyr. 
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Thus it suffices to prove the goal for R’, T’, S’. Let 7 = (a,...,a;). Fori = 
1,...,/, set ff = xi ujjaj;, where uj; are distinct elements of {t,...,t} (so 
k > 1), Then by genericity, (ft,..., f7)T’ = IT’, and any n of f{,..., fj forma 
regular sequence in 7’. Furthermore, let 0 be a prime ideal in T’ minimal over JT’. 
Since all elements of R’ are non-zerodivisors on S’, it follows that 0 1 R’ = 0, 
so that Tg, is a localization of K’[X,,..., X;,] at a prime ideal of height n, thus at 
a maximal ideal. Thus QT5 is generated by n elements (even if K is not infinite, 
e.g., Exercise 2.28 in [19]). But QOTo = ITo, so that again by genericity, any 
of fi,..., fi generate IT). 


Proposition 2.2. 1. S @p K isa direct sum of fields and for every prime ideal Q 
in T minimal over I, Ig = Qo has height n and To is a regular local ring of 
dimension n. 

2. Let Q € SpecT with I C Q. If g1,...,8, € I and (g1,...,8n): 1 EZ Q, then 
(Jsyr)o = gxSo. 
3. If 21,...,8n € I, then gy is not ina prime ideal Q minimal over I if and only 


if (iscsigGals 2 EO: 


Proof. Note that S @z K is a localization of S at the set of all non-zero elements 
of R, so that K C S @r K C L. Since L is module-finite over K, so is S ®r K, 
so that S ®r K is a reduced zero-dimensional ring, hence a direct sum of fields. 
Necessarily S ®@r K = L. A prime ideal Q in T minimal over J corresponds 
to a minimal prime ideal in S', and since Sg is a field, necessarily Jg = Qo. 
By assumption this has height n. Since non-zero elements of R are non-zerodivisors 
on S, necessarily QM R = (0), so that Tg is a localization of K[X1,..., Xn] and 
is hence regular. 

To prove (2), note that (Js;r)o = Jso/r by Corollary 4.4.5 in [19]. By 
assumption (g1,...,gn) : J Z Q it follows that Jo = (g1,...,8n)g, so that 
by independence of Jacobian ideals of the presentation (Proposition 4.4.4 in [19]), 
(Jsjr)o = &xSo. 

Suppose that (g1,...,g,) : J is not contained in Q. Then by (2), 
(Jsjr)o = gxSo. By the Jacobian criterion [19, Theorem 4.4.9], since So 
is a domain, (Js/r)o iS non-zero, so that gy is not contained in Q. This 
proves one direction in (3). Conversely, suppose that gy is not contained in 
a prime ideal Q minimal over J. Since ht(g;,...,g,) < n, the Jacobian 
ideal of T/(g1,...,%n) contains det ( #£). Thus by the Jacobian criterion [19, 
Theorem 4.4.9], (T/(g1.---,8n))o is regular. However, (T/(g1,...,8n))o is 
the localization of K[X1,...,Xn]/(g1...-,8n) at the image of Q, so that as 
K[X1,..., Xn] is regular, necessarily (g1,...,8n)Q is generated by part of a 
minimal generating set of Qg. But then if the height of (g1,..., 2n)o is strictly 
smaller than n, we have that gy = det (#) has zero image in Sg, so that gy € Q, 
which is a contradiction. This proves (3). oO 


Proposition 2.3. With notation as in Remark 2.1, the Jacobian ideal Jsr;p’ is 
generated by elements gy such that g1,..., Zn is a regular sequence in IT' and 
such that gy is not in any prime ideal minimal over IT’. 
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Proof. As in Remark 2.1, IT’ = (fi,...,f,)T’, and any n of fi,..., f; form 
a regular sequence in /T’ and generate /T’ generically (after localizing at each 
prime ideal minimal over IT’). Certainly Js/p is generated by gy as g1,..., Zn 
vary over n elements of { f1,..., f7}. Since locally at each prime ideal OQ minimal 
over IT’, (g1,...,8n)o = ITO, it follows that (g1,...,gn) : I Z Q, so that by 
Proposition 2.2(3), gy is notin Q. Oo 


Definition 2.4. We say that g = g1,...,g, € I is an acceptable sequence if 
£1,---,8n form a regular sequence and if gy is a non-zerodivisor modulo /. For 
an acceptable g1,..., 2, € J we define an S-homomorphism @z : ((g1,..-.8n) : 
T)/(@1,...,8n) — L as follows: if u € (g1,...,2,) : J Yepresents a os 
U € ((g1,---,8n) : T)/(g1,.--,8n), define (by abuse of notation) Qgu) = = 

where this fraction is in L. We set M, to be the image of gg. Similarly we define: an 
acceptable sequence in JT’. 


A key point in the theorem of Lipman and Sathaye is the following: 


Proposition 2.5. If g and h are acceptable sequences in IT’ (where k is large 
enough), then M, = Mn. 


Proof. For two acceptable sequences g and h in T' we define a distance P(g, h) 
between them as the minimum integer s such that for some invertible matrices 
E, and E>, with coefficients in T’ and for some ws41,...,Wy in T’, gE, = 
(Bisco ney es Webdy e ei 5 We) ON By = (Wi 5021 Wediyes ns Wa): ~ 

We prove the pioposition by induction on lg, h). If alg. h) = 0, then it is easy 
to check that M, = My, as there is an invertible matrix E such that g= hE. 

We need to do the case p(g,h) = 1 separately. By possibly multiplying 
by invertible matrices, we may assume without loss of generality that g = 
(V1..--.¥n-1.g) and h = (yj,..., Yn—1,h). Let u € (g) : I, and write ~ 


n—-1 


uh = yrs + vg. 


i=1 


It is straightforward to check that J- = ;—. We claim that v € (h) : 1. Multiplying 
the displayed equation by an arbitrary element z € J yields zuh = aa ri ViZ+VQZ. 
Aszé/andueé (g) : I, there is an equation zu = ae Si¥i + sg, and upon 
substitution in the preceding equation one obtains that 


g(sh — vz) € (1,--+, Vn—1)- 


Since g = )i,..-, Yn—1, is acceptable; this is a regular sequence in T’, so that 
sh —vz € (y1,.-+, Yn—1). It follows that vz € (4) and hence that v € (h) : J. Note 


that M, is generated by elements = as u ranges over elements of (g) : J. Since 


= = i and v € (h) : J, this proves that Mz © Mp. By symmetry we obtain that 


Mn = Mg. This finishes the case p(g, h) = 1. 
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Suppose that p(g,) = m > 1. We may assume that g; = hj; fori > m. 


Let J = (a,...,a;). Letb = )_, ujaj, where w,...,Un € {t1,...,t¢} such 
that these variables do not appear in any g;,h;. Then g’ = b, go,...,g, andh’ = 
b,ho,..., hy are regular sequences, and since gy, /y are not in any minimal prime 


ideals over J, the same must be true for gy an hy. Thus g and h’ are acceptable 
sequences. Since p(s’, &) < 1, we have proved that M, = My. Similarly M;, = 
M,,. By induction on p, , My = Mjy, so that Mz = Mp. oO 


Definition 2.6. Whenever R, S,T are such that the S-module M, is independent 
of the acceptable sequence, we emphasize that with writing M, as Ks;r. 


The notation K5;p is meant to suggest a relative canonical module, which is the 
role this module plays in the proofs. 


Proposition 2.7. Let g be an acceptable sequence. Then 


I. ((g) ir INN = (g). 

2. The map og : (g :r 1)/(g) — L is injective. In particular, (g :7 1)/(g) = 
Ks;p. ~ 

3. Kgrjrr S (S! ty Js//R'). 

4. If S is normal and g is acceptable, then Mg is a reflexive S-module. 

5. Assume that S is normal and that for every height one prime Q of S, Ronr is 
regular. Then Ksrjx = S' ty Jsv jp’. 


Proof. Certainly (g) © ((g) :r 1) J. Let Q be associated to (g). Since g is a 
regular sequence and T is Cohen—Macaulay, ht Q < n.If J © Q, then Q is minimal 
over I, so that by acceptability, (((g) :r 1) N I)o = To = (g)o. If J E Q, then 
(((g) :r 1) Tg = (g)o- Thus (1) holds. 

Let u € (g: F A) ie tea the class of an element @ in ((g) ‘r T)/(g). 
If y,(@) = 0, then uw’ = 0 and hence uw € J. Hence u € ((g) cr INT. By 
(1) this means that u € te) so that 7 = 0. Thus @, is injective. The last part is 
immediate. 7 7 

To prove Ks7/z © (S' tz Jsv/p), by Remark 2.1 it suffices to prove that for any 
&x where g is acceptable, gy Ks’jr © S’. But by Proposition 2.5, Ksjr' = Mg, 
and then (3) follows trivially. 

Assume that $ is normal. The S-module M, is reflexive if and only if it is 
reflexive after localization at all prime ideals P (in S) with depth Sp < 1 and if 
depth(M,)p > 2 for all prime ideals P with depthSp > 2. Since S is normal, 
depth Sp < 1 means that ht P < 1; whence Sp is a regular local ring of dimension 
0 or 1, so that every torsion-free S p-module is reflexive. But (M,) p is a subset of the 
quotient field Lp of Sp; whence it is torsion-free, hence free, and hence reflexive. 
Now assume that depth Sp > 2. Let QO be a prime ideal in T such that O/J = P. 
Then ht(Q/J) > 2, and for any acceptable sequence g, depth(T/((g) :r I))o = 1 
since g is generated by a regular sequence and T is Cohen—Macaulay. Likewise, 
depth(T/ &)o = 2. The exact sequence 


0 ((g:r 1)/(g))o > (T/8)0 > (T/(E ‘7 Io > 0 
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then gives depth M, = depth(g :r 1)/(g))o = 2. Hence M, is reflexive. 

By (3), Ksv/r © (8? 37 Js7/r’), and by (3), Ksv/r is a reflexive S’-module. 
Suppose that the two modules are not equal. Then there exists a prime ideal Q in 
S’ minimal over the quotient module M = (S' :1 Jsjr’)/Ks/jr’, so that Mg 
has finite length. If depth S 0 > 2, we can choose a regular sequence a,b € S$ 0 
in So and u € (S’ tL Js7r')o \ (Ks’/r’ Jo; such that au, bu € (Ks’/r)o- By 
reflexivity, Ks:;r' = Homs-(Homs’(Ks57/pr, S’), S’), and since a, b is regular on 
So, it is also regular on (Ks’/p’)9. Thus b(au) = a(bu) € (Ks/r’)o implies 
that au € a(Ks7/r')o; whence u € (Ks’/r’)g, which is a contradiction. So we 
may assume that depth S$ 0 < 1. Since S’ is normal, this means that ht Q < 1. Set 
q = ON" RK’. By assumption, R/, is regular, and as S’ is normal, S¢ is also regular. 
Lift Q to a prime ideal Q’ in T;. Since Tg, and Sg = To,/Ioy are regular, Ig, is 
generated by a regular sequence, say g1,...,%n, which we may assume are in J. 
Then (g1,..., 1): J Z Q’, and Proposition 2.2(2) shows that (Js’;r’)o = gy So- 


Hence (S’: ad JsR)O = = (So: tb (Js'7r)o) = (+) So ‘ and since (21,--+,8n): 


I contains an element not in Q’, it follows that M, = (44) 51 S/,, proving the desired 
= &x 
equality. oO 


We next compare Ks5/r and Kg;pr where B is a finite extension of S with the 
same field of fractions. 


Remark 2.8. Let y € L \ S be integral over S. Set B = S[y]. Extend the map 
of T onto S to an epimorphism g : T[Y] — B. Let H be the kernel of g. Clearly 
HT =T. Since the fields of fractions are the same, H contains an element of 
the form aY — b, where a,b € T,a ¢ I, and by integrality H contains a monic 
polynomial in Y with coefficients in T. Let h be such a monic polynomial of least 
possible degree m. We suppose below that S has sufficiently many units (say S is 
actually S’ from Remark 2.1). 


Suppose that g is an acceptable sequence for J. The sequence i = 21,.--,8n,h 
is clearly a sequence in Q having height n + 1| and the Jacobian gy y = exe. 
If H is not contained in any prime ideal minimal over H, then g* is an acceptable 


sequence for H. Now suppose that ae is contained in some prime ideals minimal 
over H. Let c € T[Y] be contained precisely in those prime ideals minimal over H 
that do not contain a Since a is not contained in any prime ideal minimal over [ 
or over H, then for some sufficiently general unit uw in S (this is the assumption), 
Hiseutay = b) = ah + ca is not contained in any prime ideal minimal over H. Since 
y¢ s. it follows that m > 2, so by replacing h with h + cu(aY — b)) we assume 
that 2 “ is not contained in any prime ideal in T[Y] minimal over H. 


me now have the map from ((g*) : H)/(g*) — L given by v € ((g*) : H) goes 


to We denote the image of the map by M,+ 


(gy = yy 
Lemma 2.9. Let the notation be as above. Then Mg* © Mg. Precisely, for every 
v € (g1,..-,8n,A)T[Y] rp H, there is an element u € (g1,...,8n)T 7 I such 
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that 
} 
v= ue mod Q. 


Proof. By polynomial division we may write v = hw+a,¥"~!+a,Y¥" +--+ -+am 
for some w € T[Y] anda; € T. Since vl C vA C (g1,...,8n,4)T[Y], this 
forces (a; ¥"~! + ag¥™~? +++» + am)I C (g1,...,8n,2)T[Y]. By degree count, 
(ay¥"" + agp¥" 7 +--+ am) CS (g1,-.-,8n)T[Y], and since g1,...,2, € T, 
it follows that a),...,@m © (£1,---,2n)- 

We must also have that v(aY — b) € (g1,...,8n,h)T[Y]. Thus (a;¥"! + 
ayY"~* +++» + dm)(aY — b) = (v—hw)(aY —)) € (g1,...,8n, h)T[Y]. Since 
(a,¥""! + ag¥™? +-+++ am)(aY — b) is a polynomial in Y of degree m with 
leading coefficient aa,, we have that (v—hw)(aY — b) —aajh € (g1,...,8n)T[Y] 
is a polynomial of Y -degree at most m — 1. Differentiating wu fespect to Y gives 
that (v — hw)a — aya He = 0 modulo H or even that va — aja} an = 0 modulo H. 


As a is a non-zerodivisor in S[y], it follows that v = a, a modulo Q. oO 


Theorem 2.10 (Lipman-Sathaye Theorem). Let R be a universally catenary 
Cohen—Macaulay Noetherian domain of positive dimension, and let K be its field of 
fractions. Let X,,..., Xn be variables over R, T = R|X,,..., Xn], and I a radical 
ideal in T, all of whose minimal primes have the same height n. Set S = T/I. We 
assume that R C S, that all non-zero elements of R are non-zerodivisors on S, that 
each direct summand of the total ring of fractions L of S is finite and separable 
over K, and that for all prime ideals Q in S of height one, Ronr is a regular local 
ring. Furthermore we assume that the integral closure S of S is a finitely generated 
S-module. Then 


(S cz Jgyx) SS tx Jsyr. 


In particular, Js/rS Ee §. 
Proof. By Remark 2.1 we may switch to R’, T’, S’ in place of R, T,S. Then K = 
S/R = Mg is independent of acceptable sequence g for S. Fix one such g. We 


write S = S[y,...,y/] and use Lemma 2.9 repeatedly. This lemma shows that 
there is an acceptable sequence Ee for S such that Mg» C Mg. By Proposition 2.7 


we have an equality S :, Tyr = Kyjr = Mg», and by definition Ks;r = Mg. 
Hence M, C M, gives that 7 - 


Ste J5ir © Ksjr SS ti Isr. 


The last containment follows since S C (S :1 JZ /R)- Oo 
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3 Improvements for Computing the Integral 
Closure of Rings 


Chapter 15 of [19] presents de Jong’s [8] algorithm for computing the integral 
closure, as well as some modifications due to Vasconcelos and to Lipman. Those 
algorithms work by successively finding more and more elements in the integral 
closure until the ring is integrally closed. Since publication, there have been two 
new developments: an improvement of de Jong’s algorithm due to Greuel et al. [13] 
and a very different algorithm due to Leonard and Pellikaan [22] and Singh and 
Swanson [27]. We present the two in chronological order. 

Leonard and Pellikaan [22] devised an algorithm for computing the integral 
closure of weighted rings that are finitely generated over finite fields, and Singh 
and Swanson [27] generalized the method to affine equidimensional reduced rings 
over perfect fields in positive prime characteristic. This new algorithm starts with a 
special module containing the integral closure and then successively constructs sub- 
modules that eventually stabilize in the integral closure. In general the descending 
chain condition does not hold between the integral closure and the initial module, 
but the particular descending chain of submodules does stabilize. The algorithm is 
now implemented both in Macaulay2 and in Singular, and it sometimes terminates 
much faster than the other implementations. 

The algorithm is based on the following theorem: 


Theorem 3.1 ((27, Theorem 1.1]). Let R be a reduced ring that is finitely gen- 
erated over a computable field of characteristic p > 0. Set R to be the integral 
closure of R in its total ring of fractions. Suppose that D is a non-zerodivisor in the 
conductor ideal of R, i.e., that D is a non-zerodivisor with DRCR. 


1. Set Vo = bR, and for e = 0 inductively define 
Vegi ={f eve | f? € Ve}. 


Then the V, are algorithmically constructible modules. 
2. The descending chain 


Yo 2V, 22D V32°-:: 
stabilizes. 
Tf Ve = Ve+i, then Ve. equals R. 


Proof. For every e => 0, the module DV, is a submodule of DVo and hence of R. 
Thus U, = DY, is an ideal in R. Certainly Up = R, and for any e > 0, 


Ues1 = {r €U. |r? € D? Uz}. 
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Let F : R — R be the Frobenius homomorphism taking r to r?, and let 7 : R > 
R/D?~'U, be the canonical surjection. Then the kernel of x o F is computable, 
and as U.4,; = U.  ker(z o F) is computable. Thus V4; is computable. 

Certainly the chain is a descending chain, and if Ve = V.41, then V. = V; for 
alls > e. 

By assumption, R C Vo. Suppose that R C V,. Let f € R. By assumption 
f € Ve, and since R is aring, also f? € R C Ve. Thus f € Ve41, which proves 
that R Cc Vo+1 : 

Let v),..., Vs be the Rees valuations of the ideal DR, i.e., v; are valuations such 
that for each n € N, D’R = {r € R | v;(r) = n;(D) for eachi}. Let e be a 
positive integer such that p° > v;(D) for each i. We claim that V, C R, i.e., that 
Ve = Vo4r1R. Let f € Ve. We can write f = r/D. By definition, (r/D)?° € Vo = 
ZR, so that r?° € D?*—!R. Thus for alli = 1,...,5, 


ped 


1 e 1 e 
vi(r) = —v;(r") = —v;(D?") = ve(D) > ¥(D)=1, 

ic pe 
Since v;(r) and v;(D) are integers, it follows that v;(r) => v;(D) for each 7. 
Thus r € DR C DR. In integrally closed rings, principal ideals | generated by 


non-zerodivisors are integrally closed, so that r € DR; whence f € R. Oo 


How does one make an algorithm out of this theorem if the underlying field k is 
perfect? Once D is found as in the hypotheses of the theorem, the proof shows how 
the rest is straightforwardly algorithmic. Thus the question is how to find such a D 
algorithmically. 

Write R = k[x,...,Xn]/(fi..--, fn). Leth = ht(fi,..., fn). Let Jr/x 
be the Jacobian ideal of R over k, i.e., Jr /k iS an ideal in R generated by the 
determinants of all the x h submatrices of the Jacobian matrix (df; /0x;). By 
the Jacobian criterion (Theorem 4.4.9 in [19]), since R is reduced, Jr/, contains 
a non-zerodivisor. Let D be the determinant of some h x h submatrix of the 
Jacobian matrix. By sampling random h x h submatrices or approaching them 
in order, we eventually get to a non-zero D. Note that 0 :z D is non-zero if 
and only if D is a zero divisor. In case that D is a zero divisor and not zero, 
both 0 :r D and 0 :r (0 :r D) are non-zero radical ideals of height zero, and 
R = R/(O:r D) x R/(O:r (O:r D)), and it suffices to compute the integral 
closures of R/(O :p D) and R/(O :x (0 :r D)) that are equidimensional and 
have strictly smaller fewer minimal prime ideals. Thus we have reduced to the case 
where D is not a zero divisor. By Theorem 2.10, D multiplies the integral closure 
of R into R. Thus by applying Theorem 3.1 we construct Vo, Vi,... with this D, to 
eventually get the stable value V, = R. 

We now turn to another new development in the computation of integral closure. 
The improvement due to Greuel et al. [13] is as follows. Start with an affine domain 
R over a perfect field k. Compute the Jacobian ideal Jr /; of R over k. With the help 
of Serre’s conditions (Theorem 4.5.7 in [19]) determine if R is integrally closed. 
If it is not, then compute J = VIR/k and R; = Homr(J, J). This Ri is a ring 
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strictly larger than R and contained in R. So far this is the same as de Jong’s original 
algorithm. But the big saving comes next: 


1. The Jacobian ideal of R; over k is up to radical the same as JR), so that by 
Serre’s conditions (Theorem 4.5.7 in [19]), Rj is integrally closed if and only if 
JR, has grade at least two. 

2. If Ry is not integrally closed, rather than repeat the procedure that we did 
before on R now on Rj, we can instead use J, = »/JR), and compute 
Ro = Homa, (J1, J). 


Note that this improvement allows us to skip the very time-consuming step of 
computing the Jacobian ideal for R}. 

Similarly, once R, is computed, it is integrally closed if and only if JR, has 
grade at least 2, and if it is not integrally closed, then we compute J,4; = /JRy 
and Ryj41 = Homa, (Jn+1; Jn41). 

Greuel et al. [13] make further improvements. Namely, to recognize Homa(J, J) 
as a ring rather than as an R-module, the standard algorithms use the following 
identification: Homr(J, J) = +(d J :r J) for any non-zerodivisor d € J (Lemma 
2.4.3 in [19]). Thus in particular for alln, Rp41 = 4(dJn tr, Jn). This is of course 
computed in the ring R,. But by expressing R, = lu and J, = 1H for some 
non-zerodivisor e and some ideals U and H in R, [13] gives the following: 


Theorem 3.2 (Theorem 3.5 in [13]). With notation as above, 
1 1 
Rn4i = =(dJn tr, Jn) = —(edH :r A). 
d ed 


Thus R,,+41 is computed in R rather than in Ry. 


Proof. Letr € (dJn tr, Jn). Write r = « for some a € U. Then 4H = edn Cc 
dJ, = d#, so thataH C edH; whencer = : € ‘(edH :r ). This proves that 
4(dJn tr, In) S AledH pr A). 

Now let r € (edH :r H). Then rH C edH, so that rit = d#, ie., that 
oJn © dJn. Since d € Jn, it follows that 5d € dJ,, and as d is a non-zerodivisor, 
5 € Jn © Ry. Hence 5 € (dJy tr, Jn). This proves that a (edH tp H) CS 
4(dJn Ry Jays oO 


Thus the computation of R,4, can be done in R rather than in R,,; however, the 
computation of J, = /JR,, must still be done in Ry. 

In positive prime characteristic p, to compute the radical of JR,,, Greuel et al. 
[13] use the following. Write R, = LU as before. Then 


Jn ={f © Ri: f” € JR, for some positive integer m} 
={feR,: f™ € JR, for some power m of p} 


= \- :r €U,r™ €e™'JU for some power m of p} . 
e 
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For any power m of p, {4:r ¢U,r" € e”—! JU} can be computed as the kernel 
of a composition of a Frobenius map with a surjection to R/(e”!JU). Thus J, is 
a union of these computable ideals, as m varies. Since R is Noetherian, only finitely 
many m are needed; by Hermann [16] or Seidenberg [26], there is a huge a priori 
upper bound on m depending on the number of variables in R and the degrees and 
the number of generators of J and of the presenting ideal of R. However, in practice 
it may still be best to compute J, in R, rather than in R. 


4 Integral Closure with a View Towards Constructive 
Mathematics 


This section is motivated by Lombardi’s paper [23] and Grinberg’s post [14] and 
only imports a few of the results written by them. 

It is of interest that both papers generalize the definition of integrality. The 
following version is taken from [14]. Let R C S be an inclusion of rings. For 
each m € No let J,, be an ideal in R, and assume that J) = R and that for all 
m,m', InI;,, © In+m'. Then x € S is n-integral over (R, {Im}m) if there exists 
an equation (of integral dependence) x” + a)x"~'! +--+ + a, with a; € 1; for 
each j. This notion of integrality is, after some translation of language, the same as 
the old notion of integrality of the ring S[t] over the Rees ring over R associated to 
the filtration {J,,};3; thus we do not describe these notions further here. It should be 
mentioned that some of the proofs about basic facts on integral closures are more 
streamlined with the new definition. Interested reader can go directly to the sources. 

The rest of the section proves some interesting results encountered in the two 
papers. 


Theorem 4.1 ({14, Theorem 2]). Let R C S be rings; let dao,...,d, € R, x € S, 
such that Y~'_aix' = 0. Then for any k € {0,...,n}, ya ai+Kx! satisfies an 
equation of integral dependence of degree n over R. 


Proof. Letu= ye aj+ex'. Then 


n—k 


n k-1 
x*y = > aisex't* = Yo aix' — — So ajx'. 
i=0 i=k i=0 


Thus fort € {k,...,n}, x'u = =F, a;xit@-*), and fort € {0,...,k — 1}, 
xtu= aa ai+xx'*', which shows that fort = 0,...,, x'u € )7/_, x' R. Note 
that U = )~"_, x'R is a faithful finitely generated R-module; we just showed that 
uU C U, so that by [19, Lemma 2.1.8], uw is integral over R and it satisfies an 
equation of integral dependence of degree n. Oo 
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The following is due to the classical Dedekind—Mertens Lemma (see Sect. 1.7 in 
[19], where it should have been stated explicitly). It is also related to [19, Lemma 
2.1.19]. 


Theorem 4.2 (Kronecker’s Theorem). Let R be a ring and X a variable over R. 
If f € R[X] factors as 


r= (Sax') Sb x! ; 
i=0 i=j 


then for alli € {0,...,m}andall j € {0,...,n}, a;b; is integral over A. 


Theorem 4.3 (Kronecker’s Theorem). Let k be afield, let Xo,...,Xm,Yo,-.--sYn 
be indeterminates over k, and fork = 0,...,m +n, let Z, = are X,Y). 
Then for all i € {0,...,m} and all j € {0,...,n}, X;Y; is integral 
over k[Zo,..-, Zm4unl- 


Theorem 4.4 (Theorem 22 in [14]). Let R C S be rings, and let x,y,z € S. 
Suppose that z is integral over R[x] and over R[y]. Then z is integral over R[xy]. 


Proof. Reasoning very similar to the one for [19, Proposition 2.1.16] shows that 
we may assume that R and S are domains. Let v be a valuation on the field of 
fractions of R[xy] that is non-negative on R[xy]. Then v is non-negative either on 
R[x] or on R[y]. Hence by assumption v(x) > 0. Since v is an arbitrary valuation, by 
[19, Proposition 6.8.14], z is integral over R[xy]. Oo 


Remark 4.5. Another related paper in the constructive spirit is [1] due to Barhoumi 
and Lombardi. The Traverso—Swan theorem says that a reduced ring R is semi- 
normal if and only if the canonical map PicR — PicR[X] of Picard groups is an 
isomorphism. The paper [1] gives an explicit algorithm for obtaining from a given 
set of generators a sequence of elements c),...,C,, that generate the overring and 


such that for all i, c?,c? € R[ci,...,¢i-i]. 


5 Multiplicity and Monomial Ideals 


In this section, let k be a field, X;,..., Xq variables over k, and let R be either 
k[[X,..., Xa]] or k[X1,..., Xa]. 

In [19, Proposition 1.4.2] it was proved that the integral closure of a monomial 
ideal is monomial. Not all monomial ideals have monomial reductions, however, 
say for example (X*, XY”, Y°). In this section we address the question of when the 
integral closure of a not-necessarily monomial ideal in R monomial. We restrict our 
attention to zero-dimensional ideals. A characterization for such ideals was given 
by Saia in [25] for the ring of convergent power series over C. An algebraic proof 
for C[[X1,..., Xa]] was given by Bivid-Ausina in [2]. The treatment below follows 
that of [2], using multiplicities. 
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We start with a geometric result for multiplicity of monomial ideals. 


Theorem 5.1. Let I be a zero-dimensional monomial ideal in R. Then eI) = 
d! vol I, where vol I is the complement in R{, of the Newton polyhedron NP(1) 
of I. 


Proof, For any monomial ideal J, define E’(J/) to be the set in ZZ So of all exponent 
vectors of monomial elements of J, and let E’(J) = E(J) + Ry c RE By the 
structure of the integral closure of monomial ideals, say by discussion a page 11 
of [19], lim, LE(I") = = NP(J), LE(I") C NP(J) for all n, and for sufficiently 


divisible n, +E dU") Zé = NP) y hae By the definition of multiplicity, 


d! R d! R 
e(/) = lim, x = lim, Xr 1 
( ) nd (=) né (=) ( ) 
d! 
= lim, — “a (number of integer lattice points in RZ $9 \ EU")) (2) 
d! n) 
= lim, = (number of + integer lattice points in see (3) 
n 
a5 
_  humber of + integer lattice points in R¢ So \ 
= d! lim, (4) 
né@ 
Any + integer lattice point (a, 1+, Q@q) in Ro, \ AY) determines a unique 
d-dimensional box whose 2¢ vertices are 4 (ar + €1,...,@q + €q), AS &1,...,&d 


vary over the set {0,1}. This box has volume +. The union of all such boxes 
tu ) 


d 
contains R¢, \ 


contains NP(/) n Z,, Thus vol J, the volume of R!, \ NP(/), is at most (and 
approximately) 


Bus 


number of 1 integer lattice points in RZ ara 
d 
n 


But lim, 1 |; EU") = NP(J), so that by Riemann integrals, the conclusion follows. 0 


Theorem 5.2 (Saia [25], Bivia-Ausina [2]). Let I be a (X,,...,Xq)-primary 
ideal in R. Let NP(1) be the convex hull in R¢ of the set of all d-tuples (e,,..., ea) 
such that X;'-+-X%" appears with a non-zero coefficient in some element of 1. 
(This set is called the Newton polyhedron of I and generalizes the same notion for 
monomial ideals.) Then the complement of NP(1) in RZ, has finite volume vol(1). 


If d! vol(1) = e(1), then I is a monomial ideal. 


Proof. Let J be the monomial ideal in R generated by all the monomials that appear 
with a non-zero coefficient in some element of J. Then J C J, and NP(J) = 
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NP(J/). By Theorem 5.1, d! vol(J) = e(J/), so that by assumption e(J) = e(/). 
If R is local (if it is a power series ring), then by the Rees theorem (11.3.1 in [19]), 
I = J, which is monomial by [19, Proposition 1.4.2]. If R is not local, say if it 
is the polynomial ring, then J = J holds locally after localizing at the unique the 
maximal ideal that contains J, and hence it holds globally. Oo 


In Saia, the condition for the integral closure of a (X1,..., Xqa)-primary ideal 
being monomial is phrased in terms of non-degeneracy of its Newton polyhedron. 
We do not discuss degeneracy of Newton polyhedra. 


6 Epsilon and j -Multiplicities 


At the end of Sect. 11.3 in [19], we defined j-multiplicity and stated one theorem 
without proof. Since then, there have been more activity on j-multiplicities and a 
generalization to ¢-multiplicities. We briefly indicate some of that development. 

An equivalent formulation of j-multiplicity of an ideal J in a Noetherian local 
ring (R,m) of dimension d is as 


; ; (d— 2) 4 qT" 
JU) — im nd AR H,,, yr+t : 


where H°(M) is the Oth local cohomology of a module M with support in m; 
namely it is the submodule of the module M generated by all elements that are 
annihilated by a power of m. 

Katz and Validashti [21, Theorem 3.9] proved that if 7 has analytic spread 
equal to the dimension of the ring, then j(/) can be expressed as an integer-linear 
combination of the v-values of J, as v varies over all normalized Rees valuations 
of J. They also prove in [21, Corollary 3.11] that for all positive integers n, 
FO) = nM . 5(1)., 

Jeffries and Montafio [20] recently proved that with the proper definition of 
a truncated volume of a SOE nee analy bounded complement of the Newton 
polyhedron of an ideal in Rea, for any monomial (not-necessarily zero-dimensional) 
ideal J in a polynomial ring, j(/) equals d! times this volume. This generalizes 
Theorem 5.1. 

Ulrich and Validashti generalized the j-multiplicity to modules in [29]: if E isa 
submodule of a free finitely generated R-module F = R°, then the j -multiplicity 


of E is 
n—1 i : 
; ; (d Ae = Ei Fr 
J(E) = lint ay ndte-l "Dre (H Eiti fFn-i-l 
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where the products are as in Sect.16.5 of [19]. (That section is about the 
Buchsbaum—Rim multiplicity.) In fact, j-multiplicity of modules contains both 
the j-multiplicity of ideals and the Buchsbaum—Rim multiplicity to modules, 
and correspondingly [29] contains characterizations of integral dependence via 
j-multiplicity. 

In [21] Katz and Validashti pursue a modification of j-multiplicity for ideals, and 
in [29], Ulrich and Validashti pursue a modification of j-multiplicity for modules 
as above: the ¢ multiplicity of E is 


_ (d+e-—D)! 0 ( F 
é(E) = HEUSUP  yate-l : AR H,, En ; 


Both [21, 30] prove another characterization of integral dependence (under certain 
assumptions) using this new multiplicity, and non-vanishing theorems. Jeffries and 
Montajfio [20] present the ¢ multiplicity of a monomial ideal in terms of a certain 
volume. 

Cutkosky [7] proved that under some assumptions, such as depth R > 2 and R 
is essentially of finite type over a field of characteristic zero, in the definition of ¢ 
multiplicity, “limsup” can be replaced with “lim’’. 


7 Grading 


Huneke and Swanson [19, Theorem 2.3.2] proves that the integral closure of a N¢ x 
Z°-graded ring R inside a compatibly N¢ x Z°-graded ring S is graded as well. 
Shiro Goto pointed out the following shorter proof. 

For this proof we assume (or one could give a proof simpler than that of Theorem 
2.3.2) that if A is a subring of B, and if A’ = A[X),..., Xa+e, Briar — Xitel 
and B’ = B[X,..., Xa+e. baer roa pXg rol are N¢ x Z¢-graded by monomials 
in the variables X),..., Xg+e, then the integral closure of a homogeneous subring 
of A’ in B’ is N¢ x Z¢-graded. 

Now let G = N¢xZ?. Then the group R[G] is R[X1,..., Xat+e,X744+-+-» X74 el 
If R is also G-graded, define yg : R — R[G] to be the homomorphism that takes a 
homogeneous r € R of degree g tor - g € R[G]. Similarly define gs. 

By a previous paragraph, when we think of R[G] as G-graded by monomials 
in X1,..., X¢+e, then the integral closure of R[G] in S[G] is G-graded. Now let 
s € S be integral over R. Applying gs to the equation of integral dependence 
of s over R shows that gs(s) is integral over R[G]. Thus all the homogeneous 
components of gs(s) are integral over R[G]. But the homogeneous components of 
@s(s) are precisely of the form h -m, where h is a homogeneous component of s in 
S and m is amonomial in X1,..., Xg+e, baronet prea Pa But then by writing out 
the equation of integral dependence of h-m over R[G] we get that h, an arbitrary 
homogeneous component of s, is integral over R. 
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8 Goto Numbers 


In this section (R,m) is a Noetherian local ring. The Goto number of a parameter 
ideal Q is the largest integer q such that Q : m is integral over Q. These numbers 
were explored in [3, 12, 15,31]. The motivation for Goto numbers came from the 
following result that predates [19]: 


Theorem 8.1 (Corso et al. [6], Corso and Polini [4], Corso et al. [5], Goto [9]). 
Let (R,m) be a Cohen—Macaulay local ring of positive dimension. Let Q be a 
parameter ideal in R and let I = Q : m. Then the following are equivalent: 


Las ol, 
2. The integral closure of Q is Q. 


3. R is a regular local ring and u(m/Q) < 1. 


Thus J? = QI if (R,m) is a Cohen—Macaulay local ring that is not reg- 
ular. Furthermore, when this is the case, the associated graded ring gr,;(R) = 
R{It]/TR[It] and the fiber ring R[/t]/mR[It] are both Cohen—Macaulay. If in 
addition dim R > 1, it follows that the Rees algebra R[/t] is a Cohen—Macaulay 
ring. Several papers explored more generally J : m4 for various positive integers q, 
keeping in mind related questions on good properties of the Rees algebras and fiber 
rings. See for example Goto et al. [10], Goto et al. [11], Horiuchi [18], and so on. 
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Abstract This chapter consists of a collection of open problems in commutative 
algebra. The collection covers a wide range of topics from both Noetherian and 
non-Noetherian ring theory and exhibits a variety of research approaches, including 
the use of homological algebra, ring theoretic methods, and star and semistar 
operation techniques. The problems were contributed by the authors and editors 
of this volume, as well as other researchers in the area. 
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1 Introduction 


This chapter consists of a collection of open problems in commutative algebra. 
The collection covers a wide range of topics from both Noetherian and non- 
Noetherian ring theory and exhibits a variety of research approaches, including the 
use of homological algebra, ring theoretic methods, and star and semistar operation 
techniques. The problems were sent to us, in response to our request, by the authors 
of the articles in this volume and several other researchers in the area. We also 
included our own contributions. Some of these problems appear in other chapters 
of this volume, while others are unrelated to any of them, but were considered 
important by their proposers. The problems were gathered by the contributors from 
a variety of sources and include long-standing conjectures as well as questions that 
were generated by the most recent research in the field. Definitions and clarifying 
comments were added to make the problems more self-contained, but, as a rule, if 
unidentified notions are used, the reader can find the relevant definitions in the cited 
references. The purpose of this chapter is to generate research, and we hope that the 
problems proposed here will keep researchers happily busy for many years. 

The underlying assumption is that all rings are commutative with 1 (and 1 ¥ 0), 
all modules are unital, all groups are abelian, and the term “local ring” refers to a 
not-necessarily Noetherian ring with a unique maximal ideal. Several notions and 
ring constructions appear in a number of the proposed problems. For the reader’s 
convenience, we mention a few definitions and sources of information here: 

Let R be a commutative ring and let G be an abelian group written mul- 
tiplicatively. The group ring RG is the free R module on the elements of G 
with multiplication induced by G. An element x in RG has a unique expression 
ah ecg Xg&, Where x,¢€R and all but finitely many xg are zero. Addition and 
multiplication in RG are defined analogously to the standard polynomial operations. 
Basic information about commutative group rings may be found in [60, 84] and [63, 
Chap. 8 (Sect. 2)]. 

Let D be a domain with quotient field K; Int(D) denotes the ring of integer- 
valued polynomials, that is, Int(D) = {f € K[X] | f(D) © D}. More generally, 
for a subset E of K, Int(E, D) = {f € K[X]| f(E) © D}, and thus, Int(D) = 
Int(D, D). For several indeterminates, Int(D”) = { f € K[X,...,Xn] | f(D") © 
D}. For a D-algebra A, containing D, Intx(A) = {f € K[X]| f(A) € A}. Note 
that Int, (A) is contained in Int(D) if and only if AM K = D. Basic information 
about integer-valued polynomials may be found in [19]. 

Basic information on the star and semistar operations that appear in some of these 
problems may be found in [59, Sects. 32 and 34] and [95]. 

Basic information on the integral closure of ideals in Noetherian rings that is 
used in some of these problems may be found in [81]. 
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Finally, for interested readers, we provide the list of contributors in the 
Acknowledgment section at the end of this chapter. 


2 Open Problems 


Problem 1. Glaz [67] and Bazzoni and Glaz [14] consider, among other properties, 
the finitistic and weak global dimensions of rings satisfying various Priifer condi- 
tions. The Priifer conditions under considerations are: 


(1) R is semihereditary (i.e., finitely generated ideals of R are projective). 

(2) w.dim R < 1. 

(3) R is arithmetical (i.e., ideals of R,, are totally ordered by inclusion for all 
maximal ideals m of R). 

(4) Ris Gaussian (i.e., c( fg) = c(f)c(g) for all f, geR[x]). 

(5) R is locally Priifer (i.e., Rp is Priifer for every prime ideal p of R). 

(6) R is Priifer (i.e., every finitely generated regular ideal of R is invertible). 


Let mod R be the set of all R-modules admitting a projective resolution consist- 
ing of finitely generated projective modules. The finitistic projective dimension of 
R is defined as fp.dim R = sup {proj.dimyM : Memod R and proj.dimrM < oo}. 
In general, fp.dim R < w.dim R, and if R is a local coherent regular ring, then 
fp.dim R = w.dim R [67, Lemma 3.1]: 


Problem la. Let R be a Priifer ring. Is fp.dim R < 1? 
The answer is affirmative for Gaussian rings [67, Theorems 3.2 and 14, Proposi- 
tion 5.3]. It is also clearly true for Priifer domains. 


Problem 1b. Let R be a total ring of quotients. Is fp.dim R = 0? 

Note that a total ring of quotients is always a Priifer ring, so this question asks 
if for this particular kind of Priifer ring, fp.dim R is not only at most equal to 1, 
but is actually equal to 0. This is true for a local Gaussian total ring of quotients 
[67, Theorem 3.2 (Case 1)]. More information and a detailed bibliography on the 
subject may be found in [66, 68]. 


Problem 2. Using the results obtained for the finitistic projective dimension of 
rings (see previous problem) with various Priifer conditions, it is possible to 
determine the values of the weak global dimensions of rings under certain Priifer 
conditions [14,67], but many questions are not yet answered: 


Problem 2a. If R is a Gaussian ring, then is w.dim R = 0, 1, or 00? 

This is the case for coherent Gaussian rings [67, Theorem 3.3] (and actually, 
more generally, for coherent Priifer rings [14, Proposition 6.1]), arithmetical rings 
[97 and 14, remark in the last paragraph], and a particular case of Gaussian rings 
[14, Theorem 6.4]. 


Problem 2b. If R is a total ring of quotients, is w.dim R = 0, 1, or 00? 
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This is true if R is coherent [68, Corollary 6.7], in which case w.dim R = 0 or 
oo, and also holds for one example of a non-coherent ring [68, Example 6.8]. 
In general: 


Problem 2c. What are the values of w.dim R when R is a Priifer ring? 
Additional information and references on the subject may be found in [68]. 


Problem 3. Is the integral closure of a one-dimensional coherent domain in its field 
of quotients a Priifer domain? 

This question, which also appears in [23, Problem 65], was posed by Vasconce- 
los. It had been answered positively in many, but not all, cases. A useful reference 
that will lead to many other useful references is [63, Chap. 5 (Sect. 3) and Chap. 7 
(Sect. 4)]. 


Problem 4. A ring R is a finite conductor ring if aR M bR and (0 : c) are finitely 
generated ideals of R for all elements a,b, andc in R. A ring R is a quasi-coherent 
ring ifa,RN...Ma,R and (0: c) are finitely generated ideals of R for all elements 
a,,...,@, and c in R. Examples of both classes of rings include all coherent rings, 
UFDs, GCD domains, G-GCD domains (i.e., domains in which the intersection of 
two invertible ideals is an invertible ideal), and the still more general G-GCD rings 
(i.e., rings in which principal ideals are projective and the intersection of two finitely 
generated flat ideals is a finitely generated flat ideal). For more information on these 
classes of rings see references [64, 65]. Let G be a multiplicative abelian group 
and let RG be the group ring of G over R. In the group ring setting where R is a 
domain, characterizations of group rings as UFDs and GCD domains were obtained 
in [61, Theorems 6.1, 6.4, and 7.17]. In the case where R is a ring with zero divisors, 
however, the behavior of the finite conductor and quasi-coherent properties has been 
only partially described. Specifically, in the general ring setting, both properties 
descend from RG to R [65, Proposition 3.2], and the question of ascent from R 
to RG reduces to the situation where G is finitely generated [65, Proposition 3.1]. 
This, however, does not solve the problem of ascent for either property. Even in the 
case where R is a G-GCD ring and G is an infinite cyclic group, ascent is unknown. 


Problem 4a. Assume that R is a G-GCD ring and G is a finitely generated abelian 
group. Do the finite conductor and the quasi-coherent properties ascend from R 
to RG? 

Further explorations of these conditions in the group ring setting may shed light 
on a more general problem: 


Problem 4b. Are the finite conductor and quasi-coherent properties for rings 
distinct? 
Other useful references include [51,69]. 


Problem 5. Let R be a commutative ring and let G be an abelian group with the 
property that the order of every element of G is invertible in R. Then w.dim RG = 
w.dim R + rank G [33, Theorem] and [62, Theorem 2]. With the aid of this formula, 
it is possible to characterize von Neumann regular and semihereditary group rings 
RG [62, Corollaries 1 and 2]. 
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Problem 5a. Is there a similar formula that relates the global dimension of RG to 
the global dimension of R in combination with some invariant of the group G? 

In this direction, there is one classical result, Maschke’s theorem [84, page 47], 
which pertains to a special case of semisimple rings (i.e., rings of global dimension 
zero): Let G be a finite group and let k be a field. Then kG is a semisimple ring if 
and only if the characteristic of k does not divide the order of the group G. Beyond 
this, characterizations of group rings of finite global dimension are not known, even 
for the simple cases of global dimension zero (semisimple rings) or one (hereditary 
rings). 


Problem 5b. Find characterizations of semisimple and hereditary group rings. 
Other useful references include [69, 103]. 


Problem 6. The generalization of the notion of a Cohen—Macaulay and a Goren- 
stein ring from the Noetherian to the non-Noetherian context is a recent develop- 
ment. As such, the questions of when a group ring RG, where R is a commutative 
ring and G is an abelian group, is Cohen—Macaulay or Gorenstein have yet to be 
investigated. The articles [72, 80] introduce the notions of non-Noetherian Cohen— 
Macaulay and non-Noetherian Gorenstein, respectively. An excellent survey of 
these theories which discusses the underlying homological framework is found 
in [79]. 


Problem 7. This problem arises within the context of work done by Hamilton 
and Marley [72] to characterize non-Noetherian Cohen—Macaulay rings, as well as 
work of Hummel and Marley [80] to characterize non-Noetherian Gorenstein rings. 
In light of the role that homological dimensions, infinite finite free resolutions of 
modules, and local (co)homology played in the development of these theories for 
local coherent rings, Hummel [79] posed the question: 

Is there a non-Noetherian characterization of local complete intersection rings 
such that (coherent) local Gorenstein rings are complete intersections and such that 
(coherent) local complete intersection rings are Cohen—Macaulay? 

André [10] provided a characterization of non-Noetherian complete intersection 
rings parallel to its following Noetherian counterpart using André—Quillen homol- 
ogy: Let (R,m) be a local Noetherian ring with residue field k, and let B; = dim, 
Tor’ (k,k) be the ith Betti number. R is a complete intersection if and only if the 


Betti numbers appear in the following equality of power series: >. Bix = =n 
withO <r—s=dimR. 

While able to prove a similar characterization for non-Noetherian rings, André 
showed there was no relation between the integers r and s above in the non- 
Noetherian case. 

In [79] one can find more background on this problem, as well as potential 
definitions or characterizations of non-Noetherian complete intersection rings. 


Problem 8. Let (R, M) be a Noetherian local ring. R is said to be quasi-complete 
if for any decreasing sequence {A,,}°2., of ideals of R and each natural number k, 
there exists a natural number s; with As, C gee An) + M k If this condition 
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holds for any decreasing sequence {A,}°°, of ideals of R with (Late = 6, 
then R is called weakly quasi-complete (in which case, we actually have As, C 
M*). Now, if R is complete, then R is quasi-complete, which implies that R is 
weakly quasi-complete. Also R is quasi-complete if and only if each homomorphic 
image of R is weakly quasi-complete. The implication “R complete implies that R 
is quasi-complete” was first proved by Chevalley [24, Lemma 7]; for a proof in this 
volume see [4, Theorem 1.3]. Note that a DVR is quasi-complete, but need not be 
complete. More generally, a one-dimensional Noetherian local domain is (weakly) 
quasi-complete if and only if it is analytically irreducible [4, Corollary 2.2]. 


Problem 8a. Is a weakly quasi-complete ring quasi-complete? 


Problem 8b. Let k be a field and R = k[X,..., Xn|x, 
(weakly) quasi-complete? 

Regarding Problem 8b, in [4, Conjecture 1] it is conjectured that R is not weakly 
quasi-complete and in [4, Example 2.1] this is shown to be the case if k is countable. 
Note that R not being quasi-complete is equivalent to the existence of a height- 
one prime ideal P of k[[X1,..., X,]] with P Nk[Xi,..., Xn] = 0. For additional 
information see [4]. 


xX, nm = 2. 1s R 


Problem 9. A commutative ring R is said to be a McCoy ring if each finitely 
generated ideal J C Z(R) (where Z(R) denotes the set of zero divisors of R) 
has a nonzero annihilator. In 1980, Akiba proved that if R is an integrally closed 
reduced McCoy ring, then the polynomial ring R[X] is also integrally closed 
[2, Theorem 3.2]. He also proved that if Ry is an integrally closed domain for each 
maximal ideal M, then R[X] is integrally closed [2, Corollary 1.3]. In addition he 
provided an example of a reduced ring R that is not a McCoy ring but locally is an 
integrally closed domain [2, Example]. Combining his results, one has that if R is 
a reduced ring such that Ry is an integrally closed McCoy ring for each maximal 
ideal M, then R[X] is integrally closed [78, page 103]. 

Does there exist an integrally closed reduced ring R such that Ry is an integrally 
closed McCoy ring for each maximal ideal M, but R is not a McCoy ring and it is 
not locally a domain? 


Problem 10. With the notation and definitions of the previous problem, a ring R 
has (A,,) if each ideal J C Z(R) that can be generated by n (or fewer) elements 
has a nonzero annihilator. Example 2.5 in [90] shows that for each n > 2, there 
are reduced rings which have (A,,) but not (A,4,). An alternate restriction on zero 
divisors is (a.c.): R has (a.c.) if for each pair of elements r,s € R, there is an 
element ¢t € R such that Ann(r, s) = Ann(t). The rings in Examples 2.2 and 2.4 of 
[90] show that there are reduced McCoy rings that do not have (a.c.), and reduced 
rings with (a.c.) that are not McCoy. 

Do there exist reduced rings that have both (a.c.) and (A,,) for some n > 2 that 
are not McCoy rings? 
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Problem 11. Let P be a nonzero prime ideal of a Priifer domain R. Then, it is 
known that PS is a divisorial prime in each overring R C S C Rp if and only if 
PRp is principal and each P-primary ideal (of R) is a divisorial ideal of R. 


Problem 11a. Characterize when P (and R) is such that PMT is a divisorial prime 
of T for each Priifer domain T C R with the same quotient field as R. 

Note that no assumption has been made about P'S being, or not being, divisorial 
for R © S C Rp. This is true foreach P ifZC RCQ. 


Problem 11b. Characterize when P (and R) is such that there is no Priifer domain 
T C R with the same quotient field as R such that P M T is a divisorial prime of T. 
More information about the problem may be found in [45]. 


Problem 12. Let D be an almost Dedekind domain with a non-invertible maximal 
ideal M. Then D(X) is also an almost Dedekind domain and MD({X) is a non- 
invertible maximal ideal with corresponding residue field F(X) where F = D/M. 
Let R be the pullback of F[X](x) over MD(X). Then R is a Priifer domain, R ¢ 
D(X) & D(X) mp(x), MD(X) is a divisorial prime ideal of R, it is not a divisorial 
(prime) ideal of D(X), but MD(X) wpvx) is a divisorial prime ideal of D(X) yp x). 
In contrast, if P is a nonzero non-maximal prime of the ring of entire functions E 
and N is a maximal ideal that contains P, then E ¢ Ey ¢& Ep, P(= P”) is not 
a divisorial ideal of LE, PEy is a divisorial prime ideal of Ey, and PE? is not a 
divisorial (prime) ideal of Ep. 


Problem 12a. Does there exist a Priifer domain R with a nonzero prime P such 
that there is a countably infinite chain of overrings R = Ro © Ri S Ro S-:: | Rp 
where for all n > 0, PRo, is a divisorial ideal of R2, and PR2,+) is an ideal of 
Ron+1 that is not divisorial? If such a chain exists, is PS divisorial or not divisorial 
as an ideal of S = |) Ry (C Rp)? 


Problem 12b. Does there exist a Priifer domain R with a nonzero prime P such 
that there is a countably infinite chain of underrings R = Rp D Rj DJ Ro Q--: 2D 
T =() Rm with T having the same quotient field as R where for all n > 0, PA Roy 
is a divisorial ideal of Ro, and P M Ro,+ 1 1s not a divisorial ideal of Ro,+1? If such 
a chain exists, is P M T divisorial or not divisorial as an ideal of T? 


More information about the problem may be found in [45]. 


Problem 13. A domain D with field of quotients K is called a straight domain if 
for every overring S of D, S/PS is torsion-free over D/P, for every prime ideal 
P of Dz 


Problem 13a. If Rp and R/P are straight domains, does this imply that R+ PRp 
is a straight domain? 

A domain D is called divided if PDp = P for every prime ideal P of D; D is 
called locally divided if Dy is divided for every maximal ideal M of D. An answer 
to Question 13a may shed light on an open question posed in [30]: 


Problem 13b. Does there exist a straight domain which is not locally divided? 
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Extending these definitions, analogously, to general rings, we note that there 
exists a straight ring which is not a domain and not locally divided. For more details, 
see [32, Sect. 2]. 


Problem 14. Comparing the Krull dimensions of the ring Int(D) of integer-valued 
polynomials and of the classical ring D[X] of polynomials with coefficients in D, 
it is known that dim(Int(D)) > dim(D[X]) — 1, with possibility of equality [19, 
Example V.1.12]. The question of an upper bound remains open: It is conjectured to 
be equal to dim(D[X]). 


Problem 15. Considering a one-dimensional local Noetherian domain D with 
finite residue field, when does Int(D) satisfy the almost strong Skolem property? 
See [19, Chap. VII] for a survey of Skolem properties. It is known that it is 
enough that D be analytically irreducible and was recently shown that D must be 
unibranched [20] leaving open the question of a necessary and sufficient condition. 


Problem 16. A sequence {a,},>0 of integers is said to be self (simultaneously) 
ordered if for all positive integers m,n : [[pao(an — ax) divides []f—p(dm — ak). 
If f is anonconstant polynomial of Z[X], distinct from +X, then, for every x € Z, 
the sequence { f*"(x)}n>0 (where f*” denotes the nth iterate of f) is self-ordered 
[1, Proposition 18]. For instance, the sequence {q”},>0, with g # 0, +1, obtained 
with f(X) = qX and x = 1, is self-ordered. Aside from the (infinitely many) 
sequences obtained with such a dynamical construction are the three following 


“natural” sequences: {(—1)” [elivss ; {n> n>0 , and ca ae Also, if the 
sequence {a;,}>0 is self-ordered, then so is {ba, + C}n>0, for all integers b # Oand 
c. We note the importance of the word “natural” (although not defined), for instance, 
the “natural candidates” {n?},,>1 and {nk }n>o fork > 3 are not self-ordered. On 
the other hand, one can construct infinitely many “artificial” self-ordered sequences 
by the following ad hoc construction: choose two distinct integers ag and a; and, 
for n => 1, define inductively a, ; to be any integer, distinct from the a;’s for 
0 < k <n, such that Tico (an — dx) divides a,4, — do. These integers can be 
chosen to be prime numbers, thanks to Dirichlet’s theorem, and hence, there are 
infinitely many self-ordered sequences contained in the set P of prime numbers, 
although P itself cannot be self ordered. The question is: 

Are there any other “natural” self-ordered sequences neither obtained by a 
dynamical construction nor by an affine map applied to the three previous examples? 

More details can be found in [22, Sect. 5.2, Q.2]. 


Problem 17. The nth Bhargava factorial [15] associated to an infinite subset E of 
Z is the integer n! such that ar is the generator of the fractional ideal formed by 
the leading coefficients of the polynomials f(X) € Int(E, Z) with degree < n [22, 
Sect. 3]. These factorials have the following properties: 


1. Ole = 1. 
2. Vn > 0,n! divides n'!z. 
3. Vn,m > 0,n!¢ X m!g divides (n + m)!z. 
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Mingarelli [92] called abstract factorials a sequence {n!,}n>0 of positive integers 
satisfying these three properties. Clearly, such sequences are non-decreasing, but 
although there cannot be three consecutive equal terms [92, Lemma 8], one may 
have k!, = (k + 1)!q for infinitely many k [92, Proposition 12]. 

Are there subsets E of Z such that the sequence of Bhargava’s factorials {n!z},>0 
is not ultimately strictly increasing? [22, Sect. 4.3, Q.1]. 

Note that, for E = {n> | n > 0}, one has 3!~ = 4!~ = 504, yet the sequence 
{N!e}n>0 is ultimately strictly increasing. 


Problem 18. Given an abstract factorial {n!,},>0 as in the previous question, one 
may define a generalization of the constant e [92, Definition 17] by e, = ae. rire 
For Bhargava’s factorial associated to a subset EF one denotes this number by eg. 
For example, if E = N® = {n? | n > 0}, then eyo) = ett. The constant e, is 
always irrational [92, Theorem 28]. 

For which infinite subset F is eg a transcendental number [22, Sect. 6.5]? 


Problem 19. Int(D) is known to be a free D module if D is a Dedekind domain. TV 
domains, defined by Houston and Zafrullah in [77], are domains in which t-ideals 
coincide with v-ideals. TV PvMD domains were extensively studied in [82]. For a 
Krull domain, or more generally for a TV PvMD domain, Int(D) is known to be 
locally free and hence a flat D module [37]. 


Problem 19a. Is Int(D) a flat D module for any domain D? 
Problem 19b. Is Int(D) a free D-module for any domain D? 


Problem 20. Let D be an integral domain. The canonical D-algebra homomor- 

phism Int(D)®2" —-+ Int(D”) is known to be an isomorphism if Int(D) is free or 

if D is locally free and Int(D,,) = Int(D),, for every maximal ideal m of D [35]. 
Is this canonical morphism always injective? surjective? 


Problem 21. Let D be an integral domain. Does Int(D) always have a unique 
structure of a D-D-biring such that the inclusion D[X] —> Int(D) is a homo- 
morphism of D-D-birings? 

This is the case if the canonical D-algebra homomorphism Int(D)®2” —> 
Int(D”) is an isomorphism for all n [36]. 


Problem 22. Let D C A be an extension of domains. Let B be the quotient field of 
A and Int(A) = { f € B[X]| f(A) C A} be the ring of integer-valued polynomials 
of A and similarly Int(A”) be the ring of integer-valued polynomials in several 
indeterminates. If Int(D”) C Int(A") for all positive integer 1, then the extension 
D C Ais said to be almost polynomially complete [35]. 

If Int(D) C Int(A), does it follow that the extension D C A is almost 
polynomially complete? 


Problem 23. Recall that, for a set S of nonnegative integers, the natural density 
6(S) of S is defined to be 6(S) = limps Haesia<n} | provided the limit exists. 
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Let K be a number field and Ox be the corresponding ring of algebraic integers. 
Consider the natural density 6(Int(Ox)) of the set of nonnegative integers n such 
that Int, (Ox) is free (Int,(Ox) denotes the Ox-module formed by the integer- 
valued polynomials of degree at most 7). 

Prove or disprove the following conjecture [38]: 6(Int(Ox)) exists, is rational, 
and is at least 1/ Card(PO(Ox)) (where PO(Ox)) denotes the Pélya group of Ox). 
Then compute 6(Int(Ox)). 


Problem 24. Consider the ring Int(Z, Z) where E is the set formed by the elements 
of a sequence {u,,}n>0 of integers determined by a recursion uy41 = Guy + Dun—1 
and initial values uo, uy. 


Problem 24a. Compute a regular basis (i.e., a basis with mth term of degree 1) of 
the Z-module Int(E, Z). 


Problem 24b. Compute the characteristic sequence of Int(£,Z) with respect to 
each prime p, that is, the sequence {a,(7)},>0, Where a, (7) is the p-adic valuation 
of the fractional ideal consisting of 0 and the leading coefficients of elements of 
Int(E, Z) of degree no more than n. 


Problem 24c. Determine the asymptotic behavior of this sequence, that is, compute 
the limit lim,—+o. a@(n)/n (the limit exists, by Fekete’s lemma, since the sequence 
{a(n)} is superadditive). 

Based on the results of Coelho and Parry [25] answers are known if b = +1, 
which includes the cases of the Fibonacci and Lucas numbers [83, 102]; however 
the method used there does not seem to extend to general a, b. This question can, of 
course, be extended to higher-order recursive sequences. 


Problem 25. There has been much recent progress in understanding Intg(M,,(Z)) 
where M,,(Z) is the ring of n x n matrices with integer coefficients, beginning 
with Frisch’s contribution [48] and more recently those of Peruginelli [98] and of 
Peruginelli and Werner [99]. These descriptions relate Intg(M,,(Z)) to polynomials 
integer valued on algebraic integers or divisible by irreducibles modulo dZ[x]. 
There remains however, as in the previous problem, to: 


Problem 25a. Compute a regular basis of Intg(M,,(Z)). 
Problem 25b. Compute its characteristic sequence with respect to each prime p. 
Problem 25c. Determine the asymptotic behavior of this sequence. 


Problem 26. Let D be an integral domain and let A be a torsion-free D-algebra that 
is finitely generated as a D-module. We consider the ring Intx (A) of polynomials, 
with coefficients in the quotient field K of D, that are integer-valued over A, that 
is, Intk(A) = {f € K[X] | f(A) © A}. For every a € A, we denote by ,(X) € 
D[X] the minimal polynomial of a over D. Each polynomial f in the pullback 
D[X] + ua(X)K[X] is obviously such that f(a) € A. Hence, (),<4(D[X] + 
jta(X)K[X]) © Int (A). 
For which algebras A as above does this inclusion become an equality? 
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Note that equality holds for the D-algebra A = M,,(D) of n x n matrices over 
D [99, Remark 3.4]. The ring Int, (M,,(D)) has been studied in several places; see 
for instance [46, 98]. 


Problem 27. Let D be an integral domain with quotient field K. Let A be a torsion- 
free D-algebra, containing D, finitely generated as a D-module, and such that K 
A = D. Letting B = K @p A (ie., the ring of fractions 4 with a € Aandd € 
D,d # 0), one can consider the set Int(A) = {f € B[X] | f(A) C A}. Working 
with polynomials in B[X], one assumes that the indeterminate X commutes with all 
elements of B and that polynomials are evaluated with X on the right; see [85] for 
more details on polynomials with non-commuting coefficients. Note that Int, (A) = 
Int(A) M K[X]. The set Int(A) is always a left A-module, but it is not clear whether 
it has a ring structure when A is not commutative. A sufficient condition for Int(A) 
to be a ring is that each element of A can be written as a finite sum ye; c;u;, where 
each u; is a unit of A and each c; is central in B [106]. Examples of algebras that 
meet this condition include the matrix rings M,,(D) and group rings DG where G 
is a finite group. Yet this condition is not necessary [107]. 


Problem 27a. Give an example of a D-algebra A such that Int(A) is not a ring 
(possibly relaxing some of the conditions on A, for instance, that A is finitely 
generated as a D-module). 


Problem 27b. In [107], it is conjectured that Int(A) is always a ring when D has 
finite residue rings. Prove this conjecture or give a counterexample in this case. 


Problem 28. In [89], it is shown that if A is the ring of integers of an algebraic 
number field, then Intg(A) is Priifer. More generally, let D be an integral domain, 
let K be its quotient field, and let A be a D-algebra. If Intx(A) is a Priifer 
domain contained in Int(D), then Int(D) must also be Priifer, and hence D must 
be integrally closed. This condition is not sufficient: Intx(A) need not even be 
integrally closed and [99] gives some general theorems regarding the integral 
closure of Intx (A). 

Determine when this integral closure is Priifer. 

Note that Loper [87] determined such a criterion for the classical ring of integer- 
valued polynomials. 


Problem 29. In the early 1990s, J.D. Sally gave expository talks on the question of 
which rings lie between a Noetherian domain D and its quotient field F [74]. The 
manuscript [74] provides abundant evidence that when the dimension of D is greater 
than one, the class of rings between D and F is rich in interesting Noetherian and 
non-Noetherian rings. A narrower problem, which remains open, is the following: 

Describe the integrally closed rings between a two-dimensional Noetherian 
domain and its quotient field. 

Work on this problem is surveyed in [96]. The evidence suggests that this class 
of rings is quite complicated. A framework for describing the integrally closed rings 
between Z[X] and Q[X] is given in [88]. 
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Problem 30. Let R be a ring and let n be a positive integer. A proper ideal 
T of R is called an n-absorbing ideal if whenever the product x1x2-++X;41 € 1 
for X1,%X2,...,Xn+1 € R, then there are n of the x;’s whose product is in /. 
Clearly, a 1-absorbing ideal is just a prime ideal. A proper ideal J of R is 
called a strongly n-absorbing ideal if whenever [,1y---I,4; C J for ideals 
i,1,,...,Jn41 of R, then there are 7 of the ideals J;’s whose product is a subset of 
I. Obviously, a strongly n-absorbing ideal is an n-absorbing ideal. 


Problem 30a. Let J be ann-absorbing ideal of R. Is J a strongly n-absorbing ideal 
of R? 

Note that ifm = 1 the answer is obviously positive and if n = 2 a positive answer 
is contained in [11, Theorem 2.13]. 


Problem 30b. Let J be an n-absorbing ideal of R. Is rad(/)” € J? 
Note that if J is an n-absorbing ideal, then so is rad(/). For n = 2, the positive 
answer to this question is proved in [11, Theorem 2.4]. 


Problem 30c. Let J be an n-absorbing ideal of R. Is J [X] an n-absorbing ideal of 
the polynomial ring R[X]? 
Note that if n = 2, then the answer is affirmative [7, Theorem 4.15]. 


Problem 31. Let F/K be a transcendental field extension, and let X be an indeter- 
minate over F’. By a result of Halter-Koch [70, Theorem 2.2], A = tle V(X) = 
Oy V[X]my x), (where V ranges over the valuation rings of F/K and My is the 
maximal ideal of V), is a Bézout domain. However, A is not the Kronecker function 
ring of a domain with quotient field F (and hence does not arise directly from 
an e.a.b. star operation). Fabbri and Heubo-Kwegna [39] show this issue can be 
circumvented when F = K(X, Xj,..., X;) isa purely transcendental extension of 
K by introducing the notion of projective star operations, which are glued together 
from traditional star operations on affine subsets of projective n-space. The ring 
A is then a “projective” Kronecker function ring of the projective analogue of the 
b-operation. More generally, e.a.b. projective star operations give rise to projective 
Kronecker function rings. The theory of projective star operations is worked out in 
[39] for projective n-space, but the following problem remains open: 

Develop projective star operations for projective varieties (i.e., for the case where 
F/K isa finitely generated field extension that need not be purely transcendental) 


Problem 32. Let D be a domain and let J be a nonzero ideal of D. Recall that 7 
is called stable if I is invertible in its endomorphism ring E(/) = (J : J), and the 
integral domain D is called (finitely) stable if each nonzero (finitely generated) ideal 
is stable. As usual, the ideal J is called divisorial if 1 = IY = (D : (D : 1)), and 
D is called a divisorial domain if each nonzero ideal is divisorial. A Mori domain 
is a domain satisfying the ascending chain condition on divisorial ideals. Clearly 
Noetherian and Krull domains are Mori. It has been proved in [54] that a stable 
domain is one-dimensional if and only if it is Mori. Since Mori domains satisfy the 
ascending chain condition on principal ideals, a Mori domain D is Archimedean, 
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that is, A lase x"D = (0), for each non-unit x € D. The class of Archimedean 
domains includes also completely integrally closed domains and one-dimensional 
domains. 


Problem 32a. Is a stable Archimedean domain one-dimensional? 

The answer is positive in the semilocal case [54], so that a semilocal stable 
Archimedean domain is Mori (see also [50, Theorem 2.17]). Hence, a way of 
approaching this problem is trying to see if for stable domains the Archimedean 
property localizes. In general the Archimedean property does not pass to local- 
izations. For example, the ring of entire functions is an infinite-dimensional com- 
pletely integrally closed (hence, Archimedean) Bézout domain which is not locally 
Archimedean, because an Archimedean valuation domain is one-dimensional. 

If D is a Mori stable domain and J is a nonzero ideal of D, we have J” = (x, y)’, 
for some x, y € J [50, Theorem 2.17]. Therefore, we can say that in a stable Mori 
domain, each divisorial ideal is 2-v-generated. Since a divisorial Mori domain is 
Noetherian, this result generalizes the fact that in a Noetherian domain that is stable 
and divisorial each ideal can be generated by two elements [50, Theorem 3.6]. 


Problem 32b. Let D be a one-dimensional Mori domain such that each divisorial 
ideal is 2-v-generated. Is it true that each divisorial ideal is stable? 

Note that the answer to this question is negative when D has dimension greater 
than one. For example, let D be a Krull domain. Then, each divisorial ideal of 
D is 2-v-generated [93, Proposition 1.2] and stability coincides with invertibility 
(50, Proposition 2.3]. Hence, each divisorial ideal of D is stable (i.e., invertible) if 
and only if D is locally factorial [17, Lemma 1.1]. 

Recall that a nonzero ideal J of an integral domain D is v-invertible if (I(D : 
I))” = D, and T is called v-stable if I” is v-invertible as an ideal of E(/”), that 
is, 7’(EU") : I”))” = EC”). Clearly, v-invertibility implies v-stability. If each 
nonzero ideal of D is y-stable, we say that D is v-stable [52]. Each nonzero ideal 
of a Krull domain is v-invertible; thus a Krull domain is v-stable. However, a Krull 
domain is stable if and only if it is a Dedekind domain, that is, it has dimension 
one. An example of a one-dimensional Mori domain that is v-stable but not stable is 
given in [53, Example 2.6]. 


Problem 32c. Let D be a Mori domain such that each divisorial ideal is 2-v- 
generated. Is it true that D is v-stable? 


Problem 33. It is well known that if an integral domain D has finite character, 
then a locally invertible ideal is invertible. Conversely, if each locally invertible 
ideal is invertible, D need not have finite character (e.g., a Noetherian domain 
need not have finite character). However, a Priifer domain such that each locally 
invertible ideal is invertible does have finite character. This fact was conjectured 
by Bazzoni [12, p 630] and proved by Holland et al. in [76]. (A simplified proof 
appears in [91]). Halter-Koch gave independently another proof in the more general 
context of ideal systems [71]. Other contributions were made by Zafrullah in [111] 
and by Finocchiaro et al. in [40]. Following Anderson and Zafrullah [6], an integral 
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domain D is called an LPI domain if each locally principal nonzero ideal of D 
is invertible. Since a Priifer domain is precisely a finitely stable integrally closed 
domain [50, Proposition 2.5], one is led to ask the following more general question 
(which appears in [13, Question 4.6]): 

Assume that D is a finitely stable LPI domain. Is it true that D has finite 
character? 

The answer to this question is positive if and only if the LPI property extends to 
fractional overrings [49, Corollary 15]. In particular, this holds when D is Mori or 
integrally closed. For an exhaustive discussion of this problem, see [49]. 


Problem 34. Let D be an integral domain, let S be a multiplicatively closed set 
in D, and let Ds be the ring of fractions of D with respect to S. Consider R = 
D+XDs5[X], the ring of polynomials over Ds in indeterminate X and with constant 
terms in D. 

Recall that a GCD domain is an integral domain with the property that any 
two nonzero elements have a greatest common divisor and a PvMD is an integral 
domain with the property that every nonzero finitely generated ideal is t-invertible. 
It was shown in [26, Theorem 1.1] that R is a GCD domain if and only if D is 
a GCD domain and for all d € D\{0} GCD(d, X) exists. In [9, Theorem 2.5] 
it was shown that R is a Priifer v-multiplication domain (for short, PYMD) if and 
only if D is a PVMD and the ideal (d, X) is t-invertible for all d € D\{0}. Next, 
recall that an integral domain is a v-domain if every nonzero finitely generated ideal 
is v-invertible. Note that if D is a v-domain, it is possible that Ds may not be a 
v-domain. For more information about v-domains consult [44]. 


Problem 34a. Find necessary and sufficient conditions for R = D + XDs[X] to 
be a v-domain. Prove or disprove that R is a v-domain if and only if D is a v-domain 
and (d, X) is v-invertible for all d € D\{0}. 

More generally: 


Problem 34b. Let A C B be an extension of integral domains, and let X be 


an indeterminate over B. Find necessary and sufficient conditions for the integral 
domain A + XB[X] to be a v-domain. 


Problem 35. An integral domain D is called an almost GCD (for short, AGCD) if 
for each pair x, y € D\{0}, there is an integer n = n(x, y) (depending on x and y) 
such that x” D M y" D is principal. The theory of AGCD domains runs along lines 
similar to that of GCD domains; see [5] for more information and a list of references 
on the topic. An integral domain D is a domain of finite t-character if every nonzero 
non-unit of D belongs to at most a finite number of maximal t-ideals of D. AGCD 
domains of finite t-character were characterized in [34]. An ideal A of D is t-locally 
principal if AD > is principal for every maximal t-ideal P of D. In [111] it was 
shown that if D is a PvMD, then D is of finite t-character if and only if every 
nonzero t-locally principal ideal of D is t-invertible. A GCD domain is a PPMD 
because the v-closure of every nonzero finitely generated ideal in a GCD domain is 
principal. We can therefore conclude that a GCD domain is of finite t-character if 
and only if every nonzero f-locally principal ideal A of D is t-invertible. 
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Now, we are in a position to state an open problem: 
Let D be an almost GCD domain such that every nonzero t-locally principal 
ideal is t-invertible. Is D of finite t-character? 


Problem 36. Let D be an integral domain, let K be the field of quotients of D, and 
let F (D) denote the set of all the nonzero D-submodules of K. 

Let T denote a nonempty collection of overrings of D and, for any T € T, let 
xr be a semistar operation on T. An interesting question posed in [23, Problem 44] 
is the following: 


Problem 36a. Find conditions on J and on the semistar operations *7 under 
which the semistar operation *7 on D defined by E*7:=(){(ET)*"| T € T}, 
for all E €F (D), is of finite type. 

Note that, if D = (){T | T € T} is locally finite and each «7 is a star operation 
on T of finite type, then Anderson in [3, Theorem 2] proved that *7 is a star 
operation on D of finite type. Through the years, several partial answers to this 
question were given and they are mainly topological in nature. For example, in [42, 
Corollary 4.6], a description of when the semistar operation *7 is of finite type 
was given when 7 is a family of localizations of D and x7 is the identity semistar 
operation on T,, for each T € JT. More recently, in [41], it was proved that if TJ is a 
quasi-compact subspace of the (Zariski-Riemann) space of all valuation overrings 
of D (endowed with the Zariski topology) and «7 is the identity (semi)star operation 
on T, for each T € 7, then x7 is of finite type. Another more natural way to see 
the problem stated above is the following. 


Problem 36b. Let S be any nonempty collection of semistar operations on D and 
let Ag be the semistar operation defined by E*S := (){E* | « € S} for all 
E € F(D). Find conditions on the set S for the semistar operation Ag on D to be 
of finite type. 

Note that it is not so difficult to show that the constructions of the semistar 
operations of the type *7 and Ag are essentially equivalent, in the sense that every 
semistar operation *7 can be interpreted as one of the type As, and conversely. 


Problem 37. A finite-dimensional integral domain D is said to be a Jaffard domain 
if dim(D[X,, X2,..., Xn]) = n + dim(D) for all n > 1 and, equivalently, if 
dim(D) = dim,(D), where dim(D) denotes the (Krull) dimension of D and 
dim, (D) its valuative dimension (i.e., the supremum of dimensions of the valuation 
overrings of D). As this notion does not carry over to localizations, D is said 
to be a locally Jaffard domain if Dp is Jaffard for each prime ideal P of D. 
The class of (locally) Jaffard domains contains most of the well-known classes of 
(locally) finite-dimensional rings involved in dimension theory such as Noetherian 
domains, Priifer domains, universally catenarian domains, and universally strong 
S(eidenberg) domains. It is an open problem to compute the dimension of poly- 
nomial rings over Krull domains in general. In this vein, Bouvier conjectured 
that “finite-dimensional Krull (or, more particularly, factorial) domains need not 
be Jaffard” [18, 43]. Bouvier’s conjecture makes sense beyond the Noetherian 
context. Explicit finite-dimensional non-Noetherian Krull domains are scarce in 
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the literature and one needs to test them and their localizations as well for the 
Jaffard property. In [16], the authors scanned all known families of examples 
of non-Noetherian finite-dimensional Krull (or factorial) domains existing in the 
literature. They showed that all these examples—except two—are in fact locally 
Jaffard domains. The two exceptions are addressed below in the open Problems 37b 
and 37c. Bouvier’s conjecture is still elusively open and one may reformulate it in 
the following simple terms: 


Problem 37a. Is there a Krull (or, more particularly, factorial) domain D such that 
1+ dim(D) = dim(D[X])? 

In [16], Bouchiba and Kabbaj examined David’s second construction described 
in [29] of a three-dimensional factorial domain which arises as an ascending union 
of three-dimensional polynomial rings J, in three variables over a field k; namely, 
J =U J, with J, = k[X, Bn—1, Bn] for each positive integer n, where the variables 
Bn satisfy the following condition: Forn > 2, By, = Paine, where the s(7) are 
positive integers. We have J, © J C J,[X~—'] for each positive integer n. Therefore, 
by [31, Theorem 2.3], J is a Jaffard domain (since the J,,’s are affine domains, 1.e., 
finitely generated k-algebras), but it is not known if J is locally Jaffard. So the 
following question is open: 


Problem 37b. Is J a locally Jaffard domain? 

Clearly, a negative answer to Problem 37b will solve (affirmatively) Bouvier’s 
conjecture for factorial domains (cf. Problem 37a). 

In [16], the authors also investigated the known family of examples which stem 
from the generalized 14th problem of Hilbert (also called Hilbert—Zariski problem): 
Let k be a field of characteristic zero, T a normal affine domain (i.e., an integrally 
closed domain which is a finitely generated algebra) over k, and F a subfield of the 
quotient field of 7. The Hilbert—Zariski problem asks whether D = F 1 T is an 
affine domain over k. Counterexamples for this problem were constructed by Rees 
[100], Nagata [94], and Roberts [101], where D wasn’t even Noetherian. In this 
vein, Anderson et al. [8] asked whether D and its localizations inherit from T the 
Noetherian-like main behavior of having Krull and valuative dimensions coincide 
(i.e., whether D is locally Jaffard). In [18], the authors proved that D is Jaffard, but 
were not able to determine whether D is locally Jaffard. In fact, they addressed 
this problem in the more general context of subalgebras of affine domains over 
Noetherian domains and the following question remains open: 


Problem 37c. Let A C D be an extension of integral domains, where A is 
Noetherian domain and D is a subalgebra of an affine domain T over A. Is D a 
locally Jaffard domain? 

Clearly, a negative answer to Problem 37c will solve (affirmatively) Bouvier’s 
conjecture for Krull domains. 


Problem 38. A one-dimensional local Mori domain R is called locally tame if for 
every irreducible element u € R there is a constant tf € No with the following 
property: For every a € wR and every factorization v; -...+ Vj, of a (where m € N 
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and vj,...,Vm are irreducibles of R), there is a subproduct, say v,-...:v;, which is a 
multiple of uv and which has a factorization containing u, say vj-...:V) = Ul... UK 
(where k € No and u2,..., uz are irreducibles of R), such that max{k,/} < t. 


Let R be a one-dimensional local Mori domain. Is R locally tame? 

Denote by R the complete integral closure of R. It is known that R is locally 
tame in each of the following cases: The conductor (R : R) A {0} [56, 
Proposition 2.10.7]; R is Noetherian [73, Theorem 3.3]; R is Krull and |<¢(R)| >2 
[58, Theorem 3.5 and Corollary 3.6]. 

Assume that R is locally tame. Then this implies the finiteness of several 
arithmetical invariants, such as the catenary degree and the set of distances of R. 
Also, the sets of lengths in R have a well-defined structure [55], [57], and [56, 
Theorem 3.1.1]. 


Problem 39. Analyze and describe non-unique factorization in Int(D), where D is 
a DVR with finite residue field. 

We remark that the results obtained by Frisch [47] for Int(Z) rely heavily on the 
fact that Z has prime ideals of arbitrarily large index. 


Problem 40. Let Z (respectively, Q) denote the integers (respectively, the ratio- 
nals), and let F be a field. It is known that Spec(F'[x, y]) is order-isomorphic to 
Spec(Z[y]) if and only if F is contained in the algebraic closure of a finite field 
[109, Theorem 2.10]; and in that case Spec(A) is order-isomorphic to Spec(Z[y]) for 
every two-dimensional domain that is finitely generated as an F'-algebra. Moreover, 
the poset Spec(Z[y]) is characterized, among posets, by five specific axioms [21, 
Theorem 2.9]. For more background information, see references [21, 108-110]. 


Problem 40a. Find axioms characterizing the poset Q[x, y]. 
See [21, Remark 2.11.3]. 


Problem 40b. Are Spec(Q[x, y]) and Spec(Q(/2)[x, y]) order-isomorphic? 


Problem 40c. More generally, let F and K be algebraic number fields. If A 
is a two-dimensional affine domain over F, is Spec(A) order-isomorphic to 
Spec(K[x, y])? 

This question is close to Question 2.15.1 of [110]. It is also observed in 
Example 2.14 of [110] and Corollary 7 of [108] that if L is an algebraically closed 
field of infinite transcendence degree over Q, then the spectra of L[x, y, z]/(x* + 
y* + ¢4— 1) and L[x, y] are known to be non-isomorphic. 


Problem 40d. At the other extreme, let F and K be fields, neither of them algebraic 
over a finite field. If Spec(F [x, y] and Spec(K[x, y]) are order-isomorphic, are F 
and K necessarily isomorphic fields? 

This is Question 2 of [110]. 


Problem 41. Let J be the integral closure of the ideal (x“, y’, 2°) in a polynomial 
ring in variables x, y, z over a field. 
Classify all triples (a, b, c) for which all powers of J are integrally closed. 
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For basic information on the integral closure of monomial ideals, see [81, 
Chap. 1, Sect. 1.4]. The case of two variables is known by Zariski’s theory of integral 
closure of ideals in a two-dimensional regular ring [81, Chap. 14], and for three 
variables some work was done by Coughlin in [27]. 


Problem 42. For some special ideals, such as for monomial ideals, there are fast 
algorithms for computing their integral closure. For computing the integral closure 
of general ideals, however, the current algorithms reduce to computing the integral 
closure of the Rees algebra and then reading off the graded components of the 
integral closure This computes simultaneously the integral closures of all powers 
of the ideal, which is doing more than necessary. This excess of work makes the 
computation sometimes unwieldy. 


Problem 42a. Is there a more direct algorithm for computing the integral closure 
of a general ideal? 


Problem 42b. In particular, can the Leonard—Pelikaan [86] and Singh—Swanson 
[104] algorithms be modified for computing the integral closure of ideals? 
More information and references on the topic may be found in [105, Sect. 2]. 


Problem 43. The following is a general form of the Lipman—Sathaye Theorem, as 
found in Theorem 2.1 of [75]: Let R be a Noetherian domain with field of fractions 
K. Assume that the S-locus is open in all algebras essentially of finite type over 
R. Let S be an extension algebra essentially of finite type over R such that S is 
torsion-free and generically étale over R, and such that for every maximal ideal 
M of S, Rynr is normal, and Sy has a relatively S,-presentation over Rynr. 
Let L = K @pr S and let S be the integral closure of S in L. Assume that S is 
module-finite over S, and that for every height-one prime ideal Q of S, Ronr is 
regular. Then (S or JZ/R) C (S ty Js pr). 

The suggested problem is to find how tight is the statement of this theorem: relax 
some assumption and either prove the theorem or find a counterexample for that 
relaxation. 


Problem 44. Let R be a ring and let J be an ideal in R. A set of Rees valuation 
rings of I is a set {Vi,.., V-} consisting of valuation rings, subject to the following 
conditions: 


(1) Each V; is Noetherian and is not a field. 

(2) Foreachi = 1,...,r there exists a minimal prime ideal P; of R such that V; is 
aring between R/P; and the field of fractions of R/P;. 

(3) For each natural number n, 1” = nF_,U"V,)OR, where I” denotes the integral 
closure of /”. 

(4) No set of valuation rings of cardinality smaller than r satisfies conditions 


(1)-(3). 


Basic information on Rees valuations of ideals may be found in [81, Chap. 10]. 
Ideals that have only one Rees valuation have several good properties. 
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Cutkosky proved in [28] the existence of a Noetherian, two-dimensional, 
complete, integrally closed local domain (R,m) in which every m-primary ideal 
has more than one Rees valuation. Give a construction of such a ring. 
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